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Abstract 17 

A novel shear reinforcing system, Wound Fiber Reinforced Polymer (W-FRP), is 18 

proposed that capitalizes on the flexibility of carbon fiber to create durable 19 

reinforcement cages for geometrically optimized concrete structures, thereby unlocking 20 

new potential to minimize carbon emissions associated with new concrete structures. 21 

FRP shear design methods have been extensively validated against prismatic beam 22 

tests, but variations in geometry are not yet considered. This paper proposes revised 23 

design methods, validated against tests on eight W-FRP reinforced variable-depth 24 

concrete beams, to examine the contributing factors to shear capacity. It is shown that 25 

the corner strength, orientation, and compression concrete confinement provided by W-26 

FRP links, along with the contribution to shear of longitudinal bars are key design 27 

parameters. Optimizing the W-FRP pattern is found to provide as much as 50% shear 28 

capacity enhancement. The variable-depth geometry tested in this paper use 19% less 29 

concrete than an equivalent strength prismatic beam. Both reinforcement and geometry 30 

optimizations are the key steps towards achieving minimal material use for concrete 31 

structures. 32 

Keyword: Wound-Fiber-Reinforced Polymer (WFRP), variable-depth beams, Shear 33 

Design. 34 

35 



Introduction 36 

Concrete is the most widely used artificial material in the world because of its low cost, 37 

versatility, ease of use, and wide availability (Barcelo, et al., 2014). Production of 38 

Portland cement reached 4.2 gig tons (Gt) in 2016 (US Geological Survey, 2017) and 39 

its production now accounts for more than 5% of annual global carbon emissions 40 

(Boden, et al., 2013, Flower and Sanjayan, 2007).  41 

One route to reducing these carbon emissions is to build optimized concrete structures 42 

with minimal embodied energy. The optimization of structural geometries is achieved 43 

by providing everywhere the strength and stiffness required by an envelope of design 44 

actions. Research has shown that optimized beams can save as much as 40% of 45 

concrete when compared to prismatic beams with the same load capacity (Bailiss, 46 

2006, Garbett, et al., 2010). 47 

However, achieving optimized geometries with conventional steel reinforcement can be 48 

problematic, as precise bending of longitudinal bars and the fabrication of variable 49 

height transverse bars adds both labor and time related costs. In addition, although 50 

steel is theoretically protected from corrosion by the alkaline environment inside 51 

concrete, about €5 billion is still spent on repairing reinforced concrete (RC) structures 52 

in western Europe as a result of corrosion related damage each year (Hartt, et al., 53 

2007, Markeset, et al., 2006, Schmitt, 2009). 54 

A durable alternative is found for concrete structures in the use of Fiber Reinforced 55 

Polymers (FRP). Although the material costs of glass- and carbon- FRP are currently 56 

higher than steel (Nystrom, et al., 2003), their corrosion resistance can result in more 57 

durable structures with subsequently lower maintenance costs in service (Nishizaki, et 58 

al., 2006, Shapira and Bank, 1997).  59 



In this paper, the flexibility of carbon fiber filament is used to establish a new potential 60 

for the manufacture of reinforcement cages for optimized geometries (Spadea, et al., 61 

2017), Fig. 1. A filament winding process is used to produce Wound Fiber Reinforced 62 

Polymer (W-FRP) shear reinforcement. Carbon fiber tows are coated in resin and wet-63 

wound around longitudinal CFRP bars. The resulting W-FRP cage is lightweight, easily 64 

transported, and easy to position in formwork before casting. This unlocks the potential 65 

for structural optimization of concrete, where complex internal reinforcement 66 

geometries are required. The resulting concrete structure is thus both materially 67 

efficient and durable. 68 

Despite the potential for lightweight and flexible FRP materials to enable structural 69 

lightweighting and durability enhancements there has been little exploitation of this 70 

potential. Instead, FRP reinforcement is frequently shaped and used like steel, despite 71 

the two materials having fundamentally different properties and advantages. In 72 

addition, there is not yet a consistent design approach for such structures, particularly 73 

with respect to shear behavior. 74 

This paper presents a new experimental study to address this by using W-FRP in 75 

beams with variable-depth geometries and examining the various contributing factors 76 

to shear resistance. New proposals for design with both codified methods (CSA S806 77 

(2012) and ACI 440.1 (2015)) and the Modified Compression Field Theory (MCFT) 78 

model (Vecchio and Collins, 1986) are made based on the new requirements of 79 

variable-depth beams reinforced with W-FRP and validated against new structural test 80 

data. 81 



W-FRP shear design 82 

Existing methods 83 

Shear design equations for FRP reinforced beams in existing codes adopt similar 84 

expressions to those used in steel RC beams, as shown in Eq. 1 (ACI 440.1 (2015)) 85 

and Eq. 3 (CSA S806 (2012)), where a summation of concrete (𝑉𝑐) and shear 86 

reinforcement (𝑉𝑓) contributions is made. The shear contribution of shear links in Eq. 1 87 

and Eq. 3 are expressed with the shear reinforcement ratio (𝜌𝑓𝑣). In ACI 440.1 (2015), 88 

the influence of FRP longitudinal flexural reinforcement on 𝑉𝑐  is considered by a factor 89 

𝑘 which is a function of reinforcement ratio 𝜌𝑓 and modular ratio 𝑛𝑓 (Eq. 2). A 45-90 

degree truss model is adopted to describe the contribution of shear links (𝑉𝑓). CSA 91 

S806 (2012) adopts various factors to consider the shear contribution of concrete 92 

including concrete density (𝜆), bending moment (𝑘𝑚) and reinforcement rigidity (𝑘𝑟) and 93 

a variable-angle truss model is adopted to consider the contribution to shear capacity 94 

from the transverse reinforcement. 95 

Eq. 1 96 

𝑉𝐴𝐶𝐼 = 𝑉𝑐 + 𝑉𝑓 =
2

5
√𝑓𝑐
′𝑏𝑤𝑘𝑑 + 𝜌𝑓𝑣𝑓𝑓𝑣𝑏𝑤𝑑  97 

Eq. 2 98 

𝑘 = √2𝜌𝑓𝑛𝑓 + (𝜌𝑓𝑛𝑓)2 − 𝜌𝑓𝑛𝑓  99 

Eq. 3 100 

𝑉𝐶𝑆𝐴 = 𝑉𝑐 + 𝑉𝑓 = 0.05𝜆𝜙𝑐𝑘𝑚𝑘𝑟(𝑓𝑐
′)

1
3𝑏𝑤𝑑 + 0.4𝜙𝐹𝜌𝑓𝑣𝑓𝑓𝑢𝑏𝑤𝑑𝑣 cot 𝜃 101 

In addition to codified equations, Modified Compression Field Theory (MCFT) (Vecchio 102 

and Collins, 1986) is considered as an effective design and analysis method for FRP 103 



RC beams (El-Sayed and Soudki, 2010, Razaqpur and Spadea, 2014, Stratford and 104 

Burgoyne, 2003). MCFT was developed by studying RC panel elements under pure 105 

shear or shear and axial force. It considers the responses including stress equilibrium, 106 

strain compatibility, constitutive relations, and crack behavior (Bentz, et al., 2006). 107 

Although simplifications to MCFT have been made for prismatic beams by  Bentz, et al. 108 

(2006) and Hoult, et al. (2008), they are not used here as MCFT relates the behavior of 109 

cracked concrete to the average shear stress, which is influenced significantly by the 110 

geometry of a beam. The classical equations are adopted in full following the approach 111 

proposed by Vecchio and Collins (1986). 112 

Whilst considerable validation of these methods exists for prismatic beams, relatively 113 

little work has been undertaken for variable-depth beams. In order to adapt the existing 114 

design methods to optimized W-FRP RC beams, it is necessary to consider the 115 

additional parameters of (i) inclined longitudinal flexural reinforcement, (ii) variable-116 

depth geometries, (iii) the strength of W-FRP shear links at their corners (Spadea, et 117 

al., 2017) and (iv) the inclination of W-FRP shear reinforcement to the beam axis. 118 

Inclined longitudinal reinforcement 119 

Where longitudinal tensile reinforcement is inclined, as is the case in variable-depth 120 

beams, a vertical component of force (𝑽𝒕 ) can be considered to resist shear as shown 121 

in Fig. 2. Taking a cut along an assumed concrete strut, the axial tensile force in 122 

longitudinal bars at the support is composed of two parts: a flexural tensile force (𝑻𝒇) 123 

and an additional tensile force caused by shear (𝑭𝒕𝒅). The flexural tensile force is 124 

calculated based on bending equilibrium of the cross section. The additional tensile 125 

force arises from equilibrium of the truss model. In CSA S806 (2012), the additional 126 

tensile force is specified as Eq. 4, where 𝑽𝒕𝒇 is vertical component of flexural tensile 127 

force in longitudinal bars. The resulting shear contribution of longitudinal bars is 128 

calculated using Eq. 5.  129 



Eq. 4 130 

𝐹𝑡𝑑 = 1.3(𝑉𝑎 − 0.5𝑉𝑓 − 𝑉𝑡𝑓) 131 

Eq. 5 132 

𝑉𝑡 = 𝑇𝑓 sin 𝛼𝑡 + 𝐹𝑡𝑑 sin 𝛼𝑡 133 

Variable-depth geometries 134 

Considering elastic behavior in a statically determinate beam, the maximum shear 135 

stress on a cross section of a variable-depth beam is higher than is found in a prismatic 136 

beam of the same depth under the same loading, Fig. 3 (a) (Oden, 1967, Paglietti and 137 

Carta, 2009, Timoshenko, 1930). The shear stress distributions of the cracked variable-138 

depth and prismatic reinforced concrete beams are shown in Fig. 3 (b) (Yang, et al., 139 

2015), where the difference between maximum shear stresses depends on the variable 140 

depth geometry and cross section location. The design case from Yang, et al. (2015) 141 

shows using the shear stress distribution in prismatic beams could result in over 30% 142 

underestimation of the maximum shear stress.  It is concluded that the shear design for 143 

variable-depth RC beams based on the codes and standards assuming parabolic shear 144 

stress distribution of prismatic beams could be unconservative (Paglietti and Carta, 145 

2009, Yang, et al., 2015). 146 

Transverse reinforcement corner strength 147 

For FRP transverse reinforcement, localized stress concentrations and the intrinsic 148 

weakness of fibers perpendicular to their longitudinal axis are attributed to significantly 149 

reduced strengths at bends (Ahmed, et al., 2009, El-Sayed, et al., 2007, Lee, et al., 150 

2013). The tensile strength of FRP for shear design, 𝑓𝑓𝑣, is limited in ACI 440.1 (2015)  151 

to the minimum value of (i) strength at an ultimate strain of 0.4% or (ii)  strength at the 152 

bent portion of shear links given by Eq. 6. CSA S806 (2012) limits the ultimate strain in 153 



any FRP shear reinforcement to 0.5%. In Eq.3, a shear strength reduction factor of 154 

0.40 is incorporated to account for reduced shear reinforcement corner strength. 155 

The rectangular cross section of W-FRP shear links, which arises from their 156 

manufacturing process, is beneficial and leads to higher corner strengths than a 157 

conventional circular cross section shear link of the same area as the distance between 158 

outer and inner radius at the corner is reduced (Spadea, et al., 2017). Eq. 7 was 159 

proposed by Spadea, et al. (2017) to calculate the corner strength of W-FRP 160 

reinforcement. 161 

Eq. 6 162 

𝑓𝑓𝑏 = (0.05 ∙
𝑟𝑏

𝑑𝑏
+ 0.3)𝑓𝑓𝑢 163 

Eq. 7 164 

𝑓𝑓𝑏 = (0.03 ∙
𝑟𝑏

𝑑𝑓𝑖
+ 0.35)𝑓𝑓𝑢 165 

Inclined W-FRP shear reinforcement 166 

Inclined transverse reinforcement can provide a more effective mechanism for resisting 167 

shear (BSI, 2004). In tests on W-FRP reinforced prismatic beams (Spadea, et al., 168 

2017), diagonal links were found to be more effective than vertical links. As the 169 

manufacturing process for W-FRP allows the designer to specify the inclination of each 170 

leg of the reinforcing cage, it is therefore feasible to choose the reinforcement 171 

geometry in an optimal way to achieve peak shear performance. 172 

Proposed design method 173 

Inclined longitudinal reinforcement 174 

The shear capacity of a beam with inclined longitudinal bars is given by Eq. 8: 175 



Eq. 8 176 

𝑉𝑢 = 𝑉𝑐 + 𝑉𝑓 + 𝑉𝑡 177 

The value of shear resistance provided by linear elastic longitudinal bars 𝑉𝑡, is directly 178 

related to the applied load (Fig. 2). An iterative procedure is therefore required to 179 

calculate 𝑉𝑢. With known values of 𝑉𝑐  and 𝑉𝑓, 𝑉𝑢 is calculated by assuming a value of 180 

applied load, calculating the force in the longitudinal bar caused by bending moment 181 

and applied shear force, and hence calculating 𝑉𝑡. If the resulting value of Eq. 8 is 182 

different from the shear demand on the section, the applied load is changed and 𝑉𝑡 re-183 

calculated until 𝑉𝑢 is equal to the shear demand on the section. 184 

Variable-depth geometries 185 

The shear strength of a variable-depth beam varies along its length. It may be feasible 186 

to design a variable-depth beam such that each section has precisely the required 187 

shear capacity for an envelope of applied loads, by calculating Eq. 8 at each cross 188 

section. Practical limitations such as minimum longitudinal bar curvature may result in 189 

small geometrical deviations from the ideal geometry.  190 

In the MCFT method, normally the average shear stress of the cross sections in shear 191 

span of a prismatic beam is used to calculate the shear strength. To consider the 192 

variable-depth geometry, the shear contribution of concrete (𝑉𝑐) and W-FRP (𝑉𝑓) of all 193 

cross sections is calculated following the distribution of cracked variable-depth beams 194 

(Fig. 3 (b)).  195 

Transverse reinforcement corner strength 196 

Building on the methods of ACI 440.1 (2015) and CSA S806 (2012), it is proposed that 197 

the strength of W-FRP reinforcement may be determined by the actual corner strength 198 

of stirrups as measured in standardized tests (Spadea, et al., 2017). In the revised ACI 199 

method, 𝑓𝑓𝑣 is taken as minimum value of (i) strength at ultimate strain of 0.4%, (ii) 200 



strength calculated following Eq. 6 and (iii) the actual corner strength. In the revised 201 

CSA method, following Razaqpur and Spadea (2014), 𝑓𝑓𝑣 is taken as minimum value of 202 

(i) 0.4𝑓𝑓𝑢 of W-FRP, (ii) strength at ultimate strain of 0.5% and (iii) the actual corner 203 

strength. The shear contribution from W-FRP is therefore calculated using Eq. 3. Note 204 

that the strength reduction factor of 0.40 present in Eq. 3 is removed and is included 205 

instead in condition (i) above as a limit on 𝑓𝑓𝑢 to align this proposal with Razaqpur and 206 

Spadea (2014). In the revised MCFT model, the corner strength of the shear links will 207 

use the actual performance of W-FRP shear links from test data (Spadea, et al., 2017).   208 

Inclined W-FRP shear reinforcement 209 

The W-FRP shear reinforcement introduced in this paper includes both vertical and 210 

inclined links and the shear contribution of shear reinforcement in Eq. 1 and Eq. 3 only 211 

applies to vertical shear links. To include the effect of inclined shear links the W-FRP 212 

shear reinforcement ratio (𝜌𝑓𝑣) in Eq. 1 and Eq. 3 is rewritten as Eq. 9, which is also 213 

adopted in the revised MCFT method to calculate the shear contribution of concrete 214 

and shear reinforcement.  215 

Eq. 9 216 

𝜌𝑓𝑣 =
𝐴𝑓𝑣

𝑏𝑤𝑠
(1 + sin 𝛼 + cos 𝛼) 217 

Design procedure 218 

Revised ACI 440 and CSA S806 219 

For a set of input parameters including material properties, span, and loading 220 

envelope: 221 

1. Calculate shear and bending demand along element based on applied loading; 222 

2. Divide the beam into equally spaced transverse sections; 223 



3. Calculate minimum section effective depths and required area of FRP 224 

reinforcement following codified flexural design methods; 225 

4. Initially estimate the area of transverse FRP reinforcement required, and at 226 

each section, calculate 𝑉𝑐  and 𝑉𝑓 (Eq. 1 and Eq. 3) with the corner strength of 227 

shear reinforcement specified in section 0 and the shear reinforcement ratio 228 

given by Eq. 9, accounting for any inclination of the reinforcement to the 229 

longitudinal axis; 230 

5. At each section calculate the value of 𝑉𝑡 based on the inclination and the tensile 231 

force of bars following Eq. 5; 232 

6. At each section calculate the value of 𝑉𝑢 using Eq. 8  233 

7. Where 𝑉𝑢 is less than the required capacity from (1), iterate the section 234 

geometry, area of transverse reinforcement, and transverse reinforcement 235 

arrangement, through steps 4-6 until the member resistance is greater than or 236 

equal to the required shear and bending demand. 237 

8. Output member geometry and reinforcement arrangement. 238 

Revised MCFT 239 

For a set of input parameters including material properties, span, and loading 240 

envelope: 241 

1. Calculate shear and bending demand along element based on applied loading; 242 

2. Divide the beam into equally spaced transverse sections; 243 

3. Calculate minimum section effective depths and required area of FRP 244 

reinforcement following the flexural equilibriums of the sections; 245 

4. Initially estimate the area of transverse FRP reinforcement required; 246 

5. At each section, assuming an applied shear force 𝑉𝑎, calculate the strain of 247 

longitudinal bars and the shear contribution of longitudinal bars 𝑉𝑡 with the 248 

flexural tensile force and additional tensile force (Eq. 4). 249 



6. At each section, using the tensile strain of longitudinal bars, the shear 250 

resistance of concrete and shear links (𝑉𝑣 = 𝑉𝑐 + 𝑉𝑓) is calculated as the integral 251 

of the shear stress distribution (Fig. 3 (b)) when the stress of the shear links 252 

across the shear crack reach their capacity at the corners (Eq. 7). The shear 253 

reinforcement ratio is given by Eq. 9, accounting for any inclination of the 254 

reinforcement to the longitudinal axis; 255 

7. At each section calculate the value of 𝑉𝑢 using Eq. 8  256 

8. Where 𝑉𝑢 is less than the required capacity from step 1, iterate the section 257 

geometry, area of transverse reinforcement, and transverse reinforcement 258 

arrangement, through steps 4-7 until the member resistance is greater than or 259 

equal to the required shear and bending demand. 260 

9. Output member geometry and reinforcement arrangement. 261 

Test program 262 

Specimen design 263 

To assess the proposed design methods and understand the shear performance of 264 

variable-depth beams reinforced with W-FRP, eight specimens were designed and 265 

tested in five groups with four shear reinforcement ratios (𝜌𝑓𝑣) and six shear 266 

reinforcement patterns (Fig. 4), Table 1. The specimens had the same web breadth 267 

(110 mm), length (1500 mm) and variable depth from 220mm at mid-span to 139mm at 268 

the supports. This geometry was determined by the limitations of curvature of the 1.5m 269 

length longitudinal bars. 270 

Two control specimens were designed: Specimen T1 had no shear reinforcement and 271 

Specimen T4 was transversely over-reinforced to ensure flexural failure. The shear 272 

links in each specimen of group T2 and T3 were designed with constant spacing 273 

(vertical links) and variable angle (diagonal links). The different shear reinforcement 274 



configurations were intentionally designed in order to result into the same shear 275 

reinforcement ratio, after the inclination had been considered. Group T5 was designed 276 

with different shear reinforcement ratios and the shear link in each specimen has a 277 

pattern of constant angle of 45° (diagonal links) and variable spacing (vertical links) 278 

along beam axis. All the designed shear reinforcement patterns shown in Fig. 4 were 279 

two legged and had a closed shape. 280 

Material properties 281 

All beams were designed with C25/30 concrete. Sixteen 100mm cubes were cast 282 

following BS EN 12390-1 (BSI, 2012) and tested in accordance with BS EN 12390-3 283 

(BSI, 2009). The results are shown in Table 2 in which the mean cylinder strength is 284 

calculated as 80% of the cubic strength. 285 

All shear links were manufactured using multiple layers of 50k Sigrafil carbon fiber tow 286 

(C T50-4.0/240-E100) with epoxy resin (Fyfe Tyfo S two component epoxy). Each layer 287 

of carbon fibre tow produces 4.28 mm2 of CFRP reinforcement. All beams were 288 

reinforced longitudinally with 2 ø10 mm Aslan CFRP bars (Aslan 200 series). The 289 

corner strength of shear links different cross sections was adopted as the design 290 

strength of MCFT model and the tensile properties of the Aslan bars from the previous 291 

work of authors (Spadea, et al., 2017) were adopted as the design strength for all the 292 

three design methods, Table 3.  293 

Specimen manufacture 294 

To create the reinforcement geometries, a winding process was employed. The 295 

longitudinal bars were initially curved into the required geometry and held in position 296 

using a carbon fiber tendon, Fig. 5. The straight top bars and curved bottom bars were 297 

then assembled around a timber mandrel. Cable ties were attached to the longitudinal 298 

bars to mark the required W-FRP layout and prevent the W-FRP from sliding during the 299 



winding process. Carbon fiber tows were impregnated with epoxy resin and wound 300 

around the cage in a continuous process to create each required reinforcement pattern 301 

(Fig. 5). Each cage was air cured for 72 hours.  302 

The casting was conducted in steel formwork. Two foam wedges were placed in the 303 

formwork to create the variable-depth geometry of the specimen. Plastic spacers were 304 

used to maintain the required cover distance. After casting, all specimens were cured 305 

for 28 days prior to testing. 306 

Test arrangement 307 

The specimens were tested in three-point bending, Fig. 6. The test geometry was 308 

chosen to give a shear span to effective depth ratio of 2.5 to maximize the likelihood of 309 

shear failure (Kani, 1964) and to enable comparisons with previously reported prismatic 310 

beam tests (Spadea, et al., 2017). One strain gauge was installed on the flexural bar at 311 

the loading point and each shear link in the shear span was strain gauged. Linear 312 

Variable Differential Transformers (LVDT) were installed at the loading point and mid-313 

span to measure specimen displacement. 314 

Test results 315 

Load displacement curves for all specimens except T1, for which the LVDT failed 316 

during testing, are shown in Fig. 7. The test results are summarized in Table 4. Three 317 

types of failure modes were observed. Diagonal tension failure (DT) in specimens T1 318 

and T2-1 (Fig. 8) was initiated by the major shear crack penetrating the web and, for 319 

specimen T2-1, shear reinforcement rupture at both the corners and straight part of the 320 

links. Shear compression failure (SC) in Specimens T2-2, T3-1, T3-2, T5-1 and T5-2 321 

occurred with concrete crushing and the rupture of the shear reinforcement at its 322 

corners and straight part of the link (Fig. 9). Testing of Specimen T5-2 initially reached 323 

an applied load of 95kN at which point the hydraulic jack reached its maximum stroke. 324 



Upon reapplication of the load, Specimen T5-2 failed in shear compression at 89kN. 325 

Debonding flexural failure (DF) in Specimen T4 was initiated by concrete crushing and 326 

pull-out of longitudinal bars as shown in Fig. 10.  327 

All specimens exhibited similar stiffness during initial loading, Fig. 7. For specimens T2-328 

2, T3-1, T5-1 and T5-2 failing in shear compression and specimen T4 failing in 329 

debonding, their stiffness was seen to decline after 80kN when concrete next to the 330 

loading point began to crush. This was also seen in specimen T3-2 but at the higher 331 

load of 100kN. After concrete crushing, displacement at the loading point for 332 

Specimens T2-2 and T5-1 increased by about 9.5% while maintaining a constant load. 333 

In specimen T3-2, after concrete crushing, the applied load increased by 10% with a 334 

15% increase in deflection of loading point. 335 

Table 5 shows the strains recorded in the longitudinal bars and resulting tensile force 336 

before the gauges were lost, and are plotted against the applied load in Fig. 11. Table 337 

6 shows the average strains recorded in shear links crossing the main shear crack at 338 

the failure load.  339 

Analysis and discussion 340 

Shear reinforcement ratio  341 

For specimens failing in shear compression or diagonal tension, as the reinforcement 342 

ratio increased so too did their ultimate capacity. Excluding the influence of the shear 343 

reinforcement pattern, it is seen from Table 4 that the capacities of T1 (𝝆𝒇𝒗= 0), T2-1 344 

(𝝆𝒇𝒗= 0.25%) and T4 (𝝆𝒇𝒗= 0.75%) increased with the shear reinforcement ratios. The 345 

higher shear capacity of T4 was ensured by the higher shear contribution of shear 346 

reinforcement and higher shear contribution of longitudinal bars, as a result of larger 347 

bar force. As shown in Table 5, with increasing shear reinforcement ratio, the tensile 348 

force in longitudinal bars of T4 was higher than T2-1 and T1, resulting in larger shear 349 



contribution from longitudinal bars due to the relationship between applied load and bar 350 

force. However, the comparison between T2-1 (𝝆𝒇𝒗= 0.25%) and T2-2 (𝝆𝒇𝒗= 0.25%) 351 

demonstrate that the shear reinforcement ratio is not the only factor influenced the 352 

shear capacities of the specimens. 353 

Shear reinforcement pattern 354 

As expected in the proposed design methods, the shear capacities of the specimens 355 

were influenced by the corner strength of shear links and shear contribution of 356 

longitudinal bars reflected as the influence of shear reinforcement patterns. In addition, 357 

the patterns influence performance in another two aspects: (i) orientations of adjacent 358 

shear links and (ii) confinement of concrete. 359 

For specimens with the same shear reinforcement ratio, denser patterns (i.e. more 360 

distributed links with smaller cross section area) resulted in higher shear capacities 361 

(Table 4). The ultimate capacity of T2-2 (92.6kN) was 50% higher than T2-1 (61.9kN) 362 

and the ultimate capacity of T3-2 (110.9kN) was 17% higher than T3-1 (94.9kN). The 363 

reason for the better performance of the denser pattern could be the higher corner 364 

strength of shear links with smaller cross sections (Table 3). The test data shows that 365 

shear links in specimens T2-2 and T3-2 had larger strains than in T2-1 and T3-1 366 

respectively at their failure load, as shown in Fig. 12.  367 

Improving the arrangement of the shear links led to a higher specimen shear capacity, 368 

which was caused by the higher shear contribution of shear links and the resulting 369 

higher longitudinal bar force. T2-2 exhibited higher bar force than T2-1 (Table 5), hence 370 

larger shear contribution of flexural reinforcement at a higher ultimate capacity. The 371 

other specimens cannot be compared as the strain gauges were damaged before the 372 

failure load. 373 



The shear reinforcement pattern also can influence the load distribution in shear links 374 

and flexural reinforcement. The W-FRP patterns used in T5-1 and T5-2 led to higher 375 

tensile force in longitudinal bars as shown in Table 5.  With longitudinal bars carrying 376 

more applied shear force, the shear links of T5-1 and T5-2 failed at lower average 377 

strains than specimens T2-2 and T3-2, even though the shear links in these four 378 

specimens are all made of one layer of 50K carbon fibers. 379 

The denser patterns also attributed to smaller difference in orientations between 380 

adjacent vertical and inclined links (Fig. 12). Unlike steel shear links, which can 381 

theoretically reach their yielding point before shear failure no matter how they are 382 

arranged, FRP shear links will always have different strain values and some links may 383 

not be fully utilized before shear failure. During the tests, the rupturing of one critical 384 

shear link could led to the rupturing of the adjacent shear links with much lower strains. 385 

The denser patterns created similar strains between adjacent links and therefore more 386 

shear links can be utilized efficiently. This is justified by the higher capacities of 387 

specimens with smaller strain difference between vertical and inclined shear links. As 388 

shown in Table 6 and Fig. 12, the strain differences between diagonal links and vertical 389 

links of T2-2 and T3-2 were 1% and 3%, whereas in T2-1 and T3-1 the strain 390 

differences were 11% and 37%.  391 

The denser patterns also provide additional confinement to the concrete in the 392 

compression zone. The improved confinement of concrete helped Specimen T3-2 to 393 

achieve a higher load of concrete crushing (approximately 20kN higher than the other 394 

specimens, with the same concrete) and hence resulted in the largest ultimate 395 

capacity. 396 

Geometry 397 

The specimens tested in this paper were not full-scale beams. The short length of the 398 

flexural reinforcement limited the curvature that could be achieved. The geometry of 399 



the beams was determined as a result of compromise between optimization and ease 400 

of fabrication. Despite this, the specimens still consumed 19% less concrete than an 401 

equivalent strength prismatic beam. Comparisons between specimens tested in this 402 

paper and previous experimental research on prismatic beams (Spadea, et al., 2017), 403 

which had the same width, clear span, and shear span/depth ratio but higher concrete 404 

strength and slightly higher shear reinforcement ratios, are shown in Table 7 and Fig. 405 

13.  406 

Only one specimen (T2-1) had a lower capacity than the similar prismatic beam, a 407 

difference that is attributed to the reinforcement pattern of T2-1. The remaining 408 

specimens exhibit higher ability to resist the applied shear force (𝑉𝑎) while using less 409 

transverse reinforcement. In realistically sized beams, the longitudinal bars could be 410 

bent more conveniently and greater savings in concrete may be possible.  411 

Predictions and test results comparison 412 

The test results are compared to the predictions of ultimate capacity using the 413 

proposed revised codified methods (𝑃𝐴𝐶𝐼
∗  and 𝑃𝐶𝑆𝐴

∗ ), the direct application of Eq. 1 (𝑃𝐴𝐶𝐼) 414 

and Eq. 3 (𝑃𝐶𝑆𝐴) and the revised MCFT model (𝑃𝑀𝐶𝐹𝑇) in Table 8. All partial safety 415 

factors are set to 1.00 in these comparisons.  416 

When the contribution of longitudinal bars to shear is not considered, the predictions of 417 

existing design codes, 𝑃𝐴𝐶𝐼 (Eq. 1) and  𝑃𝐶𝑆𝐴 (Eq. 3), were extremely conservative, with 418 

𝑃𝑒𝑥𝑝./𝑃𝐴𝐶𝐼 reaching 2.38 and 𝑃𝑒𝑥𝑝./𝑃𝐶𝑆𝐴 reaching 1.49 on average. The conservative 419 

predictions are caused by the specified design strength of shear reinforcement. For 420 

ACI 440.1 (2015), the predicted capacities are governed by the 0.4% strain limit, Eq. 6. 421 

For CSA S806 (2012) (Eq. 3), the ultimate tensile strain limit in the straight part of 422 

shear reinforcement (0.5%) governs the predictions. More importantly, the shear 423 

contributions of inclined longitudinal reinforcement are not incorporated.   424 



By considering the contribution of longitudinal bars, the predictions in the proposed 425 

revision to ACI 440.1, 𝑃𝐴𝐶𝐼
∗ , are conservative (𝑃𝑒𝑥𝑝./𝑃𝐴𝐶𝐼

∗ =1.45) and have a standard 426 

deviation of 0.25. With the variable truss angle model and higher design strength of 427 

shear reinforcement, the proposed revision to CSA S806, 𝑃𝐶𝑆𝐴
∗ , gives unconservative 428 

predictions (𝑃𝑒𝑥𝑝./𝑃𝐶𝑆𝐴
∗ = 0.89) and smaller standard deviation (0.13). In the proposed 429 

revisions, the 0.4% and 0.5% strain limit govern the predictions of ACI 440 and CSA 430 

S806 respectively. Therefore, although the actual corner strengths of W-FRP are 431 

considered together with specified strengths of shear reinforcement in the codes, the 432 

different corner strengths from various W-FRP patterns cannot be recognized.   433 

However, for the transversely reinforced specimens, the revised MCFT model, 𝑃𝑀𝐶𝐹𝑇
∗  434 

has the best average predictions (𝑃𝑒𝑥𝑝./𝑃𝑀𝐶𝐹𝑇= 1.11) with a standard deviation of 0.31. 435 

The revised MCFT model allows a differentiation between beams with the same 436 

reinforcement ratio but different reinforcement patterns. The capacity predictions vary 437 

between such specimens – for example T2 and T3 (Table 8) - and arise due to the 438 

different corner strengths of shear links with different cross-sectional areas.This 439 

advantage allows designers to optimize the W-FRP patterns with higher corner 440 

strength to achieve higher shear capacity or to save FRP material. 441 

The predictions made for Specimen T4 cannot be calibrated because the unexpected 442 

premature debonding failure occurred and the real flexural and shear capacity of T4 443 

was not obtained. The anchorage strength is also important in the design of variable-444 

depth beams and is the topic of additional research beyond the scope of this paper. 445 

The revised MCFT model results in two further unconservative predictions (T3-2 and 446 

T51). The predictions are reliant on the corner strength from tests of single W-FRP 447 

shear links, Table 3, (Spadea, et al., 2017). This is however not fully representative of 448 

the actual performance of multiple W-FRP shear links in a concrete specimen. The 449 



different shear reinforcement patterns enabled the different average performance of 450 

multiple shear links (Table 6) and with limited research data, there is no empirical 451 

method to describe their influence to date.  452 

Further work is required to relate tests on a single link to the capacity of multiple links 453 

within a structural member. The validity of the proposed design methods could be 454 

potentially improved by the actual corner strength of shear links with strength reduction 455 

factors of different shear reinforcement patterns based on further experimental 456 

research on W-FRP reinforced concrete. 457 

Conclusions 458 

The shear behavior of variable-depth beam reinforced with novel Wound-FRP 459 

reinforcement was explored. Attempts to design W-FRP reinforced concrete beams 460 

with optimized geometries were conducted and the validity of proposed new shear 461 

design methods was examined. With the test results and analysis, this research 462 

support the following conclusions: 463 

1. As expected in the proposed shear design methods, corner strength of shear 464 

links and shear contribution of inclined longitudinal bars influence the shear 465 

performance. Shear reinforcement patterns with smaller differences in 466 

orientations between adjacent links give improved shear performance by 467 

reducing the strain differences between links, and providing improved concrete 468 

confinement.  469 

2. With the beneficial effects of optimal shear reinforcement patterns, the shear 470 

capacities of specimens are enhanced which is highlighted by (i) the 50% 471 

higher shear capacity of T2-2 compared T2-1 and (ii) the 17% higher shear 472 

capacity of T3-2 compared with T3-1.  473 



3. W-FRP overcomes the difficulty of reinforcing structures with complex 474 

geometries and thus enables reductions in material use through optimization. In 475 

this paper, 19% concrete savings are achieved compared to equivalent strength 476 

prismatic beams, despite geometrical limitations of the short bars used. 477 

4. Direct application of existing code equations leads to extremely conservative 478 

predictions, most of which are less than 50% of the test results. By considering 479 

the shear contribution of longitudinal bars and the actual corner strength of 480 

shear links in different patterns, the predictions of revised MCFT model 481 

(𝑃𝑒𝑥𝑝./𝑃𝑀𝐶𝐹𝑇= 1.11, SD = 0.31) have the best conservative correlations.  482 

5. Adopting the actual corner strength of single shear link tests leads to two 483 

unconservative predictions in the revised MCFT model. Further research is 484 

required to establish a relationship between bend strength tests on a single W-485 

FRP link and the performance of multiple W-FRP shear links in concrete and 486 

provide the basis for further revisions of proposed design methods. 487 
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𝐴𝑓𝑣 Cross section area of shear links (mm2) 

𝑏𝑤 Width of the web of T beams (mm) 

𝐶 The compression force of concrete strut (kN)  

𝑑 Effective depth of beams (mm)  

𝑑𝑏 Diameter of bent shear reinforcement bars (mm) 

𝑑𝑓𝑖 Depth of bent FRP shear links with rectangular cross section (mm) 

𝑑𝑚 Effective depth of beams at mid-span (mm) 

𝑘 Parameter to consider FRP reinforcement in concrete 

𝑘𝑚 Coefficient for the effect of moment at section on shear strength  

𝑘𝑟 Coefficient for the effect of reinforcement rigidity on shear strength 

𝑓𝑐
′ Specified cylinder compressive strength of concrete (MPa) 

𝑓𝑐𝑚,𝑐𝑢𝑏𝑒 Average cubic strength of concrete (MPa) 

𝑓𝑐𝑚 Cylinder strength of concrete calculated from test data (MPa) 

𝐹𝑡𝑑 Additional tensile force (kN) 

𝑓𝑓𝑏 Strength of shear reinforcement at corners (MPa) 

𝑓𝑓𝑣 Design strength of shear reinforcement (MPa) 

𝑓𝑓𝑢 Tensile strength of FRP reinforcement (MPa) 

𝑛𝑓 Modular ratio between FRP and concrete   

𝑃 Applied load (kN) 

𝑃𝑒𝑥𝑝. Ultimate capacities of test specimens (kN) 

𝑟𝑏 Radius at the bent corners of shear reinforcement (mm) 

𝑄𝑐 Quantity of concrete (m3) 

𝑇 Tensile force of longitudinal bars (kN) 

𝑇𝑓 Flexural tensile force of longitudinal bars (kN) 

𝑃𝐴𝐶𝐼 Prediction of ultimate capacity using ACI 440 (kN) 



𝑃𝐴𝐶𝐼
∗  Prediction of ultimate capacity using revised ACI 440 (kN) 

𝑃𝐶𝑆𝐴 Prediction of ultimate capacity using CSA S806 (kN) 

𝑃𝐶𝑆𝐴
∗  Prediction of ultimate capacity using revised CSA S806 (kN) 

𝑃𝑀𝐶𝐹𝑇 Prediction of ultimate capacity using revised MCFT model (kN) 

𝑉𝑒𝑥𝑝. Ultimate shear force carried by test specimens (kN) 

𝑉𝑓 Shear contribution of shear reinforcement (kN) 

𝑉𝑡 Shear contribution of longitudinal bars (kN) 

𝑉𝑡𝑓 Vertical component of flexural tensile force, 𝑇𝑓 sin 𝛼𝑡 (kN) 

𝑉𝑢 Shear capacity of beams (kN) 

𝑉𝑣 Shear contribution of shear links and concrete (kN) 

𝛼 Angle of diagonal shear links to the horizontal axis (º) 

𝛼𝑡 Angle of longitudinal bars to the horizontal axis (º) 

𝜀𝑓 Strain of longitudinal bars 

𝜀𝑓𝑣 Strain of shear links 

𝜃 Angle of concrete strut (º) 

𝜌𝑓 Flexural reinforcement ratio 

𝜌𝑓𝑣 Shear reinforcement ratio 

𝜏𝑚𝑎𝑥 Maximum shear stress (MPa) 

𝜙𝑐 Resistance factor for concrete in CSA S806 

𝜙𝐹 Resistance factor for FRP reinforcement in CSA S806 

𝜆 Factor to account for concrete density in CSA S806 
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Fig. 1. A Wound CFRP cage for variable-depth structural concrete element 579 

Fig. 2.  Shear resistance of longitudinal reinforcement in a variable-depth RC beam 580 

Fig. 3. (a) Shear stress distributions in elastic and (b) RC beams with prismatic and 581 

variable-depth geometries 582 

Fig. 4. Shear reinforcement pattern designs 583 

Fig. 5. Example W-FRP cage fabrication 584 

Fig. 6. Test setup (dimensions in mm) 585 

Fig. 7. Load - displacement response of the specimens 586 

Fig. 8. Diagonal tension shear failure of Specimen T2-1 587 

Fig. 9. Shear compression failure of Specimen T5-1 588 

Fig. 10. Flexural debonding failure of Specimen T4 589 

Fig. 11. Load – strain curves of longitudinal bars 590 

Fig. 12. Strains of shear links and cracking patterns of specimens at failure load (see 591 

Table 6 for values strain values recorded for each specimen) 592 

Fig. 13. Geometric comparison between variable-depth and prismatic specimens 593 

(Spadea, et al., 2017)  594 
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Table 1. Design details of variable-depth beam specimens 599 

Speci

men 

CFRP 

flexural 

bars 

𝑑𝑚 

(mm) 

Shear reinforcement  

Expected failure 

mode 

𝐴𝑓𝑣  

(mm2) 

s  

(mm) 

α 

(degrees) 

𝜌𝑓𝑣 

(%) 

T1 2 φ 10 195 - - - - Shear failure 

T2-1 2 φ 10 195 8.6 150 40-50 0.25 Shear failure 

T2-2 2 φ 10 195 4.3 75 55-67 0.25 Shear failure 

T3-1 2 φ 10 195 8.6 75 55-67 0.50 Shear failure 

T3-2 2 φ 10 195 4.3 35 71-79 0.50 Shear failure 

T4 2 φ 10 195 25.6 150 40-50 0.75 Bending failure 

T5-1 2 φ 10 195 4.3 38-60 45 0.45 Shear failure 

T5-2 2 φ 10 195 4.3 57-90 45 0.30 Shear failure 

 600 

 601 

 602 

 603 

 604 

 605 

 606 

 607 

 608 

 609 

 610 

 611 

 612 



Table 2. Concrete strength at 28 days 613 

𝑓𝑐𝑚,𝑐𝑢𝑏𝑒 (MPa) 35.8 

 𝑓𝑐𝑚 (MPa) 28.6 

 614 

 615 

 616 

 617 

 618 

 619 

 620 

 621 

 622 

 623 

 624 

 625 

 626 

 627 

 628 

 629 

 630 

 631 



Table 3. Corner strength of W-FRP shear links and tensile properties of Aslan bars (Spadea, et al., 2017). 632 

Reinforcement Cross section 

area per unit 

(mm2) 

Ultimate 

capacity 

(kN) 

Ultimate 

strength  

(MPa) 

Ultimate 

strain  

 (%) 

Elastic 

Modulus 

 (GPa) 

Transverse W-FRP 4.3 4.1 957 0.89 109 

8.6 6.4 745 0.68 108 

25.7 16.0 623 0.59 105 

Longitudinal bar (ø10mm) 71.3 189 2648 1.85 143 

 633 

 634 

 635 

 636 

 637 

 638 

 639 

 640 

 641 

 642 

 643 

 644 

 645 

 646 

 647 



 648 

Table 4. Summary of test results 649 

Specimen Ultimate capacity 

𝑃𝑒𝑥𝑝. (kN) 

Ultimate shear 

force 𝑉𝑒𝑥𝑝. (kN) 

Failure mode 

 

Deflection at 

load point (mm) 

T1 32 21 DT 6.9 

T2-1 62 41 DT 8.3 

T2-2 93 62 SC 14.8 

T3-1 95 63 SC 14.1 

T3-2 111 74 SC 18.7 

T4 100 67 DF 13.2 

T5-1 94 63 SC 12.8 

T5-2a 95 63  11.6 

T5-2b 89 59 SC 10.3 

aFirst test of specimen 5-2; bsecond test of specimen 5-2. 650 

 651 

 652 

 653 

 654 

 655 

 656 

 657 

 658 

 659 

 660 

 661 

 662 

 663 

 664 



Table 5. Longitudinal bar strains and resulting tensile force 665 

Specimen T1 T2-1 T2-2 T3-1 T3-2 T4 T5-1 T5-2 

Load 𝑃 (kN) 32 62 93 82 66 88 83 80 

Strain ε𝑓 (%) 0.07 0.55 0.77 0.53 0.55 0.99 1.25 1.73 

𝑇 (kN) 14 113 158 109 113 203 257 355 

 666 

 667 

 668 

 669 

 670 

 671 

 672 

 673 

 674 

 675 

 676 

 677 

 678 

 679 

 680 

 681 

 682 



Table 6. Strains of shear links crossing the primary shear crack at failure load  683 

Specimen Cross section 

area (mm2) 

Strain 𝛆𝒇𝒗 (%) 

Vertical links Inclined links 

Minimum  Averagea Maximum Minimum  Averagea Maximum 

T2-1 8.56 0.44 0.44 (1) 0.44 0.27 0.41 (2) 0.55 

T2-2 4.28 0.74 0.87 (2) 1.00 0.43 0.86 (3) 1.07 

T3-1 8.56 0.28 0.35 (2) 0.42 0.39 0.48 (3) 0.27 

T3-2 4.28 0.81 0.81 (1) 0.81 0.89 0.89 (1) 0.89 

T4 25.7 0.14 0.14 (1) 0.14 0.25 0.40 (2) 0.54 

T5-1 4.28 0.03 0.47 (6) 0.81 0.37 0.53 (6) 0.78 

T5-2 4.28 0.27 0.45 (3) 0.73 0.45 0.63 (4) 0.73 

Notes: athe number of shear links is shown in brackets 684 
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Table 7. Comparison between the variable-depth beams and prismatic beams 698 

Current research Previous research (Spadea, et al., 2017) 

Specimen 𝜌𝑓𝑣 

(%) 

𝑄𝑐  

(10-3 m3) 

𝑉𝑒𝑥𝑝. 

(kN) 

Prismatic 

specimen 

𝜌𝑓𝑣 

(%) 

𝑄𝑐  

(10-3m3) 

𝑉𝑒𝑥𝑝. 

(kN) 

T1 0.00 29.5 21 P1 0.00 36.3 20 

T2-1 0.25 29.5 41  

P2 

 

0.31 

 

36.3 

 

60 T2-2 0.25 29.5 62 

T5-2 0.30 29.5 63 

T4 0.75 29.5 67 P3 0.84 36.3 74 

 699 
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 713 



Table 8. Calibration of codified designs 714 

Speci

men 

𝑃𝑒𝑥𝑝. 

(kN) 

𝑃𝐴𝐶𝐼
∗  

(kN) 

𝑃𝐴𝐶𝐼 

(kN) 

𝑃𝑒𝑥𝑝.

𝑃𝐴𝐶𝐼
∗  

𝑃𝑒𝑥𝑝.

𝑃𝐴𝐶𝐼

 
𝑃𝐶𝑆𝐴

∗  

(kN) 

𝑃𝐶𝑆𝐴 

(kN) 
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𝑃𝐶𝑆𝐴
∗  
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𝑃𝑀𝐶𝐹𝑇 

(kN) 

𝑃𝑒𝑥𝑝.

𝑃𝑀𝐶𝐹𝑇

 

T1 32 20 11 1.57 2.89 35 19 0.91 1.71 a a 

T2-1 62 50 31 1.23 2.00 85 51 0.73 1.22 41 1.51 

T2-2 93 50 31 1.84 3.00 85 51 1.09 1.82 65 1.42 

T3-1 95 80 51 1.18 1.87 124 76 0.77 1.25 94 1.01 

T3-2 110 80 51 1.37 2.16 124 76 0.89 1.45 137 0.8 

T4 100 110 71 0.91b 1.42b 156 96 0.64b 1.04b 126 0.79b 

T5-1 94 74 47 1.27 2.01 117 71 0.81 1.32 124 0.76 

T5-2 95 57 35 1.68 2.73 93 56 1.02 1.68 81 1.18 

  Average: 1.45 2.38   0.89 1.49  1.11 

  SD: 0.25 0.47   0.13 0.24  0.31 

Notes: aMCFT cannot give predictions for unreinforced concrete; b Results for T4 excluded from average and standard 715 

deviation calculations due to premature debonding of this specimen.  716 
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