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1 INTRODUCTION  

There are many geotechnical problems that involve 
soil-structure interaction.  Scaled physical model-
ling, particularly using a geotechnical centrifuge, can 
be used to investigate such problems to (i) improve 
our understanding of the underlying phenomena for 
the development of analytical and numerical ap-
proaches for engineering design; (ii) provide data for 
validating such approaches; and (iii) simulate the be-
haviour of existing systems to evaluate performance 
against future actions.  In some cases, e.g. where one 
of the performance requirements for the geotechnical 
system is that the structural elements must remain 
elastic, it is sufficient to model only the elastic soil-
structure interaction (i.e. ensure similitude of relative 
soil-structure stiffness).  This is often desirable when 
developing new designs and design methodologies 
(e.g. cases (i) and (ii) above), where ensuring that the 
structural elements do not fail prematurely before the 
soil will normally result in the optimal performance 

(e.g. minimum deformation) of the system.  It is 
therefore not surprising that elastic similitude (only) 
has been used in the vast majority of physical model-
ling studies conducted to date.   

However, in a World with ever-increasing pres-
sures on resources and the environment it will be-
come increasingly important to extend the life of ex-
isting infrastructure where possible.  This will 
necessitate a growing requirement to model the be-
haviour of existing systems to assess their perfor-
mance against actions beyond that which they were 
originally designed for.  An example is the assess-
ment of the performance of reinforcement schemes 
for slopes subjected to earthquakes or extreme rainfall 
events where an extension of the design life results in 
an increase in the size of the design event if the prob-
ability of failure is maintained due to an increase in 
exposure (an effect compounded by climate change in 
the case of rainfall events).  In such cases, behaviour 
may transition into an inelastic range where it would 
be desirable to scale relative soil-structure strength to 
obtain an accurate model of the system’s behaviour.  
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This paper will summarise approaches for produc-
ing reduced scale models of structural elements (both 
in steel and reinforced concrete) which can simulta-
neously scale stiffness and strength, and therefore 
simultaneously satisfy the appropriate dimensionless 
groups to ensure similitude in centrifuge tests.  This 
will be discussed in the context of reinforcement of 
sloping ground against earthquake actions using a 
row of discretely-spaced vertical piles.  The paper 
will also summarise an approach to producing repre-
sentative physical analogues of plant roots using 
modern 3-D printing techniques (similarly ensuring 
similitude of both stiffness and strength simultane-
ously), which could be used as an alternative biolog-
ical slope reinforcement with much lower cost and 
lower embodied carbon.   

2 SLOPE REINFORCEMENT USING PILES 

The example problem of slope reinforcement has 
been selected as it represents a case where there are 
two competing failure modes at the ultimate limiting 
state, namely: (i) the pile is stronger than the soil so 
that the soil flows around the pile (a geotechnical fail-
ure); or (ii) the soil is stronger than the pile, so that 
the pile suffers a structural failure.  These are shown 
in Figure 1.   

In this section, appropriate dimensionless groups 

will be presented to achieve similitude of both rela-
tive soil-pile stiffness and relative soil-pile strength.  
These will be used to describe the requirements on the 

structural models that will be discussed in subsequent 
sections.  In the remainder of the paper, dimensions 
are represented by M for mass, L for length and T for 
time.   

2.1 Elastic soil-pile interaction 

An appropriate dimensionless group that can be used 
to express relative soil-pile stiffness is: 

EI

BLp
4

                   (1) 

after Florres-Berrones & Whitman (1982), where η is 
the modulus of subgrade reaction (dimensions of ML-

2T-2), B is the pile width or diameter and Lp a length 
of the pile (both with dimensions of L), and EI is the 
pile elastic bending stiffness (dimensions of ML3T-2).   

In a 1:N (model:prototype) scale centrifuge test us-
ing the same soil in model and prototype, the soil 
stress-strain behaviour is scaled 1:1, so η scales as 
N:1, and EI therefore scales as 1:N4 to ensure simili-
tude.  This is the conventional scaling law recovered 
in Wood (2004) or Madabhushi (2014), amongst oth-
ers, and sets the requirement on the elastic bending 
stiffness of the model pile.   

2.2 Soil-pile interaction at the ultimate limit state 

Equation 1 represents the relative soil-pile lateral 
stiffness.  To obtain the correct failure mechanism at 
the ultimate limit state, similitude in the relative soil-
pile strength must be achieved to avoid a bias towards 
one of other mechanism.  One possible dimension-
less group expresses this in terms of the moment in-
duced in the pile due to the maximum lateral soil pres-
sure at soil failure (Msf) and the structural moment 
capacity of the pile (Mult): 

ult

sf

M

M
                   (2) 

The soil term in Equation 2, Msf, can be approxi-
mated be considering the free body diagram shown in 
Figure 2.  The maximum lateral earth pressure, pult, 
for a soil with a drained response (as an example) is: 

    BzKzp spult  3             (3) 

where γ′s is the effective (buoyant) unit weight of the 
soil, z is the depth below the ground surface and Kp is 
the passive earth pressure coefficient.  Therefore, by 
taking moments about the intersection of the slip 
plane with the pile when the slip plane is at a depth  
z = La (active length): 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1 Failure mechanisms of a pile-reinforced slope: (a) 
soil fails first; (b) pile fails first. 
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Combining Equations 2 and 4 suggests that a suitable 
dimensionless group for relative soil-pile strength is: 

ult

asp

M

BLK 3 
                 (5) 

Kp has no dimensions, while unit weight has dimen-
sions of ML-2T-2.  Therefore, in a 1:N scale centri-
fuge test using the same soil in model and prototype, 
Mult must scale by 1:N3 for similitude.   

3 MODEL PILE DESIGN – STEEL PILE 

From Section 2, it has been shown that for complete 
similitude in the slope reinforcement problem, any 
model pile designed for a centrifuge test must have a 
bending stiffness scaled by 1:N4 compared to the pro-
totype and a moment capacity scaled by 1:N3.  This 
section will present an example of the design of a 
model pile at a scale of 1:80 (N = 80) where the pro-
totype is to represent an S355 steel tubular pile (i.e. 
yield stress fy = 355 MPa) with outer diameter B = 496 
mm and wall thickness t = 20 mm.   

It is not practical in this case to produce a geomet-
rically-scaled model pile in the same steel, as the re-
sulting wall thickness would be 0.25 mm.  This 
would be difficult to machine and small flaws in this 
process could result in significant localised weak-
nesses in the model pile wall.  Indeed, it is common 
in centrifuge modelling to design a section with larger 
wall thickness in a material with a lower Young’s 
Modulus so that EI can be appropriately scaled.  Al-
uminium-alloy is a popular material as it is easy to 
machine and is corrosion resistant.  Table 1 presents 
the results of using 6063-series aluminium alloy to 
produce the model pile (all values at prototype scale).  
‘T6’ refers to the temper of the material (essentially a 
series of heat-treatment processes that have been ap-
plied during its production).   

Table 1 demonstrates that a tube with outer diam-
eter 6.2 mm and wall thickness of 1.4 mm can achieve 

representative B and EI (within 3% of the target 
value), satisfying Equation 1.  The Young’s Modu-
lus of the 6063 alloy is approximately one third that 
of steel, so the second moment of area (I) has been 
increased by a factor of approximately three to com-
pensate.   
 
Table 1 Design of a 1:80 scale steel pile in 6000-series alumin-
ium alloy 

Parameter 
(units) 

Steel 
field pile 

6063 prototype 
(T6 / T4 temper) 

Prototype/field 

B (m) 0.496 0.496 1.00 
t (m) 0.02 0.112 N/A 
I (m4)   0.00085 0.00270 3.18 

E (GPa) 210 68 0.32 
EI (MNm2) 178 184 1.03 

Zp (m3) 0.00453 0.01698 3.75 
fy (MPa)  355 250 / 90 0.70 / 0.25 

Mult (kNm) 1610 4246 / 1530 2.64 / 0.95 
 

Increasing I, however, also increases the plastic 
section modulus Zp (by a factor of nearly four) as 
these two parameters are both controlled by the ge-
ometry of the cross-section.  This is problematic as fy 
for 6063-T6 is only 70% of that of the steel and the 
plastic moment capacity is given by: 

pyult ZfM                  (6) 

Therefore, to simultaneously satisfy Equation 5, the 
yield stress of the aluminium-alloy needs to be re-
duced.  This can be achieved by using an alloy of a 
different temper.  The commonly available T6 tem-
per is achieved through solution heat treatment (520 
oC for one hour followed by water quench) followed 
by aging (175 oC for 8 hours).  The ageing process 
increases fy without changing E.  A softer temper 
(T4) is achieved by applying the solution heat treat-
ment without ageing.  Table 1 shows that the lower 
value of fy = 90 MPa for this un-aged material results 
in Mult within 5% of the desired prototype value.  The 
values of EI and Mult in Table 1 were validated by 
conducting four-point bending tests on 200 mm long 
pile models in both 6063-T6 and 6063-T4 alloys, the 
results of which are shown in Figure 3.   

It should be noted that T4 temper is not commonly 
available in the sizes of tube that were used to fabri-
cate the model piles.  However 6063-T6 machined to 
the correct dimensions can be annealed followed by 
heat-treatment to remove the effects of the aging and 
return the material to T4 temper (for the models pre-
sented in Figure 3 this was conducted by Beccles Heat 
Treatment, UK).  It is desirable to do this as cold-
working of the material and (a long) storage time will 
cause ageing of T4 towards the more stable T6 tem-
per, so it is best to perform the heat treatment as the 
last process before testing.  

 
 
 
 
 
 
 
 
 

 
Figure 2 Free-body diagram for a pile subject to lateral pres-
sure from plastically-yielding soil. 
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4 MODEL PILE DESIGN – REINFORCED-
CONCRETE PILE 

If the piles to be modelled in the centrifuge are instead 
to represent reinforced concrete (RC) piles in the 
field, producing a model that can even just satisfy 
Equation 1 is complicated due to the composite nature 
of the material and the very different behaviour of the 
constituent materials (concrete and steel) in compres-
sion and tension (Knappett, 2008).  It is first neces-
sary to determine the effective (working) stiffness, as 
EI in a reinforced concrete beam is dependent on: (i) 
the overall section size (as in Section 3); (ii) the 
Young’s Modulii of the concrete and steel; and (iii) 
the amount of steel reinforcement.  In a beam-col-
umn (i.e. where there is combined bending and axial 
load), EI is also dependent on (iv) the axial load in the 
section (this will be discussed further in Section 4.3).   

This section will present an example of the design 
of a model pile at a scale of 1:50 (N = 50) where the 
prototype is to represent a singly-reinforced square 
precast RC pile of size B = 500 mm, containing As/Ag 
= 0.85% steel (where As is the cross-sectional area of 
the steel reinforcement, and Ag is the gross area of the 
section, Ag = B2).  Being singly-reinforced, the pile 
will have the reinforcement all on the upslope side (to 
resist bending due to lateral earth pressure).  The EI 
for a singly-reinforced rectangular RC section can be 
found using ‘transformed area’ theory after Kong and 
Evans (1987): 
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where Ec is the Young’s Modulus of the concrete, Ig 
is the gross second moment of area (= B4/12), x is the 
depth of the neutral axis (see Figure 4a) and Es is the 
Young’s Modulus of the steel.  Equation 7 assumes 
that the loads on the beam are expected to induce mo-
ments greater than one third of the moment capacity, 
such that the concrete below the neutral axis that is in 
tension will be cracked and will therefore not contrib-
ute to the stiffness.  This is indicated by the diagram 
in Figure 4a.  The depth of the neutral axis is deter-
mined for the cracked section when considering the 

moment capacity of the section, which for a singly-
reinforced section is given by: 
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after Kong and Evans (1987).  The moment capacity 
of a singly-reinforced section is given by: 
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where fc is the concrete compressive strength and K is 
a stress-block factor (K = 0.6 is assumed herein).  If 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3 Structural behaviour of 1:80 model steel piles: (a) 
four-point bending test arrangement; (b) results at prototype 
scale. 

 
 
 
 
 
 
 
 
 

 
Figure 4 1:50 elastic model of an RC pile: (a) singly-reinforced cracked concrete section (shaded zone in compression); (b) Alu-
minium-alloy composite section (dimensions in mm at model scale; additional instrumentation also shown).   



the pile is circular, an approach to determine EI can 
be found in Knappett (2008).   

4.1 Aluminium-alloy based (‘elastic’) model pile 

Table 2 presents the results of using 6063-series 
aluminium alloy (as in Section 3) to produce a model 
pile that has the same EI as the RC section.  This was 
achieved by machining a solid square rod to reduce 
the depth (d), while keeping the same width.  Such a 
section does not have the correct external dimensions 
at prototype scale, but this can be remedied by using 
a flexible filler (e.g. silicone) with comparatively neg-
ligible stiffness to fill the gap (Figure 4b).  Figure 5 
shows the construction procedure of such piles, where 
the composite aluminium-silicone section is wrapped 
in a thin adhesive and waterproof aluminium tape (to 
prevent delamination of the filler).  Fine sand was 
subsequently adhered to the surface of the pile using 
epoxy resin to mimic the rough soil-pile interface typ-
ical of concrete.   
 
Table 2 Design of a 1:50 scale RC pile in 6000-series alumin-
ium alloy 

Parameter 
(units) 

RC field 
pile 

6063 prototype 
(T6 / T4 temper) 

Prototype/field 

B (m) 0.5 0.5 1.00 
d (m) 0.5 0.26 (0.5*) * with silicone 

E(c) (GPa) 25 70 2.80 
Es/Ec (-) 8.4 N/A N/A 
As/Ag (-)  0.85% N/A N/A 

EI (MNm2)  47.7 51.3 1.08 
fc (MPa) 23.5 N/A N/A 
fy (MPa)  460 250 / 90 0.54 / 0.20 

Mult (kNm) 230 3750 / 1350 16.30 / 5.87
 

While the elastic behaviour (EI) can be well ap-
proximated by this approach, the moment capacity for 
the model section at prototype scale (calculated using 
Equation 6) is greatly over-predicted compared to that 
of the field RC pile (calculated using Equation 9) ir-
respective of whether T6 or T4 temper materials are 

used.  Therefore if both Equations 1 and 5 are to be 
satisfied simultaneously, a new modelling approach 
is required.   

4.2 Scale model reinforced concrete 

An alternative approach to the one outlined in Sec-
tion 4.1 is to produce a purely geometrically scaled 
model, i.e. one where the Young’s modulus and 
strength of all of the materials are scaled 1:1, with the 
concrete element modelled using a brittle model ma-
terial and the reinforcement modelled using a ductile 
material.  In principle, if this can be achieved then 
the behaviour of the model section will automatically 
display similar behaviour to the full scale section.  If, 
as with the soil, the same concrete material is used in 
the model, the coarse aggregate size in the concrete 
will become increasingly larger relative to the size of 
the structural element as N is increased.  As the ten-
sile strength of concrete is controlled by the size of 
cracks/flaws, and their size is approximately propor-
tional to the size of the aggregate (Bažant and Yu, 
2005), use of the same material will tend to result in 
‘over-strength’ in the small scale models.  Results 
collated from previous tests on reinforced concrete 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 5 Construction process for aluminium-alloy based 
1:50 model RC pile. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 6 (a) Over-strength observed in previous bending 
tests of RC beams; (b) approach to geometric scaling of 
coarse aggregate.  



beams at various scales with varying amounts of re-
inforcement are shown in Figure 6a (after Litle and 
Paparoni, 1966; Belgin and Sener, 2008).   

The model of Bažant and Yu (2005) in Figure 6a 
suggests that the overstrength should be relatively 
small over conventional scales used for structural 
model testing (1 < N < 10), but will be unmanageable 
at scales commonly used in geotechnical centrifuge 
testing (N > 10).  A fit to the test data suggests that 
the over-strength will be worse for N < 50.  A solu-
tion to this is to scale down the particle size of the 
coarse aggregate proportionally as N increases.  
HST95 silica sand, commonly used at the University 
of Dundee for centrifuge modelling of sands (with 
D10 = 0.15 mm) represents a suitable material for a 
common scale of 1:50, as shown in Figure 6b.   

This fine sand is mixed with plaster and water to 
produce a model gypsum mortar (model micro con-
crete) with representative compressive and tensile 
strength (assessed via the Modulus of rupture, fr, i.e. 
the splitting strength of an unreinforced prism) of 
field concretes.  This is summarised in Figure 7a.  
Different strengths of model concrete can be achieved 
by varying the water to plaster ratio, w/p (by mass) 
and also by using different types of plaster.  Plaster 
comes in two principal forms, alpha-hemihydrate and 

beta-hemihydrate; the former is a stronger plaster typ-
ically used for producing dental moulds (Crystacal 
DTM from Lafarge Prestia, France was used herein), 
while the latter form is weaker and normally used in 
model making (Surgical plaster, also from Lafarge 
Prestia, France, was used herein).  The range shown 
in Figure 7a can be used to represent weaker mass 
concretes up to structural grades of concrete. The er-
ror bars (based on testing 6 samples of each model 
micro-concrete in compression and 10 in rupture) in-
dicate that the strength is variable; Figure 7b indicates 
that this variability is similar to that of well-produced 
concrete produced in the field.  Approximate conver-
sion between cylinder (f′c) and cube (fcu) compressive 
strengths can be achieved using: 

26.690.0  cuc ff             (10) 

after Mansur and Islam (2002).  Further details about 
the model micro-concrete and the material testing 
conducted can be found in Knappett et al. (2011).   

Reinforcement can be added to the model concrete 
by using steel wire to ensure 1:1 scaling of Young’s 
modulus and tensile strength.  Modelling conducted 
to date at the University of Dundee has used two ma-
terials – a grade 316 stainless steel cold-drawn wire 
with fy = 460 MPa and a grade 304 stainless steel 
cold-drawn wire with fy = 380 MPa.  The use of 
stainless steel prevents corrosion which might split 
the small model sections (as oxidation products will 
not scale) but the smooth wires must therefore receive 
a coating of fine sand using epoxy resin (similar to the 
surface coating describe in Section 4.1 and shown in 
Figure 5).  This allows a ‘rough’ bond with the fine 
sand in the model micro-concrete to approximate the 
effect of the ribbing on conventional deformed rein-
forcing bars.   

To produce a model RC section, the modelling 
procedure shown in Figure 8 is followed.  A form-
work is firstly produced that is bolted together to al-
low it to be easily taken apart after casting to remove 
the model piles without damage.  This contains small 
holes at either end that can be used to fix the longitu-
dinal reinforcement and hold it in-place.  Shear rein-
forcement may be added by threading the longitudinal 
wires through either (i) individually made stirrups 
(e.g. Loli et al., 2014); or (ii) through a continuous 
spiral wound around a rectangular former with marks 
to indicate the required spacing which is tied-off at 
either end (e.g. Al-Defae and Knappett, 2014).  Once 
the reinforcing cage is fully-formed, the dry materials 
(sand and plaster) for the model concrete are meas-
ured-out and mixed, before the water is added.  The 
plaster begins to harden rapidly, so the mixture is im-
mediately poured into the formwork.  The model el-
ements can be de-moulded after 24 hours (though 
care must be taken as they will be weak at this stage).  
The models are then left to cure for 28 days.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 7 Basic material properties of model micro-concrete: 
(a) compressive and tensile strength; (b) variability. 



Figure 9 presents example results of four-point 
bending tests on 200 mm long singly-reinforced 
model concrete beams with different amounts of lon-
gitudinal reinforcement (represented by As/Ag, in 
grade 316 wire), both with and without shear rein-
forcement (a continuous spiral of grade 304 wire, rep-
resenting 10 mm diameter links at pitch/spacing of 
360 mm at prototype scale).  So long as a suitable 
amount of shear reinforcement is included the beams 
can simultaneously scale the EI and Mult (for the 
cracked section), and can therefore simultaneously 
satisfy Equations 1 and 5 for a reinforced concrete 
section, just as the heat-treated aluminium-alloy tubes 
achieved for the steel section in Section 3 (c.f. Figure 
3b).  The failure mechanism for such cases even ex-
hibits tensile cracking and compressive spalling, as in 
full-scale RC beams; this is shown in Figure 10a.  
Furthermore if the shear reinforcement is removed a 
lower capacity is obtained in Figure 9 for both steel 
percentages, associated with a change in failure 
mechanism to flexural shear (see Figure 10b).  This 
is consistent with the behaviour of RC beams with in-
adequate shear reinforcement at the shear-span ratio 
tested (a/d = 5.3 in Figure 10, e.g. Bažant and Yu, 
2005).   

4.3 Extension to combined axial load and bending 

Having demonstrated that the model RC can replicate 
EI, Mult and damage mechanisms in pure bending 
(which is most appropriate for the slope reinforce-
ment problem), further testing has examined the be-
haviour of the composite material under combined 
axial load and bending moment.  Achieving simili-
tude under such conditions would make it suitable for 
use in piled foundation problems where lateral loads 
are also present (e.g. structural foundations, columns 
or bridge piers under earthquake loading).   

Five doubly-reinforced concrete piles were fabri-
cated as outlined in Section 4.2, with As/Ag = 0.66% 
(in total).  These were tested as a vertical fixed-base 
cantilever with a static vertical load (0 ≤ P ≤ 400 kN) 
applied through a load hanger and a lateral worm 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 8 Casting procedure for model RC sections (pile 
shown).   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 9 Structural behviour of 1:50 scale model RC piles 
from four-point bending tests (results at prototype scale).   

 
 
 
 
 
 
 
 

 
Figure 10 Damage to model RC beams in four-point bending 
tests (As/Ag = 0.85%): (a) bending failure, beam with shear 
reinforcement; (b) flexural shear failure, beam without shear 
reinforcement. 



screw to apply displacement-controlled lateral load-
ing.  The vertical loading resulted in instability of 
some of the tested sections once the moments had 
reached half of the expected values (due to P-∆ am-
plification as the lateral deflections, ∆, became 
larger).  The moment-curvature behaviour up to this 
point was sufficiently developed to determine EI in 
all cases; however, only two of the columns reached 
a stable plastic failure for determination of Mult (those 
at P = 0 kN and 150 kN).  Test data for these cases is 
shown in Figure 11.   

In Figure 11a there is evidence that increasing P 
increases both EI and Mult of the model RC section.  
In terms of the strength, this is consistent with a typi-
cal RC interaction (P-M) diagram, where moment ca-
pacity increases with increasing axial load up to a 
maximum value before reducing to zero as the axial 
force approaches its limiting value (the ‘squash’ load, 
P = f′cAg).  The interaction diagram for the repre-
sentative field RC pile was here determined using 
BS8110 (1997) and part of this (for P < 1 MN) is 
shown in Figure 11b for comparison with the model 
RC test data.  It is apparent that the model RC ap-
pears to capture the interaction behaviour at low val-
ues of P, though further testing is clearly required to 

confirm this result across a wider range of test condi-
tions.   

Figure 12 shows a comparison of the bending stiff-
ness of the model RC sections tested as a function of 
axial load, against a database of full scale tests of RC 
columns (reported by Elwood and Eberhard, 2006).  
This emphasises the difficulty in scaling the bending 
stiffness of RC in centrifuge soil-structure interaction 
models, as (i) EI < EcIg, as mentioned previously for 
singly-reinforced beams (see Equation 7); and (ii) EI 
is further affected non-linearly by the axial load P.  It 
can be seen that the model RC datapoints are con-
sistent with the behaviour of the full-scale RC sec-
tions.  Further testing at higher values of P would be 
desirable to more fully understand the behaviour of 
the model RC for applications; however, it should be 
noted that P = 400 kN represents 15% of the elastic 
critical load of the model sections as tested, which 
would represent close to an upper limit for axial force 
carried by columns in conventional building design.   

5 SLOPE REINFORCEMENT USING 
VEGETATION 

As an alternative to piles (and other ‘hard’ engineer-
ing solutions), using the roots of plants to stabilise 
slopes offers a number of potential benefits including: 
(i) being cheaper; (ii) requiring minimum specialist 
equipment for installation; (iii) an ability to sequester 
carbon dioxide (i.e. actively remove it from the at-
mosphere) rather than requiring CO2 to be produced 
during manufacturing (for the steel and concrete in 
the piles); (iv) offer aesthetic and acoustic benefits 
from the above-ground part of the vegetation.  These 
benefits can only be realised however if the roots are 
able to meet a similar level of performance to more 
traditional solutions.   

As with the pile-reinforced slope case discussed in 
Section 2, there are competing geotechnical and 
‘structural’ failure modes when using vegetation as 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 11 (a) Example behaviour of model columns/piles un-
der combined axial load and bending; (b) interaction dia-
gram. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 12 Effect of axial load on bending stiffness of rein-
forced concrete columns.   



reinforcement.  If the roots are strong enough, the 
most critical slip plane may deviate around the roots 
completely, normally moving into a deeper, less effi-
cient position if the slope is uniformly planted across 
its face (Figure 13a).  If the roots are weaker, the crit-
ical slip plane may pass through the rooted zone, with 
the roots failing either structurally in bending (which 
induces tensile strain within the roots) or in pull-out, 
depending on the relative soil-root strength (Figure 
13b).   

While the root soil interaction is elastic, the roots 
may be treated in the same way as piles such that the 
dimensionless group is essentially Equation 1.  As it 
is rare and practically difficult to measure the bending 
stiffness of roots due to their high flexibility, it is use-
ful to re-express Equation 1 idealising the root as a 
solid circular elastic element, i.e. 

3

4

rr DE

L
                  (11) 

where Er is the elastic stiffness (Young’s Modulus) of 
the root and Dr is the root diameter.  In a 1:N scale 
centrifuge test using the same soil in model and pro-
totype, as η scales as N:1, Er must therefore be scaled 
1:1 to ensure similitude.   

Continuing to treat the roots as analogous to solid-
circular rods/piles (so that Zp = Dr

3/6), combining 
Equations 2, 5 and 6 results in the second dimension-
less group to be satisfied, representing relative soil-
structure strength in shear/bending, for studying the 
ultimate limiting state: 
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where Tr is the root tensile strength (used in place of 
fy in Equation 6 if the root behaviour is idealised as 
elastic-perfectly plastic, i.e. fy = Tr).   

Equation 12 is most relevant for those roots in the 
root system which are close to vertical/perpendicular 
to the shear plane.  There may, however, also be 
roots which are close to horizontal/parallel to the 
shear plane.  This roots will be subjected to predom-
inantly axial, rather than lateral loads, which suggests 
a further dimensionless group: 

ult
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P
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where Ppullout is the root pullout strength and Pult is the 
root axial strength: 
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The pullout strength may be estimated from the sur-
face area multiplied by the normal effective stress 
multiplied by the root-soil interface friction coeffi-
cient ( = tan δ′): 

      tanzKLDP srpullout         (15) 

Where K is an appropriate earth-pressure coefficient 
to convert vertical effective stress into normal effec-
tive stress and δ′ is the interface friction angle.  Com-
bining Equations 13 – 15 suggests that a suitable di-
mensionless group is: 

rr
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Figure 13 Failure mechanisms of a vegetation-reinforced 
slope: (a) soil fails around rooted zone; (b) roots fail. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 14 Identification of an analogue material for plant 
roots using a materials selection chart.   



In a 1:N scale centrifuge test using the same soil in 
model and prototype, Equations 11, 12 and 16 can be 
scaled simultaneously if Er and Tr are both scaled 1:1.  
The simplest way to achieve this would be to identify 
an existing and available material that has similar 
stiffness and strength as plant roots.  Figure 14 pre-
sents a materials selection chart in which the proper-
ties of some willow roots measured by Mickovski et 
al. (2009) are shown relative to various common en-
gineering materials (plotted as regions by material 
type).  From Figure 14 it can be seen that polymers 
appear to represent a suitable class of materials.  This 
is highly advantageous as many polymers can now be 
formed using stereo-lithography (commonly known 
as 3-D printing) which allows the complex architec-
ture of root systems to be fabricated easily.   

6 MODEL PLANT ROOTS 

Once a suitable material has been identified for 3-D 
printing, it is only necessary to produce a 3-D model 
within computer-aided design (CAD) software which 
has a geometry and architecture representative of a 
live-plant root system.  This cannot always be a di-
rect reduced scale version of every root as some roots 
at small scale will be of a size which is too small for 
the printer to print (e.g. 0.75 mm is the smallest 
(threshold) diameter that can reliably be printed using 
the machine described in the following paragraph).  
Different approaches may be taken to producing an 
idealised geometry and these are discussed through 
two examples in this section. 

Figure 15 shows a deep-rooting system that will be 
used in the centrifuge testing application described in 
Section 7.  Figure 15a shows printed root models at 
1:10 and 1:30 scales, with lines indicating the proto-
type depths of potential shear planes in the centrifuge 
(when tested at N = 10 and 30, respectively).  These 
were printed using a Stratesys Inc. uPrint SE printer.  
The roots were designed in an artificial structure 
based on the sampled data of root cross-sectional area 
(CSA) for roots of different size classes in Figure 15b.  
The bars in this figure represent the printed models, 
while the line represents the total root CSA at depth 
for an Oak tree (Quercus alba) as reported in Danjon 
et al. (2008).  For simplicity, the model uses just four 
different root diameters.  Further information about 
the detailed design process and the shear strength 
contribution that the model can make within rooted 
soil can be found in Liang et al. (2017).   

Figure 16 shows a different model for a Pine (Pi-
nus pinaster) root system which has a greater amount 
of lateral rooting material.  In this case, each individ-
ual root was digitised from the uprooted tree (as re-
ported in Danjon et al. 2005) and the digital data is 
shown in Figure 16a.  Figure 16b shows an isometric 
view of the digital idealisation of this root system at 
1:20 scale in a form suitable for 3-D printing (the two 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 15 Artificially-created model root system produced 
using 3-D printing: (a) printed models at 1:10 and 1:30 
scales; (b) root distribution data. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 16 Model root system produced from digitised root 
data: (a) measured data; (b) idealised model at 1:20 scale. 



figures are at the same scale as indicated in Figure 
16b).  In this case, the digital data for the root centre-
lines was directly imported into the CAD software 
Solidworks (i.e. as a wire-frame model) before diam-
eters were assigned.  Due to the minimum threshold 
diameter for printing, some of the finer root material 
could not be included; to compensate, some of the 
larger roots were slightly thickened to produce a 
model with the same overall root volume.   

In each case, the roots were printed using an acry-
lonitrile Butadiene Styrene (ABS) filament, which 
has been shown to have representative Er and Tr of 
plant roots by Liang et al. (2015), thereby satisfying 
Equations 11, 12 and 16.   

7 APPLICATION – SEISMIC RESILIENCE 

This section will demonstrate how the different types 
of reinforcement described in Sections 4 and 6 can be 
used to study the relative effectiveness of using plant 
roots as a low-carbon alternative to (RC) discrete pil-
ing for improving slope performance at an ultimate 
limiting state, using physical modelling.  The case 
considered is of a slope which is statically stable (with 
a factor of safety of ~1.6) but in which movement 
may be induced due to the additional action from 
earthquake ground motion.  Existing centrifuge test 
data will be collated and compared in which all of the 
aforementioned stiffness- and strength-related dimen-
sionless groups have been satisfied for both types of 
reinforcement.   

7.1 Centrifuge testing 

A summary of the test arrangements considered 
can be found in Table 3.  These consist of a series of 
pile reinforced cases (modelled at 1:50) where the 
piles are placed in a row midway between the crest 
and the toe at spacing, s, varying between 3.5 < s/B < 
7.0, and a vegetated case (modelled at 1:30) with 3-D 
printed analogue root clusters having the design de-
scribed by Figure 15 placed at 1.4 m spacing (at pro-
totype scale) in both horizontal directions (for a total 
of 36 clusters in the vegetated model).   
 
Table 3 Centrifuge test data summary (all values at prototype 
scale). 

Test ID Method Spacing 
EI 

(MNm2) 
Mult 

(kNm) 
AA01 Unreinforced N/A N/A N/A 
AA13 Elastic piles 7.0B 50.4 3750 
AA14 Elastic piles 4.7B 50.4 3750 
AA15 Elastic piles 3.5B 50.4 3750 
AA09 RC piles 7.0B 48.9 230 
AA10 RC piles 4.7B 48.9 230 
AA11 RC piles 3.5B 48.9 230 
AA18 Weak RC piles 7.0B 42.2 70 
TL05 Unreinforced N/A N/A N/A
TL06 Vegetated 1.4 m N/A N/A 

 
The model layouts are shown in Figure 17.  Both 

models were instrumented with accelerometers 
within the soil, but this paper will focus only on the 
settlement at the crest of the slope (where transporta-
tion infrastructure may be situated), which is an indi-
cator of the stability of the slope (as a higher yield 
acceleration due to reinforcement will result in less 
slip).   

In the piled cases, both ‘elastic’ (aluminium-alloy 
type) and model RC piles are considered.  The elastic 
cases have the model pile construction and properties 
given in Table 2 and Figures 4 and 5 and are instru-
mented with strain gauges at the positions indicated 
in Figure 4.  The model RC piles are singly rein-
forced with As/Ag = 0.85% on the upslope side and 
shear reinforcement representative (at prototype 
scale) of a 13 mm diameter spiral at a pitch of 275 
mm.  For the case of s/B = 7.0, an additional model 
RC case was also considered, in which the reinforce-
ment was not roughened with sand to represent the 
use of non-deformed reinforcing bar.  The two 
model RC sections have reasonably similar EI, but the 
Mult for the weak section is only 30% of that of the 
conventional model RC pile.  In this sense, the weak 
pile may represent a pile with only nominal reinforce-
ment, while the conventional model RC section is one 
that has been specifically designed to have a capacity 
greater than the induced bending moments (see later).  
The design of such a pile could be achieved straight-
forwardly in practice using the modified Newmark 
sliding block procedure for piled slopes presented by 
Al-Defae and Knappett (2015), which can estimate 
the maximum bending moment in the (elastic) piles 
for a given earthquake ground motion series.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 17 Centrifuge model layouts: (a) piled slopes; (b) 
vegetated slopes. 



In both cases the soils were formed of dry sand at 
a relative density of 55% (to avoid liquefaction ef-
fects and as a model of a c′-ϕ′ soil).  The slopes have 
an angle of 26.6o (vertical:horizontal = 1:2) and were 
formed within an equivalent shear beam container 
(ESB) to minimise dynamic wave reflection at the 
container boundaries.  The slopes were of slightly 
different heights as indicated in Figure 17, though as 
the failure mechanism for the soil is very shallow and 
translational, they have the same static stability.  
They were also subjected to different earthquake time 
histories (using the QS67-2 servo-hydraulic earth-
quake simulator at the University of Dundee) and so 
results will be expressed in terms of the reduction in 
crest settlement compared to the unreinforced case.  
More detailed information on the modelling work, in-
cluding details of the earthquake motions applied, 
may be found in Al-Defae and Knappett (2014) and 
Liang and Knappett (2017a).   

7.2 Comparative assessment of techniques 

A conventional stability analysis, conducted using 
available limit analysis methods could be undertaken 
to estimate the increase in the yield acceleration (khy) 
due to the presence of the reinforcement.  Examples 
of how this may be done may be found in Al-Defae 
(2014) and Liang & Knappett (2017b).  Such an 
analysis could be used to identify whether a design 
earthquake will trigger movement (e.g. for a return 
period of 475 years or 10% probability of exceedance 
with a 50 year design life).  An increase in the yield 
acceleration (∆khy) by adding the reinforcement 
would allow a larger earthquake to be tolerated for the 
condition of no-slip (i.e. khy ≥ PGAdesign), which 
would extend the design life of the slope if the prob-
ability of exceedance of the design motion over the 
life of the slope was to be maintained.   

However, it is becoming increasingly important to 
understand the resilience of engineering systems.  In 
the case of a reinforced slope subjected to earth-
quakes, this involves considering the deformations 
which would occur if the design (no-slip) earthquake 
motion strength is exceeded, such that the implica-
tions for any supported infrastructure can be assessed.  
As both types of reinforcement considered here can 
model behaviour correctly into the inelastic range, 
centrifuge modelling can be used to investigate the 
performance when the earthquake motion is strong 
enough to induce slip.  As an example, Figure 18 
shows the response of the unreinforced and elastic 
pile reinforced slopes for s/B = 7.0.  The earthquake 
motions used (from the 1999 Chi-Chi Earthquake in 
Taiwan with a peak ground acceleration of 0.41g) are 
strong enough to induce slip within the soil.  This in-
duces bending moments within the piles which in the 
elastic case are much less than Mult.   

Figure 19 compares the reduction in crest settle-
ment (reinforced/unreinforced) for all of the test 

cases. Comparing vegetation to the RC piles, it can be 
seen that for these similar slope heights, vegetation 
can provide a similar benefit to widely spaced RC 
piles.  Comparing specifically the case at s/B = 7.0, 
the vegetation is similar in performance to the ‘de-
signed’ pile and better than the RC pile with the nom-
inal reinforcement.  There is also evidence (Liang 
and Knappett 2017a) that in smaller slopes vegetation 
becomes much more effective (-85% reduction has 
been reported for a slope 2.4 m high).  It may there-
fore be the case that for some slope heights, vegeta-
tion can significantly outperform conventional rein-
forcement, rather than matching it (further pile-
reinforced tests are required to confirm this).   

It is further evident from Figure 19 that the model 
RC piles perform differently from the elastic piles, 
even though the induced moments appear to be well 
below the Mult of 230 kNm (Figure 18).  Figure 20 
shows the maximum induced moments in the piles 

 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 18 Measured response in elastic pile case for s/B = 
7.0: (a) crest settlement; (b) maximum bending moment 
along the piles; (c) input ground motion.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 19 Comparative performance of piled and vegetated 
seismic slope reinforcement schemes. 



(assuming that the elastic pile measurements are rep-
resentative also for the RC piles due to the similar EI) 
normalised by Mult in each case.  It can be seen that 
unlike the elastic piles which should be well within 
the truly elastic range (M/Mult < 5%) the RC piles mo-
bilise a significant proportion of their capacity.  The 
application of many cycles of loading at such high 
M/Mult additionally results in a degradation in the re-
sidual capacity of the RC piles (measured from four-
point bending tests of carefully exhumed piles from 
each test – three test piles per centrifuge test).  This 
results in an even higher proportion of the instantane-
ous moment capacity being mobilised and explains 
the poorer performance of the RC piles compared to 
the elastic piles in Figure 19.  This demonstrates the 
importance of developing models which can achieve 
similitude of stiffness and strength simultaneously, as 
the use of an elastic pile model would result in an 
overprediction of the resilience of the piled slope.   

8 SUMMARY 

Centrifuge modelling allows the constitutive behav-
iour of soils to be representative of full scale condi-
tions when testing small scale models.  However, for 
soil-structure interaction problems it is also important 
to appropriately model the behaviour of the structural 
elements.  Dimensionless groups have here been de-
veloped to achieve this for piles and plant roots when 
used in soil reinforcement applications.  Similar ap-
proaches could be developed for other types of rein-
forcement (e.g. retaining walls are similar to piles 
when loaded laterally, and soil nails are similar to 
plant roots, with structural and pull-out failure 
modes).   

A range of possible techniques has subsequently 
been presented that can be used to achieve simultane-
ous similitude of both stiffness and strength to repre-
sent structural reinforcing elements made of steel or 

reinforced-concrete (RC), or plant roots.  These are 
based upon various principles of material science, in-
cluding metallurgical processes (heat treatment), be-
haviour of quasi-brittle materials (model RC) and the 
use of materials selection charts.  This has been pre-
sented in the form of examples of model element de-
sign for centrifuge tests, and it is hoped that these 
worked examples will be useful to those learning cen-
trifuge modelling.   

Such models can be used with confidence when 
studying problems of soil-structure interaction at the 
ultimate limit state which is important for addressing 
topical issues such as assessing the resilience of old 
infrastructure against extreme events.  An example 
of the application of the different modelling ap-
proaches was presented through an assessment of the 
potential for using vegetation as a low-carbon alter-
native to piles when used to increase the resilience of 
a slope to earthquake motions.  
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