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Reconnection of vortex tubes with axial flow

P. McGavin and D. I. Pontin*

Division of Mathematics, University of Dundee, Dundee, DD1 4HN, United Kingdom

(Received 6 March 2018; published 7 February 2019)

This paper addresses the interaction of initially antiparallel vortex tubes containing
an axial flow that induces a twisting of the vortex lines around the tube axes, using
numerical simulations. Vortex tube configurations with both the same and opposite senses
of twist—corresponding to the same and opposite signs of kinetic helicity density—are
considered. It is found that the topology of the reconnection process is very different
between the two cases. For tubes with the same sense of twist, the reconnection is
fully three-dimensional (3D): vortex lines reconnect at a finite angle, and 3D vortex null
points may be created. Following reconnection the vortex line topology in both bridge
and thread structures exhibits a high degree of complexity. For oppositely twisted tubes
the reconnection is locally two-dimensional, occurring along vorticity null lines, that in
contrast to the untwisted case are not perpendicular to the tube axes. This leads to a break
in the symmetry between the two vortex bridges generated during reconnection. For all
cases studied, increasing the twist in the vortex tubes leads to a later, faster, and more
complete reconnection process.

DOI: 10.1103/PhysRevFluids.4.024701

I. INTRODUCTION

Vortex reconnection in classical, high-Reynolds-number fluids has been under investigation for
the last 30 years or so, motivated by its proposed role in the breakdown of wakes from engines and
turbines [1], leading to generation of turbulence and noise [2,3]. Further motivation stems from the
proposal that an intimate understanding of vortex dynamics can lead to insights into the classical
problem of turbulent flows (see, e.g., Ref. [4]). Vortex reconnection has been studied in various
different configurations, notably pairs of antiparallel vortex tubes (e.g., [3,5–8]), vortex rings [9,10],
and knotted vortex tubes [11,12].

Traditionally, most studies of antiparallel vortex reconnection used vortex tubes in which the
vortex lines are untwisted, being oriented parallel to the tube axes. However, it is also of physical
interest to study the interaction of vortex tubes that individually have nonzero helicity, since, for
example, wing-tip vortices are known to exhibit nonzero axial flow [13,14]. Introducing twist to
the vortex tubes in the antiparallel configuration, there are two options we can consider: both
tubes having the same sign of twist, or twists of opposite signs. Interaction of helical vortex tubes
is relevant for understanding processes in helical turbulent flows. A further motivation to study
reconnecting twisted vortex tubes is that reconnection between untwisted vortex tubes naturally
leads to helical vortex structures, that themselves go on to reconnect in secondary processes.
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Previous studies including the effect of nonzero helicity, corresponding to twisting of the vortex
lines around the tube axes, include that of Ref. [8], which considered only the case where both tubes
have the same helicity (twist). Here we make a systematic study where we vary the levels of twist
and consider both the same and opposite senses of twist in the tubes.

We begin by defining what we mean by vortex reconnection. As pointed out in Refs. [15,16] the
reconnection of vortex lines is critically different from the “reconnection” of vorticity isosurfaces:
it is only the former that is prohibited in an inviscid fluid. Here we define vortex reconnection as
a change in the topology of the vorticity field as in the general magnetic reconnection framework
of Ref. [17]. Note that two vorticity fields are topologically equivalent if and only if one can be
transformed into the other by means of a smooth (continuously differentiable) deformation. Such
an evolution between topologically equivalent fields preserves all linkages or knottedness of field
lines within the volume as well as all connections of vortex lines between comoving boundary
points. Note that for a topological change to be defined as reconnection, it must be due to a local
nonideal evolution (as opposed to, e.g., a global diffusion). The relationship between topology and
reconnection in this sense is discussed in more detail for the magnetic case in Ref. [18].

In a companion study, we have addressed the reconnection between untwisted vortex tubes,
focusing particularly on the topology of the vortex lines [19]. In this paper we analyze the
topological and geometrical structure of reconnection during the interaction of vortex tubes with
axial flow (in which the vorticity field lined are twisted) to understand the characteristics of this
interaction. This topological analysis is facilitated by the advances in recent years of the theory
of magnetic reconnection in highly conducting plasmas. The mathematical parallels between the
vorticity evolution in a barotropic fluid and the magnetic field in a plasma are summarized in the
Appendix; the reader is also directed to Refs. [20,21]. Locally two-dimensional (2D) reconnection
occurs at null lines [in three-dimensional (3D) space] of ω, when a nonzero component of ∇ × ω

along the null line exists. By contrast, topological change of the vortex lines in a fully 3D
vorticity field occurs in localized regions where (∇ × ω) · ω �= 0. Reconnection between untwisted,
antiparallel vortex tubes turns out to be locally 2D, and instabilities in the double-vortex sheet
between the tubes may result in multiple reconnection X-lines being created, leading to the
formation of secondary vortex rings [19].

Our aim here is to investigate the topological properties of reconnecting twisted antiparallel
vortex tubes and explore the insights this can give into other aspects of the reconnection process.
The paper is organized as follows. In Sec. II we describe the computational setup. In Secs. III
and IV we describe the results of the simulations with finite net helicity and zero net helicity,
respectively, and in Sec. V their quantitate properties are compared. Finally in Sec. VI we present our
conclusions.

II. SIMULATION SETUP

The initial condition for our simulation comprises two twisted vortex tubes, constructed as
follows. There is an azimuthal flow, cylindrical coordinates, that produces a vorticity component
along the axis of the vortex tube. The presence in addition of a radially varying axial flow introduces
a twist to the vortex lines, and we choose this radial dependence such that the twist is constant for all
radii. Specifically, in cylindrical coordinates (r, φ, z′) centered on the axis of the vortex tube (r = 0)
the flow is

vφ = 1

16r
tanh(8r2), vz′ = ±v0

π

48
[1 − tanh (8r2)], (1)

with v0 constant. At t = 0 a pair of such vortex tubes is initiated with axes located at y = ±1,
z = −9. Our simulation domain is six units long in the direction of the tube axis (x), such that for
v0 = 1 vortex lines twist around the central axis exactly once within the simulation domain. To
quantify the strength of the axial flow we define the “swirl number” for our simulations as the ratio
of the spatial maxima of vz′ and vφ at t = 0, specifically q = ||vz′ (t = 0)||∞/||vφ (t = 0)||∞.
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RECONNECTION OF VORTEX TUBES WITH AXIAL FLOW

FIG. 1. (a) Vorticity isosurface and (b) vorticity field lines for the initial condition with nonzero net helicity.

In line with the previous studies mentioned above, a perturbation is applied that deforms the
vortex tubes in the positive-z direction such that they will impinge on one another. The perturbation
is achieved by applying a deformation of the form z → z + cos6(πx/6), x ∈ [−3, 3], and then
calculating the pull-back on the 1-form v [22]. This ensures that the vorticity field lines are also
deformed as per the perturbation (though note that the velocity field is no longer divergence-
free). Generating the vorticity distribution and perturbation in this way allows us to preserve the
exact divergence-free nature of the vorticity field, avoiding the complications described by, e.g.,
Ref. [6], as well as the issues of numerical noise generation that hampered previous studies that
initialized the vortex tubes with compact support [23]. The initial condition is shown in Fig. 1
for q = 0.485.

The simulations are conducted using a 3D code developed and thoroughly tested for hydrody-
namic and magnetohydrodynamic problems [24,25]. This is a high-order finite difference code using
staggered grids to maintain conservation of physical quantities. The derivative operators are sixth-
order in space—meaning that numerical diffusion is minimized—while the interpolation operators
are fifth-order. The solution is advanced in time using a third-order explicit predictor-corrector
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method. We solve the compressible Navier-Stokes equations in the form

∂ (ρv)

∂t
= −∇ · (ρvv) − ∇p + μ

[
∇2v + 1

3
∇(∇ · v)

]
(2)

∂ρ

∂t
= −∇ · (ρv) (3)

∂e

∂t
= −∇ · (ev) − p∇ · v + μ

[
∂vi

∂x j

∂vi

∂x j
+ ∂v j

∂xi

∂vi

∂x j
− 2

3
(∇ · v)2

]
, (4)

where v is the fluid velocity, ρ the density, e the thermal energy, p = (γ − 1)e = 2e/3 the gas
pressure, μ the viscosity, and summation over repeated indices is assumed. The viscosity is
set explicitly to a constant value throughout the volume. Note also that while the simulation is
compressible, we find that in practice density fluctuations are small (maximum of 2%–3%), and so
the compressibility has a minimal effect on the dynamics.

The above equations are solved over a periodic domain x = ±3, y = ±6, z = ±12. This is
facilitated by the inclusion of a pair of “image vortices” with axes at y = ±1, z = +9, but we
focus on the evolution within the subdomain z < 0. At t = 0 we set the density ρ = 0.1, and the
thermal energy e = 0.09, uniform in the domain, giving a sound speed of 0.77 in nondimensional
code units. A grid resolution of [120,240,240] is chosen for the subdomain x ∈ [−3, 3], y ∈ [−6, 6],
z ∈ [−12, 0]. The grid is uniformly spaced in x and z but is stretched along y so as to increase the
density of points in the vicinity of y = 0, in order to better resolve the double-vortex sheet that forms.
In line with previous studies we define the Reynolds number to be �/(μ/ρ), where � is the tube
circulation at t = 0. We present here the results of simulations with Re = 800. This value is chosen
since it offers a balance between minimizing diffusion and avoiding the additional complications
involved with generation of secondary vortex rings at higher Re [19]. We follow previous studies
by reporting the results in terms of a normalized time t∗ = t/(2πb2/�) = t/64, where b is the
separation of the unperturbed tube axes.

We run a series of simulations with q = {0.0485, 0.243, 0.485, 0.970, 1.455}, corresponding to
v0 = {0.1, 0.5, 1, 2, 3} meaning that we cover a range of configurations from a weakly twisted to
a relatively strongly twisted case where the azimuthal vorticity is comparable to the axial vorticity.
Note that the most strongly twisted case is likely close to the stability limit for a straight vortex
tube (see, e.g., Ref. [26]), and so we do not consider q > 1.455. Depending on the relative signs
chosen in Eq. (1), the two tubes may have the same or opposite twists, and we distinguish these two
situations by the net helicity in the domain, which may be zero (when the helicities of the individual
tubes are equal but opposite) or nonzero (when they are equal): we refer to the two corresponding
sets of simulations as “zero net helicity” and “nonzero net helicity” in what follows.

III. RESULTS: TUBE PAIR WITH NET HELICITY

A. Internal topology change at early times: Loss of twist

For nonzero values of q—axial flow—there is a nonzero (∇ × ω)‖ distribution within the vortex
tubes, and this, coupled with the nonzero viscosity, leads to a loss of helicity and correspondingly
twist in each tube. In Fig. 2 we plot the average twist of the vortex lines around the central axis
(solid) and compare it to the predicted loss of twist obtained by evaluating the vortex reconnection
rate given by ν

∫
(∇ × ω)‖ dl along the central axis of the tube (see the Appendix). The loss of twist

is exponential with time, with the same exponent for all initial twists, since (∇ × ω)‖ increases
linearly with the twist of the vortex tubes. We note that the loss of twist occurs independently of
whether or not the initial perturbation is applied to the vortex tubes, while the twist is conserved
better at higher Reynolds numbers. We calculate the change in twist only up until t∗ = 0.5, when
the tubes begin reconnecting with each other. In Fig. 2(b) we see that greater degrees of twist are
preserved in the core of the tube at later times, which is expected due to the profile of (∇ × ω)‖ in
the tube, as shown by Ref. [27].
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FIG. 2. (a) Measured change in twist of each vortex tube at early times (solid) compared to the change in
twist predicted by evaluating ν{∫ (∇ × ω)‖ dl}max (dashed). (b) Twist of field lines around the tube axis plotted
on the x = −3 boundary at t∗ = 0.05 for q = 0.485. Note that the twist is defined as the number of turns that
a vortex line makes around the tube axis between x = −3 and x = 3 (equivalently the angle of rotation around
the tube axis in this interval, divided by 2π ).

B. Qualitative description of the reconnection process

At t∗ ≈ 0.5 the flux tubes press together to form a double vortex layer, and reconnection
commences. The reconnection process can be observed qualitatively by examining the vorticity
isosurfaces in Fig. 3. We note that for this and subsequent figures we typically depict the simulations
with q = 0.970 for clarity; however, these are representative of the overall evolution for other
values of q (for all runs with nonzero net helicity). Many aspects of the reconnection process are
similar to the reconnection of untwisted tubes: in particular the bridges still form on top of the
threads and split apart after reconnection. The main difference visible is the skew introduced to the
configuration, due to the combination of the rotation of the “bends” in the tubes together with their
propagation along the tubes. The perturbations propagate in opposite directions (for the case of finite

024701-5



P. MCGAVIN AND D. I. PONTIN

FIG. 3. 30% vorticity isosurfaces (left) and vortex lines plotted from contours at 30% of the maximum
vorticity on the x = ±3 boundaries (right), at (a) t∗ = 0.47, (b) t∗ = 0.94, (c) t∗ = 1.41, and (d) t∗ = 2.34.
From the simulation with net helicity for the tube pair and q = 0.970 (v0 = 2).
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net helicity described in this section), breaking the symmetry about y = 0. Examining the vortex
lines (Fig. 3), it is clear that a net twist remains within the bridge vortex rings. Note that these plots
are constructed by at each time integrating 50 field lines from seed points in the x = 3 and x = −3
planes. Specifically, the vortex lines are initiated from starting points that are equally spaced along
contour lines of |ω| in the plane in question, at 30% of the maximum vorticity in the plane.

C. Reconnection regions

As indicated in the previous section, the presence of an axial flow leads to a skew in the vortex
tubes as they approach (specifically, a local rotation around the z axis). As such, the y = 0 plane
(“dividing plane”) is not a symmetry plane, and therefore flux measurements in that plane cannot be
used to quantify the change of flux. Instead, to understand where reconnection occurs in our system,
we examine in Fig. 4 the distribution of (∇ × ω)‖ within the domain.

In Fig. 4(a), (∇ × ω)‖ is shown to be uniformly distributed along the tubes at t = 0, leading
to the loss of twist at early times described above. By t∗ = 0.89 [Figs. 4(b) and 4(c)] we see that
(∇ × ω)‖ has become concentrated into a thin, intense sheet structure between the two vortex tubes.
In Fig. 4(c) the slight rotation of the tubes is seen to lead to a bending of the vortex sheet out of
the dividing plane. This well-localized region within which the reconnection occurs is centered on
the z axis by symmetry. As such, the rate of reconnection of flux may be measured by integrating
(∇ × ω)‖ along the z axis; see the Appendix.

Due to the twist of the vortex lines within the tubes, there is a nonzero vorticity component along
the z axis within the reconnection region. As such, the vortex lines do not reconnect antiparallel to
each other at a vorticity null line, but instead they reconnect at a finite angle, as shown in Fig. 5.
In Fig. 4(d) we see that after reconnection much smaller scales have developed in the contours of
(∇ × ω)‖ within the bridge vortex rings as the axial flow begins to oscillate (also observed for the
untwisted case q = 0; see Ref. [19]). This indicates that in contrast to the ordered, unidirectional
slippage (loss of twist) prior to reconnection, field lines are now changing connectivity by slipping
in both directions at various locations throughout the tubes. Helicity variations associated with
such oscillations have been considered by Ref. [28]. Further related ideas appear in Ref. [16],
which demonstrated the generation of helicity during internal reconnection within a helical vortex
structure.

D. Local topology change: Creation of null points

As the vortex tubes begin to press against each other and reconnect, the vorticity along the z axis
becomes nonzero in the region where the tubes meet. This vorticity is always parallel to the z axis
by symmetry and initially ωz < 0 for all twists. However, as the reconnection proceeds, we observe
an increase in the topological complexity of the vorticity field at the reconnection site, as pairs of 3D
vortex nulls are formed. These vorticity nulls are located by applying a numerical implementation
of the method described by Ref. [29]. The null pair creation occurs when ωz becomes positive along
some portions of the z axis. The structures of these nulls are shown in Fig. 6, where for clarity we
plot the vorticity field as a unit vector. The main vorticity distribution in the core of the vortex tubes
at the top of the images locates the nulls with respect to the main reconnection region. The reason
for this local reversal of the vorticity and coincident null pair generation is not clear and warrants
further study in the future. It is worth noting that null points also occur for other values of q and of
Re, and their locations relative to the main vortex tubes were found to vary between simulations.

The structure of the vorticity field in the vicinity of a vortex null point is characterized by a
one-dimensional spine line along which field lines approach (or recede from) the null, and a 2D fan
surface within which field lines recede from (or approach) the null; see Ref. [20,30]. Examining
Fig. 6 we see that the null point located at z ≈ −7.3 has field lines that approach the null in the
fan surface (that is approximately coincident with the y = 0 plane) and leave the null along the
spine. This is reversed for the null at z ≈ −8.2. This is expected since when two nulls are created,
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(a)

(b)

(c)

(d)

FIG. 4. Contour plots of (∇ × ω)‖, for q = 0.970. In all cases the contours are shown in planes that pass
through the location of the spatial maximum over the domain of (∇ × ω)‖ at the corresponding time. (a) t∗ = 0,
y = −1, (b) t∗ = 0.89, y = 0, (c) t∗ = 0.89, z = −6.65, and (d) t∗ = 2.39, z = −3.8.
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FIG. 5. Selected vortex lines during the interaction of vortex tubes with finite net helicity, with q = 0.970,
at t∗ = 0.70. Red and white: thread vortex lines in the vortex sheet that will soon reconnect. Cyan: reconnected
bridges. Shading on the end planes and in the volume shows |ω|.

they must be of opposite topological degree [20]. The orientation of the null point spine and fan
structures is such that their fan surfaces intersect to form a separator field line along the portion of
the z axis between them.

(a) (b)

FIG. 6. 3D null points (red squares) and the surrounding unit-vector vorticity field ω̂ in (a) the y = 0 plane
and (b) the x = 0 plane at t∗ = 0.70. Background shading shows the out-of-plane component of ω. From the
simulation with net helicity for the tube pair and q = 0.485.
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E. Quantitative change of flux

We now discuss the change in flux connectivity during the reconnection, which can be obtained
either by analysis of the symmetry plane or by integrating (∇ × ω)‖ along the z axis as described
above. These measurements are plotted in Fig. 7(a). For increasing q we observe a general trend in
which the reconnection occurs later, with more flux being reconnected by the end of the simulation
(consistent with the results of Ref. [8]). (This is first noticeable from q = 0.243: the plots for
q = 0 and q = 0.0485 are almost indistinguishable on this scale due to the very weak twist,
compounded by twist dissipation prior to reconnection, for q = 0.0485.) However, when the axial
flow is increased to q = 1.455, we find that this pattern does not continue. Instead, the reconnection
is later, the maximum reconnection rate is marginally lower than for q = 0.970, and the overall flux
reconnected is lower than in all the other simulations. This trend was also observed in Ref. [8],
and we hypothesize that it comes about because the perturbations travel sufficiently fast in opposite
directions along the tubes that by the time they have rotated towards one another at q = 1.455, they
catch one another in a “glancing blow” rather than meeting head-on.

For reconnection between untwisted vortex tubes at Re = 800, additional vortex rings form.
For the low twist simulations (q � 0.485) the perturbations still collide close to head-on as in the
q = 0 case, suggesting that vortex rings are likely to form also in these simulations. Indeed, it could
be expected that significantly larger additional flux rings appear at higher twists, as follows. As
noted already, the perturbations travel in opposite directions along the tubes and for q � 0.485 are
significantly displaced from one another along x by the time the tubes meet. As such, when the
tubes initially come into contact, they may do so at two points displaced symmetrically from the
symmetry plane in x. This is of course dependent on the curvature of the tubes at this point, but if it
occurs, it would mean that reconnection takes place in two locations along the tubes. This naturally
leads to the formation of the standard large flux rings, together with an additional flux ring between
the two reconnection points, centered on the z axis. In Fig. 7(c) we plot the flux of the vortex ring
around the central axis (defined as all field lines that intersect both the x = 0 and y = 0 planes
twice). There is a small flux measured in this ring for all values of the twist, which is expected since
this was also seen in the q = 0 simulations. We see as hypothesized a significantly larger flux ring
for the q = 1.455 simulation. After forming, this vortex ring undergoes a rapid self-annihilation for
all values of q.

F. Global topology

We examine now the global topology that results from the reconnection process in our simu-
lations (i.e., the topology when we consider multiple periods in the x direction). With zero initial
axial flow (q = 0) the vortex lines that are not reconnected (threads) stretch to infinity, and the
reconnected vortex lines (bridges) form closed rings intersecting the dividing plane and centered at
x = 3n, n ∈ Z, due to the symmetries of the system. With the introduction of axial flow, it is clear
that a vortex line with noninteger twist within the domain will not map opposite points on x = ±3
(for a thread) or mirror points with respect to the dividing plane for a bridge vortex line. This leads
to a more complicated topology in which vortex rings extend over several periods of the domain,
and vortex lines may wind in and out of many flux rings (these flux rings no longer being bounded
by closed flux surfaces of ω). We plot some example vortex lines in Fig. 8 taken from various times
for the simulation with q = 0.485. These show vortex lines that are period-1 [i.e., periodic over one
period of the domain Fig. 8(d)], period-2 [Fig. 8(a)], and period-4 [Fig. 8(b)]. Also shown are vortex
lines that appear to wind in and out of many ring structures in Fig. 8(c).

IV. RESULTS: TUBE PAIR WITH ZERO NET HELICITY

A. Qualitative description of the reconnection process

We now consider simulations in which the direction of the axial flow in one of the tubes is
reversed, such that the net helicity in the domain is zero. Each vortex tube loses twist at the same
rate as the nonzero net helicity simulations (see Sec. III A), which we do not discuss further here.
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FIG. 7. (a) Vorticity flux in the symmetry plane. (b) Rate of change of vorticity flux in the symmetry plane
(note that here and in the following figures this is a rate of change with respect to t∗). (c) Vorticity flux of the
flux rings around the z axis.
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(a) (b)

(c) (d)

FIG. 8. Selected vortex lines plotted from the 30% maximum vorticity contour at x = −3 at (a) t∗ = 0.66,
(b) t∗ = 0.75, (c) t∗ = 1.64, and (d) t∗ = 2.11 with q = 0.485. Change in color indicates crossing a plane
x = 3n, n ∈ Z.

As before, the perturbations are observed to travel along the tubes in Fig. 9, but in this case both
perturbations move in the same direction. This perturbation movement means that the x = 0 plane is
no longer a plane of symmetry. However, the dividing plane y = 0 is a symmetry plane in this case
and will be used later for vorticity flux measurements. The qualitative properties of the reconnection
process are shown by the isosurfaces and vortex lines in Fig. 9. The plots are based on the simulation
run with q = 0.970. In Fig. 9(b) we see the bridges forming, with an apparent imbalance between
the larger left bridge and the smaller right bridge. This asymmetry occurs because the vortex lines
reconnect in an antiparallel fashion at a null line that in this case lies at an angle to the vertical
due to the twist of the vortex lines within the tubes. In Fig. 10 the antiparallel orientation of the
reconnecting field lines is highlighted; the null line runs locally perpendicular to the plane in which
the vortex lines lie (approximate position marked in yellow). In Fig. 9(c) the asymmetry between
the bridges is maintained; a hairpin structure appears in the right bridge, whereas the left bridge
remains quite smooth (see also Fig. 10). Following reconnection each vortex ring has no net twist:
the twist on average cancels between the tubes, as does the axial flow. However, neither the twist
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FIG. 9. 30% vorticity isosurfaces (left) and vortex lines plotted from contours at 30% of the maximum
vorticity on the x = ±3 boundaries (right) at (a) t∗ = 0.47, (b) t∗ = 0.94, (c) t∗ = 1.41, and (d) t∗ = 2.34.
From the simulation with zero net helicity for the tube pair and q = 0.970.
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FIG. 10. Selected vortex lines during the interaction of vortex tubes with zero net helicity, with q = 0.970,
at t∗ = 0.70. Red and white: thread vortex lines in the vortex sheet. Cyan: reconnected bridges. Shading on the
end planes and in the volume shows |ω|. The yellow line indicates the approximate path of the null line.

(a) (b)

(c) (d)

FIG. 11. ωy contours in the dividing plane (y = 0) for the simulation with q = 0.485 at (a) t∗ = 0.47,
(b) t∗ = 0.70, (c) t∗ = 1.17, and (d) t∗ = 1.88.
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(a)

(b) q

FIG. 12. (a) Maximum values of ±ωy in the dividing plane as a function of time. Line styles as in Fig. 7.
(b) Max(ωy), diamonds, and −max(−ωy ), crosses, over time in the dividing plane as a function of q.

nor the axial flow is zero everywhere, but rather each fluctuates in both time and space, at the same
time as the reconnected tubes (rings) undergo helical “Kelvin wave” oscillations.

B. Dividing plane vorticity contour plots

To observe the asymmetry in the bridges that has been introduced by the addition of axial flow
we plot the vorticity contours in the dividing plane in Fig. 11. At t∗ = 0.47 we can see that the
null line between the two bridges lies at an angle to the vertical, as previously discussed. It is also
clear that the maximum vorticity is no longer the same in each bridge (as is the case for q = 0).
As the vorticity flux in the bridges must be equal, we see that the weaker vortex tube (the one that
intersects the y = 0 plane at x > 0) has a larger diameter than the stronger one. The differences
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(a)

(b)

FIG. 13. Contours of (∇ × ω)‖ for the simulation with zero net helicity and q = 0.970, at (a) t∗ = 0.94 and
z = −6.35 and (b) t∗ = 1.88 and z = −4.75. In each case the contours are shown in planes that pass through
the location of the spatial maximum over the domain of (∇ × ω)‖ at the corresponding time.

between the two bridges continue throughout the simulation as the angle in which the null line
formed disappears. At later time the long hairpin vortex lines that have recently reconnected are
much longer for the negative bridge, seen best in Fig. 11(d).

To quantify the asymmetry between the bridges we plot in Fig. 12 the maximum positive and
negative values of ωy in the dividing plane. With an increase in twist (v0, equivalently q) the
positive bridge gets weaker, the negative bridge stronger, and the spatio-temporal extremes occur
later in time. This could be due to the increased angle of the null line during reconnection leading to
different shapes of the bridges. Plotted as a function of twist in Fig. 12(b) we see that for the range
of twists considered these extreme values scale approximately linearly with q. However, this trend
cannot continue to higher twist values (at least for the maximum of −ωy), and indeed a break in the
trend is seen for the q = 1.455 simulation.

C. Nature and rate of reconnection

While the perturbations in these simulations travel along the tubes such that x = 0 is no longer
a symmetry plane, the dividing plane is still a symmetry plane, such that any vortex line passing
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FIG. 14. (a) Vorticity flux through the dividing plane over time and (b) rate of change of this flux (derivative
with respect to t∗), with line styles as in Fig. 7. (c) Maximum rate of change of the vorticity flux as a function
of q.

024701-17



P. MCGAVIN AND D. I. PONTIN

(a) (b)

FIG. 15. Selected vortex lines plotted from the 30% maximum vorticity contour at x = −3 at (a) t∗ = 0.75
and (b) t∗ = 1.88. The change in color indicates crossing a plane x = 3n, n ∈ Z.

through it must have been reconnected (there is no significant Kelvin-Helmholtz instability at this
value of Re, that may lead to a breaking of this symmetry). As demonstrated in Fig. 13, (∇×ω)‖=0
in the dividing plane by symmetry, indicating that the reconnection process between the tubes
is locally 2D. This is consistent with our earlier discussion of the presence of an X-line in this
plane, albeit one that is tilted with respect to the z axis. We still see reconnection regions (local
concentrations of (∇ × ω)‖) within the tubes that are responsible for “internal reconnection” that
changes the twist, as described for the q = 0 simulations in Ref. [19]. In Fig. 13(b) we observe
a number of localized regions of (∇ × ω)‖, that are associated with the twist oscillations (Kelvin
waves). Note that the intense concentrations around x = −2.5 being stronger than their “mirror
images” around x = +2 is a projection effect, since the rings do not lie in planes of constant z.

In Fig. 14 we plot the vorticity flux through the dividing plane and its rate of change as a measure
of reconnection. As for the simulations with nonzero net helicity we observe a general trend that for
increasing q the reconnection occurs later, and the total flux reconnected by the end of the simulation
increases (at least up to q = 0.970). We hypothesize that this later, “more complete” reconnection
for larger q could be due to the different shape of the vortex sheet formed and/or the change in angle
of the null line at which the reconnection takes place. For q > 0.485 the peak reconnection rate is
found to increase with q; however, it appears to be almost independent of q for q < 0.485.

D. Global topology

As discussed in Sec. III F the topology of the system with axial flow after reconnection is not as
simple as the untwisted (q = 0) case. However, for the present simulations with zero net helicity, the
symmetry with respect to the dividing plane means that any vortex ring formed after reconnection
will always be symmetric, and thus have no net twist. Therefore the global topology is simpler than
for the finite-net-helicity simulations. We plot some sample vortex lines in Fig. 15: Fig. 15(a) is an
example of a thread that becomes a bridge and vice versa between adjacent periodic domains along
x, leading to a “period-2” vortex ring. Figure 15(b) is an example of a period-1 vortex ring, with the
Kelvin waves clearly visible.
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FIG. 16. Comparison of the reconnection rate over time for the zero helicity runs (solid) and nonzero
helicity runs (dashed). Colors as in Fig. 2.

V. COMPARISON OF ZERO AND NONZERO NET HELICITY SIMULATIONS

A. Flux evolution

We now briefly make a direct comparison between the two different sets of simulations; those
with nonzero net helicity and zero net helicity. We have shown in the previous sections that this
change in axial flow has led to a topologically different reconnection process due to the change in
symmetry. We consider first the rate of reconnection, plotted in Fig. 16 for q � 0.485. The nonzero
helicity runs are seen to exhibit higher maximum reconnection rates than the corresponding runs
with zero helicity. Due to the movement of the perturbations along the tube this becomes difficult
to compare at even higher twists with the q = 1.455 nonzero helicity run being a clear outlier since
the perturbations do not collide head-on, as described above.

B. Volume integrals

We next consider the evolution of various volume-integrated quantities for all simulations.
Plotting the enstrophy for all the simulations in Fig. 17(a) the differences between the zero and
nonzero helicity cases for q < 0.485 are not visible on the scale of the overall time variation,
suggesting that there are only minor differences of the vortex sheet morphology between the two
cases. However, for q � 0.485, especially noticeable at q = 0.970 and q = 1.455, we see a larger
enstrophy “bump” in the nonzero helicity simulations at t∗ ≈ 1. We suggest that this may be due
to the rotation of the vortex tubes leading to a longer vortex sheet in the nonzero net helicity case.
From Fig. 17(b) we see that by contrast the change in twist has little effect on the evolution of the
kinetic energy.

We plot the net absolute (or unsigned) helicity (
∫

V |v · ω| dV ) during the simulations in Fig. 17(c)
to help visualize the evolution of the twist once the vortex tubes reconnect. We observe that the
net absolute helicity diverges for the two different sets of simulations from t∗ ≈ 0.7 when the
reconnection begins. All simulations retain significant helicity density in the thread field lines at late
time. In the simulations with zero net helicity, the helicity (twist) tends to cancel since reconnecting
field lines have opposite twist. However, as the bridges in the nonzero helicity runs have net twist,
they preserve their helicity. The discrepancy between the two cases is more pronounced for higher
values of q.
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FIG. 17. Comparison of volume integrated quantities for the zero helicity runs (solid) and nonzero helicity
runs (dashed). (a) Normalized enstrophy, (b) normalized kinetic energy, (c) net absolute helicity |ω · v|. Colors
as in Fig. 2.
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VI. CONCLUSIONS

While the majority of studies of reconnecting vortex tubes have considered vortex tubes without
twist, reconnection in the presence of an axial flow within the tube may be more relevant for
understanding various physical phenomena. Interaction of helical vortex tubes is relevant for un-
derstanding processes in helical turbulent flows, as well as secondary reconnections in interactions
of initially untwisted tubes (since the primary reconnection process acts to insert twist onto the
bridges and threads). We have shown here that the introduction of axial flow along the tubes (and
thus twist of the vortex lines around the tube axes) significantly affects the reconnection process
by breaking the symmetry, in different ways depending on whether the tubes are oppositely twisted
(leading to a zero net helicity for the tube pair) or twisted in the same sense (finite net helicity).

In both cases the initial perturbations propagate along the tubes. Considering first the case with
finite net helicity, the two perturbations travel in opposite directions along the tubes, meaning that
they do not meet exactly “head-on.” When the tubes press against one another there is a nonzero
component of ω along the reconnection line: field lines reconnect at a finite angle rather than
antiparallel, this angle depending on the twist in the tubes. In the heart of the reconnection region
pairs of vorticity null points may be formed. The generation of these null points is of interest given
their relevance for the problem of finite-time blow-up (see, e.g., Refs. [31,32]). We anticipate a much
more complex topology, containing for example many more nulls, at higher Reynolds number where
rapid shear-flow instabilities are expected [8].

When the reconnecting tubes are oppositely twisted (giving zero net helicity) the applied
perturbations move in the same direction as one another, and thus meet “head-on,” but away from the
original plane of symmetry. The two bridges that are formed by the reconnection process differ from
one another, for example, in that one bridge exhibits much better-defined hairpin vortex lines [6].
This stems from the fact that the reconnection is 2D—occurring along an X-type null line of ω—and
that this null line is not oriented perpendicular to the initial global direction of the tube axes (the
relative angle depending on the twist). Unlike the untwisted case—in which the reconnection line
is perpendicular to the tube axes—as the twist is increased the reconnection line tilts progressively
farther away from this perpendicular direction (this angle may also vary during the process if there
is a variation of the local field line twisting angle across the tube radius).

For both helicity configurations we find a more complex post-reconnection topology than for the
untwisted case, since field lines with noninteger winding numbers within the periodic domain do
not connect symmetric points on the boundaries. The simpler case is that with zero net helicity, in
which the twists of the vortex tubes cancel during reconnection such that the reconnected tubes are
untwisted. The remaining twist of the thread vortex lines does, however, lead to the possibility of
vortex rings closed over multiple periods. For reconnecting vortex tubes with net helicity, both the
threads and bridges are twisted, and multiple-period closed vortex lines are found, together with
lines that stretch over as many periods as analyzed while wrapping through multiple ring structures.
It should be noted that substantial additional topological complexity is expected to be generated
during the reconnection process at higher Reynolds numbers than those considered here, when, for
example, numerous additional vortex rings may form, and the Kelvin-Helmholtz instability leads to
filamentation of the vortex tubes during reconnection (e.g., Refs. [3,8,19]).

For both zero and nonzero net helicity, the presence of axial flow and thus vortex line twist leads
the reconnection process to occur later and reconnect more flux overall. Comparing the quantitative
properties between the two configurations, we found that the reconnection occurs later for the
nonzero net helicity case but reaches a higher maximum reconnection rate (see also Ref. [8]).
Moreover, the peak enstrophy is greater (perhaps due to a longer vortex sheet geometry), and the
net absolute helicity retained after reconnection is greater (being zero in the bridges in the zero net
helicity case due to cancellation).

Future work should include studying the interactions at higher Reynolds numbers, expected to
lead to instabilities in the vortex sheet and the formation of additional vortex rings [8]. In Sec. III A
we have analyzed the loss of twist in the tubes prior to reconnection. However, in future work

024701-21



P. MCGAVIN AND D. I. PONTIN

it would be interesting to observe the difference in twist loss for the bridges and threads during
and after reconnection, though this is more challenging due to the absence of a well-defined axis.
Furthermore, the post-reconnection topology could be analyzed in further detail, to determine the
relative locations of vortex rings of period one, and period greater than one (i.e., vortex lines that
close after traversing multiple periods of the domain). In order to simulate reconnection at higher
twists, it will be important in future to offset the perturbations of the tubes initially (in x) such that
they collide head-on.
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APPENDIX

In an inviscid barotropic fluid vortex lines are material lines, meaning that all fluid elements that
initially lie on the same vortex line will remain connected by a vortex line at later time, since

D

Dt

(
ω

ρ

)
=

(
ω

ρ
· ∇

)
v, (A1)

which can be compared to the evolution equation of a material line element [33,34]. In a perfectly
conducting plasma the magnetic field obeys an identical equation, where ω is replaced by the
magnetic induction B. In each case a finite dissipation may lead to a breakdown in the “frozen-in”
condition for the relevant vector field. The parallels between magnetic reconnection in plasmas
and vortex reconnection are described in detail in Ref. [21]. Briefly, they can be understood by
comparing the Navier-Stokes equation for a barotropic fluid in the form

−∂v
∂t

− ∇
(

p̃ + v2

2
− 4

3
ν∇ · v

)
+ v × ω = ν∇ × ω, (A2)

where ∇ p̃ = (1/ρ)∇p, with the following plasma equation obtained from Maxwell’s equations and
Ohm’s law:

−∂A
∂t

− ∇φ + v × B = 1

μ0σ
∇ × B, (A3)

where B = ∇ × A, φ is a gauge potential for the electric field, and v is the plasma ve-
locity. The magnetic permeability μ0 and electrical conductivity σ can be combined into
the magnetic diffusivity, η = 1/(μ0σ ). Comparing these two equations leads to the following
associations:

A ↔ v B ↔ ω,

φ ↔ p̃ + v2

2
− 4

3
ν(∇ · v) η = 1

μσ
↔ ν. (A4)

We note that Eq. (A2) is not identical to those solved in our simulations. If a barotropic fluid is
assumed, then Eq. (2) is equivalent to Eqs. (A2) and (3), up to vector identities. We have performed
the simulations both using the full energy Eq. (4) and an adiabatic (barotropic) equation of state,
and find both the qualitative and quantitative differences to be negligible. Here we chose to present
the results of the simulations using the full system [(2)–(4)].

Reconnection processes may be distinguished as either 2D reconnection—in which the vortex
lines lie locally in a plane—and 3D reconnection. To understand 3D reconnection processes, the
framework of general magnetic reconnection in a magnetized plasma was developed in Ref. [35].
The authors of that paper demonstrated that this process requires the existence of a localized region
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FIG. 18. (a) Selected vortex lines during the interaction of antiparallel vortex tubes (red, threads; cyan,
reconnected bridges). Shading on the end planes and in the volume shows |ω|. Taken from the simulation
described in Ref. [19]. Vorticity field lines (b) before and (c) after internal 3D reconnection. The shaded sphere
in panel (b) represents the nonideal region, within which (∇ × ω) · ω �= 0.

within which the electric field E has a nonzero component parallel to the magnetic field, denoted E‖.
The rate of change of connectivity between plasma elements is then measured by finding the supre-
mum of this quantity over all magnetic field lines passing through the region in which E · B �= 0:(∫

E‖ dl

)
max

. (A5)

Noting that E = −∂A/∂t − ∇φ and using the analogies drawn in Eq. (A4), the 3D vortex
reconnection rate is therefore given by(

ν

∫
∇ × ω · dl

)
max

, (A6)

the integral being performed with respect to arc length along vortex lines, and the supremum
being taken over all vortex lines threading a localized reconnection region, i.e., a region in which
(∇ × ω) · ω �= 0.
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The rate of change of flux during vortex tube reconnection in both the 2D and 3D cases can be
understood within the above framework as follows. Consider the rate of change of vorticity flux
through the surface, S, whose boundary is the yellow-green loop in Fig. 18(a). In the 2D case the
yellow curve is taken to be the null line of the vorticity field (ω = 0 along its length), while in
the 3D case the yellow curve is a vortex line (i.e., is locally tangent to ω). In both cases ω = 0 along
the green curves. This flux change is given by

∂

∂t

∫
S
ω · n dS =

∫
S
[∇ × (v × ω) − ν∇ × (∇ × ω)] · n dS = −ν

∮
∂S

(∇ × ω) · dl, (A7)

where the final equality follows by applying Stokes’ Theorem and noting that ω × dl = 0 along
the integration path. In the 3D case, the rate at which vorticity flux is converted from threads (red
vortex lines in Fig. 18) to bridges (cyan) is then found by maximizing this quantity over all possible
choices of the yellow curve (vortex line).

The type of 3D “slipping” reconnection that occurs within each individual vortex tube is
illustrated schematically in Figs. 18(b) and 18(c). Consider a single vortex tube, within which exists
a localized region of (∇ × ω) · ω �= 0 (marked as a gray sphere). The existence of this nonideal
region implies a rotational “slipping” of field lines that are integrated from either side of the nonideal
region [35–37]. By a similar argument to above the reconnection acts to change the flux through the
green and blue surfaces in the figure—despite there being no relative rotation between the two end
planes—since

∫ ∇ × ω · dl �= 0 along the (yellow) axis. A key feature of all 3D reconnection is that
field line connectivity change no longer occurs at a single point or line, but throughout the region in
which (∇ × ω) · ω �= 0 [38].
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