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Abstract

Recognised as one of the hallmarks of cancer, cancer invasion is a complex process

involving the secretion of matrix-degrading enzymes that have the ability to degrade

the surrounding extracellular matrix (ECM). Combined with cell proliferation and

migration, and changes in cell-cell and cell-matrix adhesion, the tumour is able to

spread into the surrounding tissue. The ECM constituents are favourably explored

by the cancer cells during invasion, and in this context, of particular importance is

the special contribution of ECM fibrous proteins components, such as collagen and

fibronectin, which play an important part in cell proliferation and migration.

In this thesis we consider the two-scale dynamic cross-talk between the cancer cell

population and a two-component ECM in the context of the proteolytic dynamics of

matrix-degrading enzymes at the leading edge of a growing malignant tumour. We

incorporate the two-scale dynamics of cells-ECM interactions by exploring key inter-

linked tissue-scale and cell-scale aspects contributing directly both to cell-adhesion

and to the dynamic rearrangement and restructuring of the ECM fibres within the

growing tumour. Finally, this bulk two-scale activity is embedded within a global

multiscale moving boundary approach that also crucially accounts for an emerging

multiscale dynamics of the matrix degrading enzyme proteolytic processes at the in-

vasive edge of the tumour, which lead to peritumoural ECM degradation and results

in changes of the tumour morphology and further cancer spread.
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Chapter 1

Introduction

1.1 General Considerations

Cancer has become of increasing concern for the growing population over the past

few decades, with one in two people now developing cancer in their lifetime. We

are in a time where these statistics are at a standstill, and there has never been a

greater need for cancer research and the development of new medicines. As research

progresses, biological experiments are advancing and we are learning more about this

deadly disease. Whilst knowledge of cancer processes are essential, new experiments

and discoveries are opening doors involving more complex problems. Mathematics

is bridging the gap between biology and the unknown and providing solutions to

problems that, 20 years ago, were not thought possible. Cancer is known for its

high mortality rates and is a disease that is particularly good at developing drug

resistance and evasion techniques to current treatment strategies. By studying the

biological composition of a patient’s tumour and surrounding stroma it is possible

to develop a predictive model of tumour growth.

Through mathematical modelling of cancer growth and spread we gain invalu-
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able knowledge that will eventually contribute directly to a deeper understanding

of tumour response to treatment therapies. This will bring nearer the perspective

when clinical trials will be increasingly developed according to mathematical data

predictions and patients will start being treated through these personalised treat-

ment regimes, ultimately aimed at achieving improved perspectives for surviving

cancer, one of the biggest killers in the world.

1.2 Biological Background

1.2.1 Introduction

Cancer invasion of tissue is a complicated, multiscale process which plays an essen-

tial role in tumour progression. The invasive nature of cancer cells was identified

by Hanahan and Weinberg (2000, 2011) as being among a small number of “hall-

marks of cancer”, which they considered to encompass the complexity of cancer

development and progression. Specifically, Hanahan and Weinberg (2000) identified

six hallmarks that separate a healthy cell from a cancerous cell, namely, the ability

to: sustain proliferative signalling, to evade growth suppressors, to enable limitless

replicative potential, to induce angiogenesis, the ability to resist cell death and the

activation of invasion and metastasis. At some point during their development, pri-

mary tumour masses adopt the ability to detach cells that can then move out and

invade surrounding tissue, allowing the cancerous cells to spread locally. This pro-

cess, known as metastasis, allows new colonies of cancerous cells to form in distant

sites of the body. This type of cancer invasion becomes especially deadly when cells

gain access to the bloodstream or lymph nodes as they are no longer confined to

the local space surrounding the primary tumour (Lodish et al., 2000). The most

common site for breast cancer to metastasise is the bone; followed by the liver, brain
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and lungs. Once a tumour has invaded the bone and these vital organs, it is fatal

and can rarely be cured, only treated by various forms of cancer therapy such as

surgical intervention, chemotherapy and radiation. These types of tumour are the

cause of 90% of human cancer deaths (Sporn, 1996).

1.2.2 Basic properties of a tumour and surrounding tissue

Figure 1.1: Basic composition of a spheroid tumour comprising of three layers:
the inner necrotic core, a middle quiescent region and the outer proliferating rim.

A malignant tumour is a complex heterotypic community of cells, such as cancer

cells, fibroblasts, stromal cells, macrophages, etc., and generally consists of three

layers, schematically represented by the spheroid in Figure 1.1, which, in brief,

are described as follows. The inner necrotic core of a malignant solid tumour is

a dense region of “dead” cells, caused by the restricted access to any nutrients or

oxygen. These cells arise as quiescent cells die. Quiescent cells form a thick region

surrounding the necrotic core and can be either slowly growing or not growing at

all. If a break occurs in the boundary of the tumour, these cells will take action and

move to fill the gap, rebuilding the broken boundary. This final layer consists of

proliferating cells that form a concentric shell on the exterior of the tumour and is the
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region exposed to the highest level of nutrients and oxygen available, as well as being

the region in which the majority of a tumour’s invasive abilities manifest (Wallace

and Guo, 2013). It is this region that will directly interact with the surrounding

stroma and extracellular matrix (ECM).

The extracellular matrix is a key biological structure that provides not only

support to surrounding cells and tissues, but also acts as a platform for cellular

communication. This feature is of particular use to cancer cells, which take ad-

vantage of the molecular interactions mediated by various ECM components and

favourably utilise these as means for achieving invasion of the surrounding tissue.

Furthermore, the formation of the ECM is a vital process, particularly important

in wound healing (Rozario and DeSimone, 2010), embryonic development (Xue and

Jackson, 2015) and the metastasis of tumours.

The ECM is comprised of a variety of secreted proteins which can vary depend-

ing on the type of tissue or the location in which we are investigating. A main

component of the ECM which provides structure and integrity is collagen, the most

abundant protein in the human body, with collagens type I, II and III making up

around 90% of the overall collagen present (Lodish et al., 2000). Complementing the

rigidity of collagen is the protein elastin, which unlike collagen, provides a resilience

and elasticity to the ECM, allowing it to be changed in shape. Elastin is one thou-

sand times more flexible than collagens (Kristensen and Karsdal, 2016), hence it is

a dominant component in tissues that require a high degree of flexibility, i.e, within

the skin and lung tissue. Finally, moving away from the sca↵olding structure of the

ECM, there are other fibrous ECM components that provide functional qualities

within the matrix. One such component is the glycoprotein fibronectin. Fibronectin

contributes to cell migration, growth and proliferation, ensuring the normal func-

tionality of healthy cells. It also plays a crucial role in cell adhesion, having the
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ability to anchor cells to collagen and other components of the ECM.

1.2.3 Local Invasion of Tissue

Cancer invasion of the human body is a complex multiscale phenomenon that in-

corporates complicated cell-scale (micro-scale) molecular and individual cellular in-

teractions that are intrinsically interlinked to emerging tissue-scale (macro-scale)

collective heterotypic cell population dynamics. Recognised as one of the hallmarks

of cancer (Hanahan and Weinberg, 2000, 2011), cancer invasion is a process that

triggers and takes advantage of important changes in the behaviour of many molec-

ular activities typical for a healthy cell, for example, gene mutations within cells

stimulate the secretion of growth signals promoting enhanced cell proliferation, and

this together with the secretion of proteolytic enzymes results in a fast spreading

tumour capable of both matrix degradation and sustained tumour growth.

Degradation and reorganisation of the ECM

The local invasion of cancer is, in the first instance, stimulated by the secretion

of matrix degrading enzymes (MDEs). There are several classes of MDEs, such as

matrix metalloproteinases (MMPs) and the urokinase-type plasminogen activator

(uPA), produced by cancer cells and these enzymes degrade and reshape the struc-

ture of the surrounding ECM. Collectively known as matrixins, MMPs are one of the

main families of proteolytic enzymes which aid the metastasis of a tumour. There

are currently 23 types of MMP that have been identified in the human body (Visse

and Nagase, 2003). MMPs are substrate specific and can be either membrane bound

(MT-MMPs), or can move freely in the stroma, each working on di↵erent compo-

nents of the ECM ensuring a significant breakdown of the matrix (Brinckerho↵ and

Matrisian, 2002; Parsons et al., 1997). One particular MMP cascade employed dur-
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ing the invasion of cancer is the MT1-MMP/MMP-2 system. This system contains

freely di↵usible MMP-2 molecules which are activated by the soluble membrane-

tethered MT1-MMP, where the expression and over-production of MMP-2 indicates

the level of malignancy in many forms of tumour (Dalberg et al., 2000). Figure 1.2

shows the MT1-MMP/MMP-2 invasion cascade. Stage 1 illustrates the MT1-MMPs

(orange) tethered to the cancer cell mass (purple). When the membrane tethered

MMPs come into contact with any surrounding collagen, indicated in the figure by

(a), the MT1-MMPs will cleave the collagen into smaller pieces, labelled here by (b).

Once into the stroma, MT1-MMPs recruit nearby proMMP-2 molecules (blue), and

with the addition of cell adhesion molecules (yellow), denoted on the figure by (c),

MT1-MMP will cleave proMMP-2 into activated MMP-2 (see Stage 2 of the figure).

These activated MMP-2 molecules will then travel through the extracellular matrix,

being indicated on the figure by (d). Finally, Stage 3 depicts the two processes of

the activated MMP-2 molecules in that they degrade both the previously denatured

collagen, denoted by (e), and the glycoprotein fibronectin (red arrows), labelled in

the figure by (f), in order to create paths through which the cancer cells can advance.

Cellular adhesion

The invasive capabilities of a tumour gather their strength from a cascade of pro-

cesses enabled by the cancer cells, which, besides abnormal secretion of matrix

degrading enzymes, includes also enhanced proliferation and altered cellular adhe-

sion abilities. Both cell-cell and cell-matrix adhesion play important roles in tumour

progression, and changes to either of these contribute directly to the overall pattern

of invasion (Behrens et al., 1989; Berrier and Yamada, 2007; Kawanishi et al., 1995;

Todd et al., 2016). For example, a decrease in cell-cell adhesion allows the cells to

detach from the primary tumour and invade further into the matrix, and this cou-

6



Stage 1

Stage 2

Stage 3

Figure 1.2: MT1-MMP/MMP-2 cascade.
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pled with increased cell-matrix adhesion amplifies the tumours invasive capabilities

and escalates the spread of cells (Cavallaro and Christofori, 2001).

In healthy cells, cell-cell adhesion is mediated by a family of specific molecules on

the cell surface known as cell adhesion molecules (CAMs). Adhesion is dependent on

the cell-cell signalling pathways that are formed due to the interactions between the

distribution of calcium-sensing receptors and Ca2+ ions within the ECM. Essential

for the formation of these pathways is a family of transmembrane glycoproteins,

known as cadherins. These are calcium dependent adhesion molecules where in

particular, the subfamily E-cadherins are responsible for binding with intra-cellular

proteins, known as catenins, typically �-catenin, forming an E-cadherin/catenin

complex. The recruitment of cadherins and �-catenin to the cell cytoskeleton is

e↵ectuated by intracellular calcium signalling (Ko et al., 2001). Evidence suggests

that activation of calcium sensing receptors results in an increase of E-cadherins

which in turn increases the binding of �-catenin (Hills et al., 2012). Any alteration

to the function of �-catenin will result in the loss of ability of the E-cadherin to

initiate cell-cell adhesion (Wijnhoven et al., 2000). The direct correlation between

this calcium-based cell signalling mechanism and the regulation of E-cadherin and

�-catenin was first discovered in colon carcinoma (Bhagavathula et al., 2007).

On the other hand, cell-matrix adhesion is regulated by the subfamily of calcium

independent CAMs, known as integrins, that enable the cells to bind to di↵erent

components of the ECM. Integrins link the cytoskeleton inside a cell to the ECM

outside and this is aided by their ability to attach to a wide variety of ligands

(Humphries et al., 2006). Additionally, integrins can bind to actin proteins within

the cytoskeleton, aiding in cell migration by creating a leading and trailing edge to

the cell, resulting in persistent migration in one direction (Delon and Brown, 2007;

Moissoglu and Schwartz, 2006).
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Tumour malignancy

As tumour malignancy increases, normal fibroblasts are subverted to promote tu-

mour growth and are known as cancer-associated fibroblasts (CAFs) (Kalluri, 2016;

Shiga et al., 2015). CAFs proliferate at a much higher rate than normal fibroblasts

in healthy tissue (Erdogan et al., 2017). Biological evidence shows that CAFs induce

tumour growth, metastasis, angiogenesis and resistance to chemotherapeutic treat-

ments (Tao et al., 2017). Unlike normal fibroblasts, CAFs are specific to tumour

cells and their microenvironment and possess the ability to change the structure and

influence functions within the ECM (Jolly et al., 2016). Many in vitro experiments

have shown that CAFs rearrange both collagen fibres and fibronectin, enabling a

smooth invasion of the cancer cells (Erdogan et al., 2017; Fang et al., 2014; Gopal

et al., 2017; Ioachim et al., 2002). The ability to reorganise fibrous proteins in

the microenvironment is aided by the high secretion of collagen types I and II and

fibronectin by the fibroblasts (Cirri and Chiarugi, 2011).

Moreover, to further increase the invasion potential of the tumour, cancer cells

develop the ability to mutate into secondary cell sub-populations within the tumour

(Loeb and Loeb, 2000) creating a heterotypic cell population. These mutated cells

exhibit more aggressive traits than the primary cell population, often displaying

higher proliferation rates, increased migrative activity and increased cell-matrix ad-

hesion as well as decreased cell-cell adhesion. The development of cell mutations

indicates an increase in tumour malignancy and is a further precursor to the metas-

tasis of the cancer.
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1.3 Mathematical Modelling of Cancer Invasion

1.3.1 Introduction

One of the earliest records of mathematics in biology dates back to the 12th Century

with the Fibonacci series being used to describe the growing population of rabbits.

It was not until centuries later that mathematics would be used to describe the

biological processes involved in cancer invasion, the first of this dating back to the

1950’s. However, it is only within the last 30 years that we have witnessed increasing

focus on the mathematical modelling of cancer invasion, addressing various processes

of cancer cells and their interactions with the surrounding environment.

With biological experiments advancing, there is an increasing need for more

extensive modelling of the processes involved in cancer invasion. Biological and

mathematical models of both in vivo and in vitro experiments have given us a deeper

insight into many processes involved during tumour invasion. With an increase in

the information that is available, the number of questions has also risen, calling

for more complex mathematical models to describe the deeply convoluted systems

that are being discovered. In this section we present a literature review of the

approaches and evolving models used to describe the processes involved in several

di↵erent aspects of cancer invasion.

1.3.2 Continuum and Individual-Based Models

In the past few decades there has been a lot of interest in the mathematical modelling

of tumour invasion (Andasari et al., 2011; Anderson, 2005; Anderson et al., 2000;

Bellamo et al., 2008; Chaplain et al., 2011, 2006; Gerisch and Chaplain, 2008; Peng

et al., 2017; Ramis-Conde et al., 2008; Szymańska et al., 2009; Trucu et al., 2013).

There are many mathematical models which investigate di↵erent aspects of cancer
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invasion, particularly using insights from both in vitro and in vivo biological models.

In vivo models present a higher potential for capturing the cancer growth and spread

process, however it is di�cult to visualise the individual steps of invasion. On the

other hand, in vitro models are easier to construct and they enable us to control a lot

of the experimental values we obtain, this allowing for easier quantitative analysis.

One disadvantage to in vitro models however is the inability to see the global e↵ect

of invasion, i.e., in vitro models only contain a partial expression of the interactions

between the cancer cells and the ECM (Katt et al., 2016) so we are unable to capture

the full picture of cancer invasion. Great e↵ort has been made to understand the

interactions that are occurring during the invasion process, and the experiments,

both in vivo and in vitro have helped to advance this knowledge.

Links between cell migration processes and the family of matrix degrading en-

zymes (MDEs) that are produced by the cancer cells have been discovered (Lu et al.,

2011; Nabeshima et al., 2002), as well as links between cell migration and the struc-

ture of the extracellular matrix (He et al., 2016; Yamaguchi et al., 2005). There

have been many attempts to model these interactions, using both continuum and

discrete models, among these, we note here the ones concerning the secretion and

transport of proteolytic enzymes such as uPAs and MMPs, with direct impact upon

the degradation of ECM (Andasari et al., 2011; Chaplain and Lolas, 2005; Deakin

and Chaplain, 2013; Peng et al., 2017; Trucu et al., 2013) as well as those explor-

ing the direct e↵ects of chemotaxis, proliferation and adhesion on tumour invasion

(Bitsouni et al., 2017; Chauviere et al., 2007; Domschke et al., 2014; Gerisch and

Chaplain, 2008; Painter, 2008; Ramis-Conde et al., 2008), all these aspects being of

direct interest for us in the current investigation. Additionally, the heterogeneity of

ECM has been investigated (Chauviere et al., 2007; Hillen et al., 2010; Painter, 2008)

with results to show that the composition of the ECM is of vital importance to the
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overall invasion of cancer. On the other hand, great focus has been placed on mod-

elling the e↵ects of cell-cell and cell-matrix adhesion (Anderson, 2005; Armstrong

et al., 2006; Bitsouni et al., 2017; Domschke et al., 2014; Gerisch and Chaplain,

2008; Painter et al., 2010; Turner and Sherratt, 2002).

One of the first continuum approaches for modelling cell-cell adhesion was pro-

posed in Armstrong et al. (2006) which considered the directed movement of cells

in response to the adhesive forces made through cell binding. Moreover, the PDE

model proposed in Anderson et al. (2000) describes the invasion of tissue by cancer

cells considering three major components, namely, the tumour cells, tissue (extracel-

lular matrix) and matrix degrading enzymes. There were two models proposed, the

first being a continuum model which considered the tumour mass as a whole, while

the second was an individual-based model focused on the invasive e↵ects on the level

of individual cells. The continuum model proposed there describes how the tumour

cells respond to haptotactic e↵ects produced within the ECM. It has been shown

that the tumour cells will split into two groups, one driven by random migration,

and the other spurred by haptotaxis. Furthermore, the individual-cell based model

confirmed this behaviour and it is concluded that haptotaxis is important for cancer

cell invasion.

The model proposed in Anderson et al. (2000) was used as a basis for the models

in Gerisch and Chaplain (2008) where a continuum approach to cancer cell invasion

was derived which accounts for both cell-cell and cell-matrix adhesion. These models

used non-local approaches for both cell-cell and cell-matrix adhesion, introducing the

notion of an adhesive flux and cell sensing radius, which was utilised to account for

the adhesion bonds established by the cells both with their neighbouring cells as well

as with the surrounding environment from their immediate proximity. Analytical

investigations of these models were carried out in Chaplain et al. (2011), where a
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system of nonlinear, non-local partial integro-di↵erential equations describing the

spatio-temporal dynamics of cancer invasion was considered. The behaviours of the

cancer cell population under di↵erent adhesion regimes (corresponding to various

cell-cell and cell-matrix adhesion coe�cients) were explored.

There are several models which have previously focused on the components of

the surrounding microenvironment of tumours and how these contribute to invasion

(Perumpanani et al., 1998; Scianna and Preziosi, 2012). Chemotactic and haptotac-

tic e↵ects between cells and the fibrous environment of the ECM were considered

in (Chauviere et al., 2007) where the following two scenarios were explored, namely

that cancer cells will either try to gather in to high density regions of fibres or they

will try to avoid these regions altogether.

A model describing the mesenchymal motion of cells in a fibre network was

developed by Hillen (2006). Mesenchymal migration involves significant matrix re-

modelling, where the cell will leave a trail of aligned fibres along its path. Both

mesoscopic (individual based) and macroscopic (population based) models were de-

scribed, paving the way for modelling cell population migration and invasion on

heterogenous orientated environments. This approach was continued by Painter

(2008) using an individual-cell based model where two di↵erent forms of cell migra-

tion were investigated. Here it is shown that in terms of mesenchymal migration,

the actions of both contact-guidance and ECM remodelling are su�cient processes

for invasion to occur.

1.3.3 Multiscale Models

While, with few exceptions, most of the models reviewed above have been proposed

at one individual scale and do not account for the multiscale nature of cancer in-

vasion, cancer dynamics occurs in fact on many interlinked spatial scales, including
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sub-cellular, cellular- and tissue- (organ) scales, Figure 1.3, with di↵erent but criti-

cal aspects of the invasion process occurring on each of these levels. Therefore, an

integrated mathematical modelling across all of these scales is crucial in examining

the full e↵ects of cancer invasion (Deisboeck et al., 2011).

Figure 1.3: Schematic of macro-micro scales showing the largest scale, tissue-scale,
to the smaller scales, cellular and sub-cellular.

With its dynamics ranging from molecular sub-cellular and cellular-scale to

intercellular- and tissue-scale, the cancer invasion process has witnessed major mod-

elling advances over the past 15 years (Anderson et al., 2007; Peng et al., 2017;

Ramis-Conde et al., 2008; Trucu et al., 2013). Three di↵erent individual-cell based

models were proposed in Anderson et al. (2007) to capture the invasion process at

three spatial scales namely at extra-cellular, cellular and sub-cellular scales. Each

model was developed to investigate a di↵erent stage of tumour invasion, namely,

tumour initiation, growth and invasion. This type of single-cell based modelling

allowed for heterogeneity to be explored in both the tumour and the surround-
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ing microenvironment. However, while recognised by most previous works that a

combination of information from di↵erent scales would pave the way for a better un-

derstanding of cancer invasion, the naturally interlinked multiscale dynamics of this

process was for the first time addressed in a genuinely spatially multiscale fashion in

Trucu et al. (2013), where a novel multiscale moving boundary model was developed

by exploring the double feedback link between tissue-scale tumour dynamics and the

tumour invasive edge cell-scale matrix degrading enzymes (MDEs) activity. In that

multiscale model, while the tissue-scale macro-dynamics of cancer cells induces the

source for the leading edge cell-scale molecular micro-dynamics of MDEs, in turn,

through its proteolytic activity, this molecular micro-dynamics causes significant

changes in the structure of the ECM in the peritumoural region that ultimately

translates in a tissue-scale relocation of the tumour boundary. Later on, that model

was adapted in Peng et al. (2017) to capture the influence within the tumour inva-

sion process of the proteolytic dynamics of urokinase-plasminogen activator (uPA)

system, exploring various scenarios for ECM degradation and proliferation of cancer

cells. These multiscale models have a common focus on exploring the evolution of

a tumour whose importance is justified by clinical considerations, namely that it is

not necessarily the overall size but the morphology of the tumour that creates huge

surgical challenges. This is mainly due to the deficiencies in all current imaging

techniques, which are only able to capture between 65% and 90% of the tumour,

enabling the real possibility of not resecting the true extent of the tumour during

the surgical process by leaving behind small but complicated leading-edge tumour

morphological patterns that are not captured by the imaging, which subsequently

lead to an aggressive tumour relapse.
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1.4 Thesis Outline

The main aim of this thesis is to better understand the processes of local cancer in-

vasion within the extracellular matrix and explore the crucial interactions between

cancer cells and the surrounding tissue using an integrated multiscale model that

incorporates both tissue- and cell-level activities. To that end, we develop the mov-

ing boundary multiscale model first introduced in Trucu et al. (2013) to further

investigate both tissue- and cell-level activities by considering the following:

• the introduction of cell adhesion, namely cell-cell and cell-matrix adhesion to a

heterotypic cell population consisting of two sub-populations, where the second

cell population arises due to mutations from the primary cell population,

• the development of a two-phase ECM structure, containing a fibres compo-

nent and a non-fibres component, incorporating the new cell-ECM interactions

within the tumour region that will contribute to both cell adhesion and the

rearrangement of the ECM fibres,

• the inclusion of a heterotypic cancer cell population within the new two-phase

ECM multiscale model,

• and the peritumoural cell-scale fibre degradation by the MDEs.

To that end, in Chapter 2 we will discuss the mechanisms involved during local

cancer invasion, specifically cellular adhesion and matrix degradation. We will build

on the multiscale moving boundary framework proposed in Trucu et al. (2013) by

developing the modelling of the tissue-scale dynamics to include cell-cell and cell-

matrix adhesion concerning a heterotypic cancer cell population. We will consider

two cancer cell sub-populations, namely a primary tumour cell distribution and a

second cancer cell sub-population that arises due to mutations from the primary
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tumour cells and exhibits higher malignancy. We intend to explore the multiscale

moving boundary dynamics of this heterotypic tumour cell population in the pres-

ence of cell-adhesion at the tissue-scale and matrix degrading enzyme molecular

processes considered at cell-scale. Using computational simulations we will examine

the e↵ects of di↵erent levels of adhesion and matrix remodelling on the invasion of

cancer cells.

In order to gain a deeper understanding of the tumour invasion process, we pay

special attention to the interacting dynamics between the cancer cell population

and various constituents of the the surrounding tumour microenvironment. Conse-

quently, Chapter 3 considers the key role that ECM plays within the human body

tissue, providing not only structure and support to surrounding cells, but also acting

as a platform for cells communication and spatial movement. There are several other

vital structures within the ECM, however we are going to focus primarily on fibrous

proteins, such as fibronectin and collagen. These fibres are key players in the func-

tion of healthy cells, contributing to many essential processes such as cell migration,

di↵erentiation, migration and proliferation. They also play a crucial role in tumour

progression with the ability to anchor cells to other components of the ECM. We will

consider the two-scale dynamic cross-talk between cancer cells and a two component

ECM (consisting of both a fibre and a non-fibre phase). To that end, we plan to

incorporate the interlinked two-scale dynamics of cells-ECM interactions within the

tumour support that contributes simultaneously both to cell-adhesion and to the

dynamic rearrangement and restructuring of the ECM fibres. Furthermore, this will

be embedded within a novel global multiscale moving boundary approach for the in-

vading cancer cell population, which will incorporate two multiscale sub-frameworks

that share the same macro-scale dynamics while exhibiting two independent in na-

ture micro-dynamics that are separately linked through double feedback links to the
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macro-scale tumour activity. The overall modelling framework will be accompanied

by computational results that will explore the impact on cancer invasion patterns

of di↵erent levels of cell adhesion in conjunction with the continuous ECM fibres

rearrangement.

As considered in the first instance in Chapter 2, as a tumour increases in ma-

lignancy, the cancer cells adopt the ability to mutate into secondary cell subpop-

ulations giving rise to a heterotypic tumour. This new cell subpopulation often

carries higher invasive qualities and permits a quicker spread of the tumour. There-

fore, building upon the multiscale modelling framework for cancer invasion within

a fibrous ECM introduced in Chapter 3, in Chapter 4 we consider the process of

local invasion by a heterotypic tumour consisting of two cancer cell populations

mixed within a two-phase ECM. To that end, we will address the double feedback

link between the tissue-scale cancer dynamics and the cell-scale molecular processes

through the development of a two-part modelling framework that crucially incor-

porates the multiscale dynamic redistribution of oriented fibres occurring within a

two-phase extra-cellular matrix and combines this with the multiscale leading edge

dynamics exploring key matrix-degrading enzymes molecular processes along the

tumour interface that drive the movement of the cancer boundary. The modelling

framework will be accompanied by computational results that explore the e↵ects of

the underlying fibre network on the overall pattern of cancer invasion.

Finally, in Chapter 5, we look to further integrate the novel two-part multiscale

model developed in Chapter 3 by incorporating the two independent micro-scales

at the invasive edge of the tumour, namely, the fibres and MDEs boundary micro-

processes. Specifically, this will be considering the degradation of micro-fibres to be

not only a macroscopic interaction within the tumour region, but also a microscopic

interaction dependent on the density and orientation of MDEs, specifically MMP-2,
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on the tumour interface. We will consider the secretion of MMPs to be enhanced

by the underlying fibre density, in addition to a fibre dependent anisotropic type

di↵usion of MMPs at the tumour boundary. These qualities combined with the

microscopic degradation of micro-fibres will ensure the development of a further

integrated multiscale model, whereby the two micro-scale systems are connected

via a double feedback loop whilst embedded within the global multi-scale moving

boundary model developed in Chapter 3.
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Chapter 2

Heterotypic cell populations

evolution in heterogeneous ECM

Aims and Novelty: This chapter opens the stage for the investigation of local

tumour invasion by expanding on the moving boundary multiscale model initially

introduced in Trucu et al. (2013). To that end, we investigate tumour morphology

within a heterogeneous ECM by considering the e↵ects of cell adhesion, namely

cell-cell and cell-matrix adhesion of a heterotypic cell population.

2.1 Introduction

In recent years there have been many approaches taken to model the local invasion

of cancer, in particular, three major players of cancer invasion are commonly chosen

to be modelled, namely, the cancer cells, extracellular matrix, and MDEs. However,

due to the highly complex nature of the process of tumour invasion, it is becoming

increasingly di�cult to justify the modelling of the interactions between each of these

components at only one scale, for example, the MDEs contribute to interactions

confined to the molecular scale, whilst the tumour itself can be modelled within
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a continuous tissue-level scale. Hence, a multiscale moving boundary method of

tumour invasion was proposed in Trucu et al. (2013) using three scale modelling;

macro-scale occurring at the tissue level, micro-scale occurring at a cellular level and

a naturally arising third scale which is used to characterise the invasive boundary

of the tumour. We propose a model which builds on this original framework to

incorporate the adhesive nature of cancer cells (Domschke et al., 2014) with both

themselves and the surrounding microenvironment.

In this chapter we will explore the progression of a heterotypic cell population

consisting of two cell sub-populations and the e↵ects of both cell-cell and cell-matrix

adhesion during tumour invasion. The content of this chapter has been explored and

discussed in full in the publication Shuttleworth and Trucu (2018).

2.2 The Multiscale Modelling Approach

We will now briefly describe the multiscale framework initially introduced in Trucu

et al. (2013) for modelling cancer cell invasion and then develop the macroscopic

dynamics to incorporate cell-adhesion and a heterotypic tumour population. The

multiscale framework developed in Trucu et al. (2013) considers detailed interactions

taking place at the cellular- and tissue-scales alongside the linking between these

di↵erent scales.

Within a maximal environmental tissue cube Y , at initial time t
0

, ⌦(t
0

) rep-

resents the snapshot of the tumour domain where, at any spatio-temporal node

(x, t) 2 ⌦(t) ⇥ [0, T ], the combined distributions of cancer cells c
1

(x, t) and c
2

(x, t)

exercise their dynamics, with c
1

and c
2

representing the sub-populations 1 (primary

tumour cells) and 2 (representing mutated cells), and their combined vector being

denoted by c(x, t) = [c
1

(x, t), c
2

(x, t)]T . The tumour cell populations exercise their

activity within a supporting density of ECM that is denoted here with v(x, t), and
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for compact notation, we will consider the combined vector of cancer cells, c
1

, c
2

and

ECM, v, defined as

u(x, t) := (c
1

(x, t), c
2

(x, t), v(x, t))T .

The spatial considerations play an important role in this model. We assume that

the concentration of MDEs occupy a negligible amount of space within the tissue

scale tumour, and similar to the approach in Domschke et al. (2014), we shall define

the volume fraction of occupied space as

⇢(x, t) ⌘ ⇢(u(x, t)) := #
v

v(x, t) + #
c

2X

n=1

c
n

(x, t)

where #
v

,#
c

represent the fractions of physical space occupied by the ECM and

cancer cells, respectively. However, while for the purpose of this work, at the tissue

scales (macro-scale) we consider only cancer cells and ECM, the crucial activity of

the MDEs and their dynamics is described at cell-scale (micro-scale) by accounting

for spatial dynamics of proteolytic processes that occur along the invasive edge of

the tumour. In the following Sections we will describe in detail the model, where

we will take the same approach as in Trucu et al. (2013) and begin with a nondi-

mensionalised model.

2.2.1 Macro-scale Dynamics

The dynamics of the two cell populations are similar in flavour. In the presence

of a logistic proliferation law, per unit time, the primary tumour cells c
1

(x, t) are

assumed to exercise spatial movement that is a combined e↵ect of local brownian

movement (approximated here through di↵usion) and cell adhesion, and lose some of

the cell population through certain levels of mutation towards a second more motile
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and aggressive population c
2

(x, t). Once mutations have started occurring, under

the presence of a logistic proliferation law, population c
2

begin its own dynamics,

and so per unit time, this is also experiencing a spatial redistribution dictated by a

local brownian movement (approximated again through di↵usion) and cell adhesion.

Therefore, mathematically, the dynamics can be recast as

@c

1

@t

= r · [D
1

rc
1

]| {z }
random motility

�r · [c
1

A(t, x,u(·, t))]| {z }
adhesion

+ µ
1

c
1

(1� ⇢(u))+| {z }
proliferation

�M
1

(u, t)c
1| {z }

mutation

@c

2

@t

= r · [D
2

rc
2

]| {z }
random motility

�r · [c
2

A(t, x,u(·, t))]| {z }
adhesion

+ µ
2

c
2

(1� ⇢(u))+| {z }
proliferation

+M
1

(u, t)c
1| {z }

mutation

(2.1)

where: D
n

, n = 1, 2 are the non-negative di↵usion coe�cients; A
n

(x, t,u(·, t)) is

the non-local term accounting for cell adhesion incorporating both cell-cell and cell-

matrix adhesion; µ
n

describes the proliferation coe�cient, here; and the final term

M
1

describes the mutation from c
1

(x, t). To account for the physical space avail-

able and avoid overcrowding, we adopt here the proliferation term (1 � ⇢(u))+ :=

max{0, 1 � ⇢(u)} introduced in Gerisch and Chaplain (2008). Furthermore, the

non-local term A
n

(x, t,u(·, t)), known as the adhesive flux, has a form of the type

proposed in Gerisch and Chaplain (2008); Domschke et al. (2014), and is given as

A
n

(x, t,u(·, t)) = 1

R

Z

B((0,0),R)

n(y) · K(||y||
2

) · g
n

(u(x+ y, t), t)�
⌦(t)

(x+ y) dy, (2.2)

where n = 1, 2. This describes the motion of cells due to both cell-cell and cell

matrix adhesion, which occurs as a result of the forces produced when adhesion

bonds are both produced and broken. Here R > 0 is the sensing radius of cell-cell

and cell matrix interactions, B(0, R) ⇢ R2 denotes the usual ball centred at zero

and of radius R, and �
⌦(t)

(·) represents the characteristic function of ⌦(t). At any

time instance t, for any x 2 ⌦(t), the set x+B(0, R) is known as the sensing region
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Figure 2.1: The kernel in red is shown for a 1-D example, K
1

(r) = 1

2R

, and the
kernel in blue is shown for a 2-D example, K

2

(r) = 1

R

�
1� r

R

�
.

on which all the cells distributed at x, interact and form or break adhesion bonds

with the cells located at y 2 B(x,R) \ ⌦(t). Further, n(y) denotes the unit vector

pointing from x to x+ y, which is given by

n(y) :=

8
<

:
y/||y||

2

if y 2 B(0, R) \ {(0, 0)},

(0, 0) otherwise.
(2.3)

where || · ||
2

is the l2 norm as defined in (Yosida, 1980).

To describe the way the adhesion velocity of A
n

(x, t,u(·, t)) is influenced by

the spatial distribution of the cell populations and ECM within the sensing region

B(x,R), we use the radially dependent spatial kernel K(||y||
2

). Examples of di↵erent

kernels can be seen in Figure 2.1. The first kernel is an example of a step-like function

in 1-dimension and the second kernel would give a cone-like shape in 2-dimensions.

We shall use the spatial kernel defined by Gerisch and Chaplain (2008),

K(r) :=
3

⇡R2

⇣
1� r

R

⌘
, (2.4)

this implies that for points in the sensing region x, as the distance r from x increases,

the influence on adhesion-driven migration decreases, this can be seen schematically
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Figure 2.2: Plot of the 3D representation of the kernel given in equation (2.4).

in Figure 2.2. The adhesion function g(u(x+ y, t), t) is the vector of concentrations

u at time t and at the point x+ y. This non-local term explores the velocity of the

cancer cells due to cell-cell and cell-matrix adhesion, sampled over the sensing region

at x. That is, the adhesion velocity of the cells at x is in the direction at which the

cells can form the most bonds both among themselves and with components of the

ECM within the sensing region around x. Here, g
n

(u(x + y, t), t), n = 1, 2 denotes

the n-th component of

g(t,u) = [S
cc

c+ S
cv

v] · (1� ⇢(u))+, (2.5)

and represents the cell-cell and cell-matrix adhesion properties for population n,

which are explicitly enabled via the associated cell-cell and cell-matrix adhesion

matrices, S
cc

, S
cv

2 R2,2, given by
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S
cc

=

2

4Sc

1

,c

1

S
c

1

,c

2

S
c

2

,c

1

S
c

2

,c

2

3

5 and S
cv

=

2

4Sc

1

,v

0

0 S
c

2

,v

3

5 .

Furthermore, the overcrowding of the cell population and ECM is avoided through

the term (1 � ⇢(u))+, which ensures that if a point in the domain is already over-

crowded (with cells and/or ECM), then that space point does not contribute towards

biasing the tumour cells migration due to adhesion.

As a tumour becomes increasingly malignant, it can obtain the ability to mutate

to a more aggressive form of cancer cell. For this reason, M
1

(u, t) represents the

mutation rate from population c
1

to population c
2

. This mutation term is modelled

as in Andasari et al. (2011); Domschke et al. (2014), namely

M
1

(u, t) = �
m

H(t� t
1,2

) ·H(v(x, t)� v
min

),

where H(·) denotes the usual Heaviside function and explore the fact that mutations

from the primary tumour occur at a rate �
m

> 0 after a certain time t
1,2

and in the

presence of a minimal level v
min

of ECM.

Within the tissue level, we must account for the activity of the surrounding

environment of the tumour; the extracellular matrix. Per unit time, the ECM

exhibits degradation in the presence of cancer cells, along with a general remodelling

of itself. Thus, this dynamics can be described mathematically as

@v

@t
= ��cv| {z }

degradation

+µ
3

(1� ⇢(u))+| {z }
ECM remodelling

, (2.6)

where: � is the degradation coe�cient multiplied by the current cancer cell distribu-

tions, and µ
3

is the remodelling constant, here the matrix remodelling is controlled

by the volume filling factor (1�⇢(u))+. Biological evidence suggests that the remod-
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elling of the ECM is not only an essential role of development and wound healing,

but also in the development of cancer, contributing to processes such as metastasis

and tumour cell invasion (Cox and Erler, 2011).

The macroscopic processes described in (2.1) and (2.6) have the initial conditions

c
1

(x, 0) = c0
1

⌦(0)

(x), x 2 ⌦(0),

c
2

(x, 0) = c0
2

⌦(0)

(x), x 2 ⌦(0),

v(x, 0) = v0
⌦(0)

(x), x 2 ⌦(0),

as well as zero Neumann and micro-scale moving boundary conditions defined in the

following Section.

2.2.2 Top-down tissue- to cell-scale link and the resulting

microscopic dynamics.

As discussed previously, cancer cell invasion is a multiscale process in which the

micro-dynamics of the matrix degrading enzymes (MDEs) are responsible for the

degradation of the ECM. The macroscopic processes defined by the equations (2.1)

and (2.6) give rise to a micro-scale dynamics occurring along the invasive edge of the

tumour, which, in turn, causes the macro-scale boundary of the tumour to advance

further into the healthy tissue, as schematically illustrated in Figure 2.3.

Following a series of topological requirements as detailed in Trucu et al. (2013), at

any given time t
0

, for the maximal tissue cube Y ⇢ RN (which includes the growing

tumour ⌦(t
0

)) we select the coarsest uniform decomposition of Y into the union of

✏Y -sized dyadic cubes with the property that from this dyadic decomposition of Y

taken together with the family of all half-way shifted dyadic cubes (as defined in

Trucu et al. (2013)), a subfamily of over-lapping cubes {✏Y }
✏Y 2P can be extracted
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Figure 2.3: Schematic of macro-micro interactions.

with the following two key characteristics:

(1) each cube ✏Y 2 P conveys a neighbourhood for ✏Y \ @⌦(t
0

) with both the

part inside the tumour ✏Y \⌦(t
0

) and the part outside the tumour ✏Y \⌦(t
0

)

having their interior as connected sets;

(2) {✏Y }
✏Y

2P provides a complete covering of the boundary @⌦(t).

On this bundle of covering boundary micro-domains {✏Y }
✏Y

2 P , which is

schematically illustrated in Figure 2.4, in the presence of the MDEs source induced

from the macro-scale (as detailed in Trucu et al. (2013)), the MDEs micro-dynamics

is then explored. The MDEs, such as matrix metalloproteinases (MMPs) of type 2,

are produced within the cancer cells and distributed on the outer proliferating rim

of the tumour, with their activity occurring within the area directly surrounding the

tumour. Specifically, during a time interval [t
0

, t
0

+ �t], the cancer cells arriving

within the outer proliferating rim of the tumour secrete these MDEs giving rise to a
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(a) Spatial domain of tumour

(b) Boundary tracking with overlapping
micro-domains

Figure 2.4: Schematic diagrams showing in (a) the spatial cubic region Y centred
at the origin in R3. The solid red lines represent the family of macroscopic ✏Y cubes
placed on the boundary of the tumour @⌦(t

0

), and the pale green region represents
the mass of cancer cells ⌦(t

0

). The appropriately chosen bundle {✏Y }
✏Y

2P of micro-
domains introduced in Trucu et al. (2013) that covers the boundary @⌦(t

0

) are
shown in red and the corresponding half-way shifted cubes are illustrated by blue
dashed lines.

source of such proteolytic enzymes that then exercise a cross-interface transport pro-

cess within a cell-scale (micro-scale) size neighbourhood of @⌦(t
0

), this way getting

to interact directly and as a consequence significantly alter the ECM density that it

meets in the peritumoural region. Thus, while assuming that we have no source for

the cell-scale dynamics being formed outside ⌦(t
0

), at each instance ⌧ 2 [0,�t] of

the micro-dynamics and at each given micro-scale point y 2 ✏Y \⌦(t
0

) the source of

MDEs is arising as a collective contribution of the cells from the outer proliferating

rim that is located within a given distance � > 0 with respect to y. Therefore,
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denoting the source by f
✏Y

(y, ⌧), this is mathematically formulated as

1. f
✏Y

(y, ⌧) =

R
B(y,�)\⌦(t

0

)

↵
1

c
1

(x, t
0

+ ⌧) + ↵
2

c
2

(x, t
0

+ ⌧)dx

�(B(y, �) \ ⌦(t
0

))
,

y 2 ✏Y \ ⌦(t
0

),

2. f
✏Y

(y, ⌧) = 0, y 2 ✏Y \
�
⌦(t

0

) + {z 2 Y | ||z||
2

< �}),

(2.7)

where �(·) is the standard Lebesgue measure on R2 (Yosida, 1980), B(y, �) := {⇠ 2

Y | ||y � ⇠||1  �}, ↵
i

, i = 1, 2 are MDEs secretion rates by each of the two cell

sub-populations, and � is a small parameter enabling us to capture a sharp but

smooth decay to 0 of the MDEs source immediately outside the tumour boundary.

Finally, as the ✏�size neighbourhood of @⌦(t
0

) given by the bundle of half-

way overlapping micro-cubes ✏Y enables a decoupling of the micro-dynamics on

individual ✏Y s, in the presence of the source (2.7), we assume in this work that

the MDEs are simply locally di↵using. Hence, denoting the density for MDEs by

m(y, ⌧), in each ✏Y the micro-dynamics exercised by the MDEs is described by:

@m

@⌧
= �m|{z}

di↵usion

+ f
✏Y

(y, ⌧)| {z }
source term

, y 2 ✏Y, ⌧ 2 [0,�t]. (2.8)

with zero initial conditions and zero Neumann boundary conditions.

Macroscopic boundary movement induced by micro-scale. During the

micro-dynamics, the MDEs present in the peritumoural region interact with the

ECM captured by each ✏Y cube on the boundary of the tumour. Within each

micro-domain ✏Y , the degradation of the ECM is dependent on the pattern of the

front of the advancing spatial distribution of MDEs in ✏Y \ ⌦(t
0

) that have been

secreted by the cancer cells. This pattern of the degradation defines a movement
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direction, ⌘
✏Y

, and displacement magnitude, ⇠
✏Y

, for the progression of the tumour

boundary. This activity is the driving force behind the relocation of the boundary

midpoints x⇤
✏Y

which are translated to the movement of the tumour boundary at

macro-scale. As illustrated schematically in Figure 2.5, this choreographic movement

of the tumour boundary captured by the micro-domain ✏Y is represented back at

macro-scale through the relocation of the tumour boundary midpoint x⇤
✏Y

, which is

located at the intersection of @⌦(t
0

) \ ✏Y with the median of ✏Y perpendicular to

the side of ✏Y inside the cancer region, this being chosen as the inner most point in

this intersection with respect to the cancer region.

Figure 2.5: Schematic of one macro-micro stage in the multiscale process. The
projected ✏Y cube from macro- to micro-scale with boundary point reallocation
occurring through the micro dynamics and the new relocated boundary position
projected back into the macroscopic scale at the tissue level.

Thus, proceeding as detailed in Trucu et al. (2013), an appropriate uniform

dyadic decomposition {D
j

}
j=1,p

✏Y

, with p
✏Y

:= 2k✏Y is chosen for ✏Y . Since the

pattern of degradation is ultimately given by the part of the level set of significant

MDEs peaks that are transported at the largest possible distance from the tumour

interface ✏Y \⌦(t
0

) within the peritumoural region ✏Y \⌦(t
0

), as discussed in Trucu

et al. (2013), by denoting the barycentre of each D
j

by y
j

, the movement direction
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⌘
✏Y

and displacement magnitude ⇠
✏Y

of each boundary midpoint x⇤
✏Y

are represented

mathematically as

⌘
✏Y

= x⇤
✏Y

+ ⌫
X

l2J ⇤

 Z

D
j

m(y, ⌧
f

) dy

!
���!
x⇤
✏Y

y⇤
j

and

⇠
✏Y

=
X

l2J ⇤

R
D

j

m(y, ⌧
f

) dy
P

l2I⇤
�

R
D

j

m(y, ⌧
f

) dy
|
���!
x⇤
✏Y

y⇤
j

|.

where J ⇤ is the family of indices of the dyadic cubes which track only the most

advanced frontier formed by the significant peaks at the tip of the progressing front

of the MDEs (i.e., situated at the furthest away distance from the x⇤
✏Y

) within the

micro-domain ✏Y .

Although a movement direction and displacement have been derived for each

x⇤
✏Y

, movement will only occur if the ECM degradation is of a certain local strength.

The strength of this local ECM degradation is explored through the transitional

probability q⇤ defined in Trucu et al. (2013) and it is a quantification of the amount

of MDE in ✏Y \⌦(t
0

) relative to the total amount of MDE in the micro domain ✏Y .

Therefore the midpoint x⇤
✏Y

will only move to a new spatial position if and only if

q⇤(x⇤
✏Y

) := q⇤(✏Y \⌦(t
0

)) exceeds a certain threshold !
✏Y

2 (0, 1) that captures local

peritumoural tissue characteristics. Hence, we find that the new invasive boundary

@⌦(t
0

+�t) will be an interpolation of the new locations for the points that exercised

the movement and those boundary points x⇤
✏Y

that did not move. The invasion

process will continue on the newly expanded domain ⌦(t
0

+�t) with a new set of

macro-micro stage dynamics on the next multiscale time step [t
0

+ �t, t
0

+ 2�t].

The initial conditions on the expanded domain ⌦(t
0

+ �t) are determined by the

solutions at the final time of the previous invasion step, as detailed in Trucu et al.
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(2013), namely,

c
n

⌦(t

0

+�t)

(x, t
0

+�t) = c
n

⌦(t

0

)

(x, t
0

+�t)(�
⌦(t

0

)

S
✏Y 2P ✏Y

⇤  
�

) (2.9)

v
⌦(t

0

+�t)

(x, t
0

+�t) = v
⌦(t

0

)

(x, t
0

+�t)(�
⌦(t

0

)

S
✏Y 2P ✏Y

⇤  
�

+ �
Y \⌦(t

0

)

S
✏Y 2P ✏Y

⇤  
�

)

where n = 1, 2 denotes the cancer cell subpopulations c
1

and c
2

and �
⌦(t

0

)

S
✏Y 2P ✏Y

⇤

 
�

and �
Y \⌦(t

0

)

S
✏Y 2P ✏Y

⇤  
�

are the characteristic functions corresponding to the

sets ⌦(t
0

)
S

✏Y 2P
✏

✏Y and Y \ ⌦(t
0

)
S

✏Y 2P
✏

✏Y , and choosing � ⌧ ✏

3

,  
�

: RN !

R
+

is constructed as a smooth compact support function with supp( 
�

) = {z 2

RN | ||z||
2

 �}. That is the standard mollifier defined in Trucu et al. (2013), and

described in Appendix C.1.

2.2.3 Summary of the Global Multiscale Model

At each stage of the invasion process, the macro-scale dynamics govern the spatial

distributions of both cancer cell populations and the ECM density. The initial

distribution of cancer cells ⌦(t
0

) induce a source of MDEs (2.7) on the boundary at

each micro-domain ✏Y . The microscopic dynamics induce a change in the boundary

position and this movement is then translated back into the macro-scale, where

the new spatial positions of the boundary gx⇤
✏Y

are interpolated with the spatial

positions that could not be moved and a new invading edge in obtained as illustrated

in Figures 2.3 and 2.5. The next macro-micro stage will then proceed using the

solution (2.9) from the previous step as the new initial conditions and invasion will

continue. Once the invasion process has advanced, mutations will begin to occur

between cell populations. The mutated population c
2

carries a higher malignancy

than population c
1

, thus it secretes a higher volume of MDEs, which in turn will

allow the second population to advance quicker.

33



2.3 Numerical approaches and simulations

The numerical scheme developed for the multiscale model described above is organ-

ised on similar structure as the multiscale computational framework introduced in

full details in Trucu et al. (2013), incorporating two big components corresponding

to the macro- and micro-scales processes involved, namely: (1) a finite di↵erences

based macro-solver that addresses the macro-dynamics; and (2) a finite element

micro-solver exploring the micro-dynamics that is based on a standard approach in-

volving bilinear shape functions on a squared mesh for each micro-domain (detailed

in Appendix B.1). While the micro-solver with finite element is precisely the one

used in Trucu et al. (2013), the macro-solver however required further development

of the finite di↵erence scheme to accommodate the second population c
2

and incor-

porate the contribution of the non-local adhesion fluxes A
n

within the right hand

side spatial operator r · [rc
n

�c
n

A
n

(x, t,u(·, t))] appearing in the dynamics of both

cell sub-populations, c
1

and c
2

.

In the following subsection, we will address the all the new developments required

by the macro-dynamics. We start by focussing first on the special treatment for the

spatial discretisation of the adhesion fluxes A
n

, and then we will proceed with the

discretisation of the rest of the terms involved in the spatial operator r · [rc
n

�

c
n

A
n

(x, t,u(·, t))] which will eventually complete the spatial discretisation. Finally,

to complete the scheme, for the time-marching, we use a standard trapezoidal-based

predictor-corrector method in time.
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Figure 2.6: Sensing region B(x,R) approximated by the annulus radial sectors
with the barycentre bS

l

associated to each sector S
l

highlighted with a blue dot.

2.3.1 Brief description of the discretisation of the right hand

side spatial operator in the macro-solver

As already mentioned above, an important aspect within the macroscopic part of

our solver is the numerical approach for the adhesive fluxes A
n

(that explores the

e↵ects of cell-cell and cell-matrix adhesion of population c
n

), which involves o↵-grid

computations and we address these as follows. We decompose the sensing region

B(x,R) in s2m annulus radial sectors S
1

, . . . ,S
2

m (obtained by intersecting s annuli

with 2m uniform radial sectors of B(x,R), as shown in Figure 2.6, with the radius

of the central circle taken small enough so that this is neglected in the subsequent

computation steps). Then, for each S
l

, we evaluate the total population c
1

, total

population c
2

, and the total ECM mass distributed on S
l

that are given by

!S
l

,c

1

(t) :=
1

�(S
l

)

Z

S
l

c
1

(x, t)dx, !S
l

,c

2

(t) :=
1

�(S
l

)

Z

S
l

c
2

(x, t)dx, (2.10)

and !S
l

,v

(t) :=
1

�(S
l

)

Z

S
l

v(x, t)dx,
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respectively. For implementation, for each sector S
l

, we consider first the associ-

ated centroid denoted by bS
l

, and we approximate these mean-values on S
l

simply

through the values of each of these three functions at the centroid bS
l

, namely as:

c
1

(bS
l

, t), c
2

(bS
l

, t) and v(bS
l

, t). These values are obtained by involving Delau-

nay triangulation on the macroscopic mesh for the points within the sensing region

B(0, R) to identify the on-grid triangle �ABC and the associated the barycentre

coordinates �
A

, �
B

, �
C

2 [0, 1] (with �
A

+�
B

+�
C

= 1) for the o↵-grid centroids bS
l

.

These barycentre coordinates are then used to approximate the value of the three

functions simply as

c
1

(bS
l

, t) ' �
A

c
1

(A, t) + �
B

c
1

(B, t) + �
C

c
1

(C, t),

c
2

(bS
l

, t) ' �
A

c
2

(A, t) + �
B

c
2

(B, t) + �
C

c
2

(C, t),

v(bS
l

, t) ' �
A

v(A, t) + �
B

v(B, t) + �
C

v(C, t).

Finally, using bS
l

for the barycenter of S
l

, 8l = 1, . . . , s2m and evaluating the

unit vector n(bS
l

) :=
bS

l

�x

kbS
l

�xk
2

, the adhesion flux A
n

, n = 1, 2, is approximated by

A
n

(x, t,u(·, t)) =
s2

mX

l=1

bS
l

\⌦(t

0

) 6=;

�(S
l

)

R
n(bS

l

) · K(bS
l

)g
n

(ũ(bS
l

, t))

where

ũ(bS
l

, t) := [!S
l

,c

1

(t),!S
l

,c

2

(t),!S
l

,v

(t)]T

and

g
n

(ũ(bS
l

, t)) = [S
cc

[!S
l

,c

1

(t),!S
l

,c

2

(t)]T + S
cv

!S
l

,v

(t)] · (1� ⇢(ũ(bS
l

, t)))+

For the actual implementation, we discretise the entire domain Y by considering

a uniform spatial mesh of fixed size h > 0, i.e., �x = �y = h as well as the time
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interval [t
0

, t
0

+�t] into k uniformly distributed time steps, i.e., �
⌧

= �t

k

. In order to

approximate the reaction-di↵usion equations (2.1), we develop a predictor-corrector

in time scheme; whilst the term r · [rc
n

� c
n

A
n

(x, t,u(·, t))] will be approximated

through a second-order mid-point rule (LeVeque, 2007) as detailed below.

In brief, for any time step of index p = 0, ..., k and for the spatial nodes (i, j), where

i = 1, ..., q, j = 1, ..., q are the indices for the x� and y-direction, respectively,

and considering Neumann zero boundary conditions, we introduce the midpoint

approximations as:

8
>>>>>>>>><

>>>>>>>>>:

cp
n,i,j+

1

2

:=
c

p

n,i,j

+c

p

n,i,j+1

2

cp
n,i,j� 1

2

:=
c

p

n,i,j

+c

p

n,i,j�1

2

cp
n,i+

1

2

,j

:=
c

p

n,i,j

+c

p

n,i+1,j

2

cp
n,i� 1

2

,j

:=
c

p

n,i,j

+c

p

n,i�1,j

2

and

8
>>>>>>>>><

>>>>>>>>>:

Ap

n,i,j+

1

2

:=
Ap

n,i,j

+Ap

n,i,j+1

2

Ap

n,i,j� 1

2

:=
Ap

n,i,j

+Ap

n,i,j�1

2

Ap

n,i+

1

2

,j

:=
Ap

n,i,j

+Ap

n,i+1,j

2

Ap

n,i� 1

2

,j

:=
Ap

n,i,j

+Ap

n,i�1,j

2

We also have the following notation for the central di↵erences:

8
>>>>>>>>><

>>>>>>>>>:

[c
n,y

]p
i,j+

1

2

:=
c

p

n,i,j+1

�c

p

n,i,j

�y

[c
n,y

]p
i,j� 1

2

:=
c

p

n,i,j

�c

p

n,i,j�1

�y

[c
n,x

]p
i+

1

2

,j

:=
c

p

n,i+1,j

�c

p

n,i,j

�x

[c
n,x

]p
i� 1

2

,j

:=
c

p

n,i,j

�c

p

n,i�1,j

�x

Using this notation, the approximation for (ignoring the constant parameters at the

moment) r · [rc
n

� c
n

A
n

(x, t,u(·, t))] in (2.1) is as follows:
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r · [rc
n

� c
n

A
n

(x, t,u(·, t))] = div[rc
n

� c
n

A
n

(x, t,u(·, t))]p
i,j

'
[c

n,x

]p
i+

1

2

,j

� [c
n,x

]p
i� 1

2

,j

� cp
n,i+

1

2

,j

· Ap

n,i+

1

2

,j

+ cp
n,i� 1

2

,j

· Ap

n,i� 1

2

,j

�x

+
[c

n,y

]p
i,j+

1

2

� [c
n,y

]p
i,j� 1

2

� cp
n,i,j+

1

2

· Ap

n,i,j+

1

2

+ cp
n,i,j� 1

2

· Ap

n,i,j� 1

2

�y

(2.11)

For the time discretisation of equation (2.6), following Trucu et al. (2013), we have

used a predictor-corrector method, where the predictor is given by a second-order

Adams-Bashforth scheme and the corrector uses a second-order trapezoidal approx-

imation (LeVeque, 2007).

2.3.2 Simulations in two spatial dimensions

To explore numerically multiscale model of cancer invasion given in (2.1)-(2.8), we

consider region Y := [0, 4] ⇥ [0, 4] discretised uniformly with macroscopic spatial

step size h = 0.03125, while the time step is taken here as �
⌧

= 10�3. Assuming

that initially population c
2

has no distribution and population c
1

occupies a region

⌦(0) := B((2, 2), 0.5) positioned at the centre of the domain Y . The initial condition

for cancer cell population c
1

is taken as in Trucu et al. (2013) and is given by

c
1

(x, 0) = 0.5

✓
exp

✓
� ||x� (2, 2)||2

2

0.03

◆
� exp(�28.125)

◆�
�B((2,2),0.5��)

⇤  
�

�
,

where  
�

is the mollifier defined in Trucu et al. (2013) with � << �x

3

. Population c
2

initially has zero density, so c
2

(x, 0) = 0 and we assume a heterogeneous distribution

for the initial ECM density based on the initial condition proposed in Domschke et al.
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(2014) and given by

v(x, 0) = min

⇢
h(x

1

, x
2

),
1� #

c

c(0, x)

#
v

�
, (2.12)

where

h(x
1

, x
2

) =
1

2
+

1

2
sin(⇣x

1

x
2

)3 · sin
✓
⇣
x
2

x
1

◆
, (2.13)

with

(x
1

, x
2

) =
1

3
(x+ 1.5) 2 [0, 1]2 for x 2 Y, ⇣ = 7⇡.

Here we consider the volume fraction of cells and ECM to be #
c

2 [⇡
6

, 1] and #
v

2

[0, 5⇡
6

]. The initial condition for MDEs is m(x, 0) = 0.5c
1

(x, 0), however since this

closely resembles the profile of the cancer cell distribution, we shall not present the

simulation results of MDE concentration. The initial conditions of the combined

cell populations and ECM density can be seen in Figure 2.7.

(a) Initial cancer distribution (b) Initial ECM density

Figure 2.7: Initial conditions showing the distribution of cancer cells (a), and the
density of ECM (b) with the invasive boundary of the tumour represented by the
white contour.

Throughout these simulations, unless otherwise stated, we use the following pa-

rameter set for the non-dimensionalised system of equations (2.1) and (2.6), which
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were estimated based on those used in Domschke et al. (2014), namely:

⌃
p

:
D

1

= 10�3, D
2

= 10�3, � = 2, t
1,2

= 10, ↵
1

= 1 ↵
2

= 1.5

µ
1

= 0.25, µ
2

= 0.25, µ
3

= 0, v
min

= 0.3 � = 0.3

We also have here the adhesive strengths matrices S
cc

and S
cv

given by

S
cc

=

0

@ 0.5 0

0 0.3

1

A and S
cv

=

0

@ 0.3 0

0 0.6

1

A . (2.14)

Initially, we have no cross-adhesion occurring, so S
c

1

,c

2

= 0 = S
c

2

,c

1

. All model

simulations in this thesis have been performed using MATLAB® (MATLAB, 2017).

Figure 2.9 gives simulations using the initial conditions and parameter set ⌃
p

as

stated above. They are shown at stages 25�t, 50�t and 75�t. Here, we also show

the simulations at stage 10�t, Figure 2.8, the stage at which mutations occur. By

this stage, population c
1

has degraded and lowered the density of the ECM in which

the initial cancer distribution was placed. The threshold on which mutations can

occur, �, is higher than the resulting density of ECM, thus when mutations occur,

they only take place on the outer edge of the tumour, where � > 0, as the ECM

density is too low inside to support the mutations. The white contour shows the

proliferating boundary of the tumour, which, at this stage has consistently expanded

outwards into the ECM. Due to the initial conditions of the ECM, there are patches

of high and low density areas throughout the domain. These patches vary in distance

and size from one another, which reflects a non-symmetric microenvironment for the

cells. The pattern of the advancing front of the tumour loosely follows this pattern of

ECM. Where there are dense patches of low density we see slower cancer progression;

this is because there is a lower overall density of matrix for the cells to adhere.

After 25 macro-micro stages, 25�t, population c
1

and c
2

are both increasing in

density, with population c
1

changing shape as the cells continue to mutate. As the
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(a) population c

1

(b) population c

2

(c) combined populations (d) ECM density

Figure 2.8: Simulation results of model at stage 10�t when the mutations from
population c

1

start to occur.

tumour spreads, a larger region of ECM is degraded, which is shown in the plot for

ECM.

As the cancer continues to invade, a wider region of the ECM is destroyed and

the proliferating edge of the tumour continues to reach outwards, see stages 50�t

and 75�t in Figure 2.9. The invasive edge of the tumour loosely follows the pattern

of ECM at each stage, and small islands start to appear over low density patches

of ECM. These islands have zero ECM density and hence cause the cancer cells to

be slow to invade as there is an insu�cient level of ECM for which the cells can
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25�t

c
1

50�t 75�t

c
2

c
1

+c
2

v

Figure 2.9: Simulation results of model using the parameter set ⌃
p

and adhesion
matrices (2.14). Plots of both cancer populations c

1

and c
2

, as well as the combined
cancer distributions and the ECM densities at stages 25�t, 50�t, and 75�t.

adhere. This pattern of the boundary is due to the multiscale nature of the invasion

process, where the macro-dynamics govern the source of the MDEs on the invading
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edge and then movement of the boundary is determined in each boundary cube ✏Y

by the resulting micro-dynamics. The MDEs produced by the cancer cells can only

degrade locally; this becoming apparent from the resulting ECM plots.

25�t

c
1

50�t 75�t

c
2

c
1

+c
2

v

Figure 2.10: Simulation results of model using the parameter set ⌃
p

and adhesion
matrices (2.14) with ECM remodelling introduced, µ

3

= 0.04. Plots of both cancer
populations c

1

and c
2

, as well as the combined cancer distributions and the ECM
densities at stages 25�t, 50�t, and 75�t.

We now want to consider the e↵ect of matrix remodelling on the progression of
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cancer. Figure 2.10 shows simulations again using the parameter set ⌃
p

, but this

time with the ECM remodelling rate µ
3

being increased from 0 to 0.04. Here we see

that the spread of cancer is ultimately covering a larger area than in the absence

of remodelling, Figure 2.9. Population c
2

displays a much larger spread of density

surrounding population c
1

than in the absence of ECM remodelling. The increased

density of ECM surrounding the cells gives more opportunity for adherence and

opens a greater number of pathways in which the cells can invade.

The boundary of the cancer is following the pattern of the ECMmore consistently

than in Figure 2.9, this is due to the higher density of the remodelled ECM allowing

for stronger adhesive qualities between the cancer cells and ECM. We can again see

the invasion briefly halted at patches of lower density, but this is for a shorter period

than before, with the islands being fully invaded by the later stages.

Figure 2.11 gives simulations where the cell-matrix adhesion between cancer cell

population c
1

and the ECM, S
c

1

,v

, has been increased from 0.3 to 0.5 and the cell-

matrix adhesion between cell population c
2

and the ECM, S
c

2

,v

, has been decreased

from 0.6 to 0.5, i.e., the adhesion rate between the cells and matrix are equal for both

populations. The proliferating edge of the tumour is lobular in the way it follows

the pattern of the ECM, much like the simulations in Figure 2.9, with protrusions

pushing out in the direction of high density areas of the matrix. Although the cell-

matrix adhesion term is now equal for both populations, the S
c

1

,c

1

and S
c

2

,c

2

have

remained the same, thus we do not see a great change in the profile of the levels

of cancer cell densities of the main body of the tumour itself, but we instead see

a di↵erence in the pattern of the invading edge of the tumour, due to the further

spread of the lower levels of these densities closer to the invasive edge of the tumour.

The increase in adhesion between population c
1

and the matrix sees the invading

boundary stick closer to the main body of the tumour, particularly to population
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v

Figure 2.11: Simulation results of model using the parameter set ⌃
p

and cell-
matrix adhesion terms S

c

1

,v

= 0.5 = S
c

2

,v

. Plots of both cancer populations c
1

and
c
2

, as well as the combined cancer distributions and the ECM densities at stages
25�t, 50�t, and 75�t.

Finally, we investigate the e↵ects of cell-cell adhesion and in particular cross-

adhesion. Cross-adhesion is when di↵erent cancer cell populations adhere to one

another. Here we set S
c

1

,c

2

= S
c

2

,c

1

as both populations will have the same rate
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of adherence to each other. We look at the case using parameter set ⌃
p

and the

adhesion matrices

S
cc

=

0

@ 0.5 0.5

0.5 0.3

1

A and S
cv

=

0

@ 0.3 0

0 0.6

1

A , (2.15)

Our simulations in this case, shown in Figure 2.12, exhibit the same general

morphology of the tumour boundary as in results with no cross-adhesion present,

mainly due to the fact that in this work both cancer cell population are assumed to

degrade the ECM at the same rate. However, the di↵erence with respect to the no

cross-adhesion case is emphasized by the spatial distribution of the two cancer cell

populations within the main body of the tumour. Population c
1

remains consistent

with results computed in Figure 2.9, however population c
2

exhibits di↵erent be-

haviour. We can distinguish now two higher density patches of c
2

densities which do

not spread away from the significantly high levels of c
1

cell density and rather build

up in their immediate proximity. Combining the cell populations now gives an in-

creasingly contained spread of the tumour. This result is to be expected because the

cells are now more inclined to stick together, rather than invade outwards, and al-

though the adherence between cell populations has increased, their adhesion towards

the matrix has stayed the same, hence we observe no di↵erence in the movement

of the boundary. This di↵erence is also consistent with the other no cross-adhesion

cases considered in Figs. 2.10 and 2.11.

2.3.3 Sensitivity to Initial Conditions

To address sensitivity with respect to initial data, we present and discuss here the

results of four di↵erent sets of initial conditions for the ECM that are induced (2.12)

with (2.13) by function h given in (2.16), which are gradually convergent towards the
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Figure 2.12: Simulation results of model using the parameter set ⌃
p

and adhesion
matrices (2.15) which consider the inclusion of cross adhesion between cell sub-
populations. Plots of both cancer populations c

1

and c
2

, as well as the combined
cancer distributions and the ECM densities at stages 25�t, 50�t, and 75�t.

case of homogeneous ECM. Figure 2.13(a) illustrates a homogenous ECM induced

in (2.12) by the limit case for h that we obtain as n ! 1, namely h(x
1

, x
2

) = 1

2

.

Figure 2.13(b) and 2.13(c) use the initial condition (2.12), where the equation for
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h(x
1

, x
2

) is changed to

h(x
1

, x
2

) =
1

2
+

1

2n
sin(⇣x

1

x
2

)3 · sin(⇣ x2

x
1

), (2.16)

with n = 3, 5 for Figure 2.13(b) and 2.13(c), respectively. Using this form e↵ectively

flattens down the high density regions of the heterogeneous ECM, making it pro-

gressively closer to a homogeneous case, who exhibits a symmetric growth. Finally,

Figure 2.13(d) shows the simulations using the initial conditions (2.12) with (2.13),

as in Figure 2.9. The main body of the tumour remains similar from each initial

condition of ECM as all coe�cients remain the same as in the no cross-adhesion case

shown in Figure 2.9. The di↵erences between the invading boundaries are clearly

visible, ranging from a symmetric expansion of the boundary for homogeneous initial

conditions to a fingering leading edge for heterogeneous conditions. We conclude

that as the initial condition for the ECM becomes increasingly heterogeneous, the

proliferating edge of the tumour becomes consistently more lobular in its invasion.

2.4 Discussion

We have presented a multiscale moving boundary model which builds on previous

framework proposed by Trucu et al. (2013) by exploring adhesive dynamics (Dom-

schke et al., 2014) between a heterogeneous cancer cell population and the surround-

ing microenvironment. This considers both the macro-scale dynamics of two cancer

cell sub-populations within the ECM and their influence on the micro-scale MDEs

molecular dynamics occurring at the cell-scale along the invasive edge of the tu-

mour. This macro-micro top-down link is given here via the source of MDEs that

are secreted by the cancer cells from both c
1

and c
2

sub-populations arriving within

the outer proliferating rim of the tumour. In turn, the micro-dynamics occurring
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�t

(a)

�t 75�t

(b)

(c)

(d)

Figure 2.13: Simulation results showing di↵erent initial conditions for the ECM.
Plots showing ECM and the combined cancer distribution at their initial stage �t,
and the tumour at final stage 75�t.

on the cell-scale enables a micro-macro feedback in the form of a bottom-up link

by providing the movement direction and displacement magnitude of the tumour

boundary.

In contrast with results from the previous framework proposed in Trucu et al.

(2013) (which only included a local haptotactic term and no cell adhesion), here
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we have shown that the inclusion of cell-cell and cell-matrix adhesion changes the

way in which the cancer progresses. The computational results presented in this

chapter have shown that the initial tumour region exercises greater movement than

in the absence of adhesive qualities. We then incorporate another cell population

and further explore the interactions between both cancer cell populations and their

microenvironment. We have shown that in the presence of ECM remodelling, there

is a greater spread of cancer cells as there is more opportunity for adherence which

allows the cells to move. Increased cell-matrix adhesion, in particular between c
1

and

v, has shown that a change in cell-matrix adhesion will not necessarily change the

main body of the tumour, but it induces a change in the invading boundary, becom-

ing very lobular when following the pattern of the ECM. Adding cross-adhesion to

these models has shown how the di↵erent cell populations mix with one another and

exhibits a denser region of population c
2

which remain in the proximity of highest

regions of c
1

density. Finally, we investigated the e↵ects of varying initial condi-

tions of ECM, starting with a homogeneous distribution and becoming increasingly

heterogenous. We have concluded that as the initial ECM distribution increases in

heterogeneity, the proliferating boundary of the tumour becomes more lobular.

To gain further understanding of how cancer cells invade, focus must be placed

on the surrounding microenvironment. The extracellular matrix is made from many

di↵erent components, most of which play a vital role in cancer invasion. The main

component of the ECM is collagen, particularly collagen type I which provides the

matrix with its structure and flexibility. Investigations into the mesenchymal mo-

tion of tumour cells (Chauviere et al., 2007; Hillen, 2006; Painter, 2008), shows that

the di↵erence between undirected and directed fibres is of high importance. Undi-

rected fibres are symmetrical along their axes and their direction is identical at both

ends, an example of this type of fibre would be collagen in the human body. Un-
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like undirected fibres, directed fibres are unsymmetrical and can be distinguished

at both ends. Recent work considering fibres by Wang et al. (2008), focussed on

directed fibres, have highlighted di↵erences between directed and undirected fibres

using a one-dimensional model. The addition of fibres, directed or undirected, into

the multiscale model would greatly change the pattern of invasion. Several other

components of the ECM such as fibronectin, laminin and a variety of di↵erent MMPs

are also vital in tumour invasion and a greater mathematical understanding of these

would allow for an overall better understanding of cancer progression.
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Chapter 3

Dynamic fibre redistribution and

cell adhesion

Aims and Novelty: In this chapter we consider the new concept of a heteroge-

neous two-phase ECM consisting of a fibres and non-fibres component. We intro-

duce a second micro-scale to the moving boundary multiscale model introduced in

Chapter 2 to consider a completely novel underlying fibre network and explore both

the influence of the fibres on the macroscopic cancer dynamics as well as cancer

cell-induced microscopic fibre rearrangement.

3.1 Introduction

One of the first steps of invasion is the degradation and remodelling of the surround-

ing extracellular matrix where a major part of this process is the reorganisation of

the strong collagen fibrils present in the ECM by the cancer cells. Redistribution of

this key structural component of the ECM permits the cells a route of invasion that

is tailored to their specific needs, typically towards areas that are going to further

the growth and spread of the tumour, leading the cells to spread into areas of free
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physical space, or towards areas which hold an abundance of resources.

In this chapter we will highlight the significance of the fibrous structure of the

invading tumour and explore not only the influence of these fibres within the macro-

scopic cancer cell dynamics, but also capture their microscopic rearrangement. To

this end, we consider the two-scale fibres dynamics in the context of the multiscale

moving boundary invasion process as formulated in Trucu et al. (2013), leading this

way to a novel multiscale moving boundary framework, with two simultaneous but

di↵erent in nature micro-dynamic processes that are each connected through two

double feedback loops to a shared tissue-scale cancer macro-dynamics.

The content of this chapter has been explored and discussed in full in the pub-

lication Shuttleworth and Trucu (2019c).

3.2 The Novel Multiscale Modelling Framework

Building on the multiscale moving boundary framework initially introduced in Trucu

et al. (2013) and taken forward in Chapter 2, in the following we describe the novel

modelling platform for cancer invasion. Besides the underlying tumour invasive edge

two-scale proteolytic activity of the matrix degrading enzymes considered in Trucu

et al. (2013), the new modelling framework will now incorporate and explore the

multiscale ECM fibre dynamics within the bulk of the invading tumour, accounting

in a double feedback loop for their microscopic rearrangement as well as their macro-

scale e↵ect on cancer cell movement.

Let us denote the support of the locally invading tumour by ⌦(t) and assume that

this evolves within a maximal environmental tissue cube Y 2 RN , with N = 2, 3,

which is centred at the origin of the space. In this context, at any tissue-scale

spatio-temporal node (x, t) 2 ⌦(t) ⇥ [0, T ], we consider the tumour as being a

dynamic mixture consisting of a cancer cell distribution c(x, t) combined with a
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cumulative extracellular matrix density v(x, t) := F (x, t) + l(x, t) whose multiphase

configuration (F, l) will be detailed in Sections 3.3-3.3.1.

3.2.1 The multiscale moving boundary perspective

While postponing for the moment the precise details of the macro-dynamics (leaving

this to be fully introduced and explored in Section 3.3.2), since the novel modelling

platform that we develop here builds on the initial multiscale moving boundary

framework proposed in Trucu et al. (2013), let us start by devoting this entire

section to briefly revisiting and summarising the main features of the general two-

scale moving boundary approach. In this context, let us express for the moment

the tissue-scale tumour macro-dynamics on the the evolving ⌦(t) in the form of the

following pseudo-di↵erential operator equation

T (c, F, l) = 0 (3.1)

where T (·, ·, ·) denotes an appropriately derived reaction-di↵usion-taxis operator

whose precise form will be completely defined in Section 3.3.2. Furthermore, as de-

tailed in Trucu et al. (2013), the key multiscale role played by the tumour invasive

proteolytic enzymes processes in cancer invasion is captured here in a multiscale mov-

ing boundary approach where the link between the tumour macro-dynamics (3.1)

and the cell-scale leading edge proteolytic molecular micro-dynamics is captured via

a double feedback loop. This double feedback loop is realised via a top-down and a

bottom-up link which is detailed below.

The top-down link. As discussed previously, cancer invasion is a multiscale

process in which the matrix-degrading enzymes (MDEs), such as matrix metallo-

proteinases (MMP) which are secreted by the cancer cells from within the outer
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proliferation rim of the tumour, are responsible for the degradation of the peritu-

moural ECM, enabling further tumour expansion. Thus, adopting the terminol-

ogy and framework developed in Trucu et al. (2013), this tumour invasive edge

molecular micro-dynamics, which occurs within a cell-scale neighbourhood of the

tumour interface @⌦(t), can be explored on an appropriately constructed bundle

of ✏�size half-way overlapping micro-domains {✏Y }
✏Y 2P satisfying some naturally

arising topological requirements. These requirements ensure that each ✏Y “sits on

the interface” and captures relevant parts of both inside and outside regions of the

tumour where the proteolytic activity takes place (as detailed in Chapter 2, while

for complete details we refer the reader to Trucu et al. (2013)). This allows us to

decouple this leading-edge proteolytic activity in a bundle of corresponding MDE

micro-processes occurring on each ✏Y . In this context, a source of MDEs arises at

each y 2 ✏Y \ ⌦(t
0

) as a collective contribution of all the cells that (subject to

macro-dynamics (3.1)) arrive within the outer proliferating rim at a spatial distance

from y smaller than a certain radius � > 0 (representing the maximal thickness of

the outer proliferating rim). Thus, the source of MDEs that is this way induced by

the macro-dynamics at the micro-scale on each ✏Y realises a significant top-down

link that can be mathematically expressed as

1. g
✏Y

(y, ⌧) =

R

B(y,�)\⌦(t

0

)

↵
1

c(x, t
0

+ ⌧)dx

�(B(y, �) \ ⌦(t
0

))
, y 2 ✏Y \ ⌦(t

0

),

2. g
✏Y

(y, ⌧) = 0, y 2 ✏Y \
�
⌦(t

0

) + {y 2 Y | ||y||
2

< �}),

(3.2)

where B(y, �) := {⇠ 2 Y | k y � ⇠ k1 �} and ↵
1

is an MDE secreting rate for

the cancer cell population. In the presence of this source, a cross interface MDEs

transport takes place. As in this Chapter we only consider the micro-dynamics of a

55



single class of MDEs, such as MMPs, this simply results in a di↵usion type transport

over the entire ✏Y micro-domain, and so denoting the MDE molecular density by

m(y, ⌧), this can be mathematically formulated as

@m

@⌧
= D

m

�m+ g
✏Y

(y, ⌧), y 2 ✏Y, ⌧ 2 [0,�t], (3.3)

The bottom-up link. During the micro-dynamics (3.3), the MDEs transported

across the interface in the peritumoural region interact with ECM distribution that

they meet in the immediate tumour proximity outside the cancer region within each

boundary micro-domain ✏Y . On each micro-domain ✏Y , provided that a su�cient

amount of MDEs have been transported across the cancer invading edge enclosed

in this micro-domain, it is the pattern of the front of the advancing spatial distri-

bution of MDEs that characterises the way in which the ECM is locally degraded.

As introduced and described in Trucu et al. (2013), within each ✏Y , the pattern of

degradation of ECM caused by the significant levels of the advancing front of MDEs

give rise to a direction ⌘
✏Y

and displacement magnitude ⇠
✏Y

(detailed previously in

Chapter 2), which determine the cancer boundary movement characteristics rep-

resented back at macro-scale through the movement of the appropriately defined

boundary mid-points x⇤
✏Y

to their new spatial positionsgx⇤
✏Y

. Thus, over a given time

perspective [t
0

, t
0

+ �t], the bottom-up link of the interaction between the prote-

olytic tumour invasive edge micro-dynamics and macro-scale is realised through the

macro-scale boundary movement characteristics that are provided by the micro-scale

MDEs activity, leading to the expansion of the tumour boundary ⌦(t
0

) to an en-

hanced domain ⌦(t
0

+�t) where the multiscale dynamics is continued as described

in Chapter 2.
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3.3 The multiscale and multi-component struc-

ture of the ECM

To gain a deeper understanding of the invasion process, in this chapter we pay special

attention to the ECM structure within the overall multiscale dynamics. While in

previous multiscale approaches (such as those proposed in Peng et al. (2017); Trucu

et al. (2013)) the ECM has been considered as a “well mixed” matrix distribution,

with no individual components taken in to consideration, in the following we account

for the structure of the ECM by regarding this as a two-component media. The first

ECM component that we distinguish accounts for all significant ECM fibres such as

collagen fibres or fibronectin fibrils. This will be denoted by F (x, t) and will simply

be referred to as the fibres component. Finally, the second ECM component that

we distinguish consists of the rest of ECM constituents bundled together. This will

be referred to as the non-fibres component and will be denoted by l(x, t).

Figure 3.1: Schematic showing copies of �Y cube on the grid with micro-fibres
distribution in green and their induced macroscopic direction ✓

f

(x, t) in pale blue.

While from the tissue-scale (macro-scale) stand point the fibres are regarded as

a continuous distribution at any x 2 Y , from the cell-scale (micro-scale) point of
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view, a specific micro-structure can be in fact distinguished as a mass-distribution

of the ECM micro-fibres f(z, t) that are spatially distributed on a small micro-

domain of micro-scale size � > 0 centred at any macroscopic point x 2 Y , namely

on �Y (x) := �Y + x.

(a) Graph of micro-fibre distribu-
tion on �Y (x)

(b) 2D color plot of the micro-fibre
distribution on �Y (x)

Figure 3.2: Micro-fibre distribution on �Y (x).

In this context, as we will detail below, the microscopic mass-distribution of ECM

micro-fibres will be able to supply important macro-scale fibre characteristics, both

in terms of their associated macroscopic fibre orientation ✓
f

(x, t) and magnitude

F (x, t), which will be introduced in Section 3.3.1. Figure 3.1 illustrates such micro-

fibres distribution in micro-domains �Y (x), x 2 ⌦(t). A concrete example of such

micro-scale fibres pattern is then proposed in Figure 3.2, this being given as

f(z, t) :=
X

j2J

 
h

j

(z)(�
(���)Y (x)

⇤  
�

)(z) (3.4)
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where { 
h

j

}
j2J are smooth compact support functions of the form

 
h

j

: �Y (x) ! R

which, at every z := (z
1

, z
2

) 2 �Y (x), are given by:

 
h

j

(z
1

, z
2

) :=

8
><

>:

C
h

j

e
� 1

r

2

fib

�(h

j

(z

2

)�z

1

)

2

, if z
1

2 [h
j

(z
2

)� r
fib

, h
j

(z
2

) + r
fib

],

0, if z
1

62 [h
j

(z
2

)� r
fib

, h
j

(z
2

) + r
fib

].

(3.5)

with r
fib

> 0 being the width of the micro-fibres and C
h

j

being constants that

determine the maximum hight of  
h

j

along the smooth paths {h
j

}
j2J in �Y (x) given

by a combination of five distinctive micro-fibres patterns that are defined along the

following smooth paths {h
j

}
j2J :

h
1

: z
1

= z
2

; h
2

: z
1

=
1

2
; h

3

: z
1

=
1

5
; h

4

: z
2

=
2

5
; and h

5

: z
2

=
4

5
.

Finally, �
(���)Y (x)

(·) represents the characteristic function of the cubic micro-

domain (� � �)Y (x) centred at x and of size (� � �), with � > 0 a small enough

radius, while  
�

is the standard mollifier that is smoothing out this characteristic

function to a smooth compact support function on �Y ,  
�

: RN ! R
+

(which was

used also in Trucu et al. (2013)) is defined as usual, namely

 
�

(x) :=
1

�N
 
�x
�

�
,

where  is the smooth compact support function given by

 (x) :=

8
>><

>>:

exp

1

kxk2
2

�1

R

B(0,1)

exp

1

kzk2
2

�1

dz

, if x 2 B(0, 1),

0, if x 62 B(0, 1).
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Furthermore, as we will discuss in the following, while the fibre micro-structure

will be dynamically rearranged at micro-scale by the incoming flux of cancer cell

population, their “on the fly” updated revolving orientation ✓
f

(x, t) and magnitude

F (x, t) will be involved in the dynamics at macro-scale.

3.3.1 Macroscale fibres orientation and magnitude induced

by the ECM micro-fibres spatial distribution at mi-

croscale: derivation and well-posedness

On every micro-domain �Y (x) centred at a macro-point x 2 ⌦(t), at a given time

instance t 2 [0, T ], the spatial distribution of the micro-fibres f(z, t) on �Y (x)

naturally provides a cumulative revolving orientation of these with respect to the

barycentre x, and to derive this we proceed as follows.

Considering an arbitrary dyadic decomposition {D
j

}
j2J

n

of size �2�n for the

micro-domain �Y (x), let us denote by z
j

the barycentre of each dyadic cube D
j

.

Then, for any j 2 J
n

, the mass of micro-fibres distributed on D
j

will influence the

overall revolving fibre orientation on �Y (x) through its contribution in direction of

the position vector ��!x z
j

:= z
j

� x in accordance with its weight relative standing

with respect to the micro-fibre mass distributed on all other D
j

covering �Y (x).

Therefore, the overall revolving micro-fibres orientation on �Y (x) associated with
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the dyadic decomposition {D
j

}
j2J

n

is given by:

✓n
f,�Y (x)

(x, t) : =
P
j2J

n

R
D
j

f(⇣,t)d⇣

P
j2J

n

R

D
j

f(⇣,t) d⇣

�!x z
j

=
P
j2J

n

R

D
j

f(⇣,t)d⇣

R

�Y (x)

f(⇣,t)d⇣

�!x z
j

=

P
j2J

n

�
1

�(D
j

)

R

D
j

f(⇣,t)d⇣

�
�(D

j

)

��!
x z

j

R

�Y (x)

f(⇣,t)d⇣

=

R

�Y (x)

⇥ P
j2J

n

�
1

�(D
j

)

R

D
j

f(⇣,t)d⇣

�
�D

j

(z)

��!
x z

j

⇤
dz

R

�Y (x)

f(⇣,t)d⇣

=

R

�Y (x)

⇥ P
j2J

n

�
1

�(D
j

)

R

D
l

f(⇣,t)d⇣

�
�D

j

(z)(z

j

�x)

⇤
dz

R

�Y (x)

f(⇣,t)d⇣

(3.6)

where �(·) is the usual Lebesgue measure and �D
l

(·) is the characteristic function

of the dyadic cube D
l

. Thus, for any n 2 N⇤ denoting the numerator function

g
n

(z) :=
X

j2J
n

✓
1

�(D
j

)

Z

D
j

f(⇣, t) d⇣

◆
�D

j

(z)(z
j

� x), (3.7)

let’s observe immediately that {g
n

}
n2N⇤ is actually a sequence of vector-valued simple

functions that is convergent to f(z, t)(z � x) and that its associated sequence of

integrals converges to the Bochner Intergal of f(z, t)(z � x) on �Y (x) with respect

to �(·) (Yosida, 1980), namely

Z

�Y (x)

f(z, t)(z � x)dz := lim
n!1

Z

�Y (x)

g
n

(z)dz. (3.8)

Hence, from (3.6)-(3.8), we obtain that the sequence of revolving {✓n
f

(x, t)}
n2N⇤ fibres

orientations associated to the entire family of dyadic decompositions {{D
j

}
j2J

n

}
n2N⇤

is convergent to the unique revolving barycentral micro-fibres orientation on �Y (x)
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denoted by ✓
f,�Y (x)

(x, t) and given by

✓
f,�Y (x)

(x, t) := lim
n!1

✓n
f,�Y (x)

(x, t)

= lim
n!1

R

�Y (x)

⇥ P
j2J

n

�
1

�(D
j

)

R

D
j

f(⇣,t)d⇣

�
(z

j

�x)�D
j

(z)

⇤
dz

R

�Y (x)

f(⇣,t)d⇣

=
lim

n!1

R

�Y (x)

g

n

(z)dz

R

�Y (x)

f(⇣,t)d⇣

=

R

�Y (x)

f(z,t)(z�x)dz

R

�Y (x)

f(⇣,t)d⇣

=

R

�Y (x)

f(z,t)(z�x)dz

R

�Y (x)

f(z,t)dz

,

(3.9)

which is actually precisely the Bochner-mean-value of the position vectors function

�Y (x) 3 z 7! z � x 2 RN with respect to the measure f(x, t)�(·) that is induced by

the micro-fibres distribution.

Figure 3.3: Schematic of the fibre micro-domain �Y (x) decomposed into dyadic
cubes shown in green, D

j

, with associated barycentre z
j

in cyan. The position
vectors are shown in dark blue.

Therefore, denoting by ✓
f

(x, t) the macroscopic fibres orientation at (x, t) in-

duced by the revolving barycentral micro-fibres orientation on �Y (x), we have that
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this is given by

✓
f

(x, t) :=
1

�(�Y (x))

Z

�Y (x)

f(z, t)dz ·
✓
f,�Y (x)

(x, t)

k ✓
f,�Y (x)

(x, t) k
2

. (3.10)

Finally, the macroscopic representation of the ECM fibres distributed at (x, t) is

denoted by F (x, t) and is given by the Euclidean magnitude of ✓
f

(x, t), namely:

F (x, t) :=k ✓
f

(x, t) k
2

, (3.11)

and so using now (3.10), from (3.11) we obtain that

F (x, t) : = k ✓
f

(x, t) k
2

= k 1

�(�Y (x))

R

�Y (x)

f(z, t)dz ·
✓

f,�Y (x)

(x,t)

k✓
f,�Y (x)

(x,t)k
2

k
2

= 1

�(�Y (x))

R

�Y (x)

f(z, t)dz ·
k✓

f,�Y (x)

(x,t)k
2

k✓
f,�Y (x)

(x,t)k
2

= 1

�(�Y (x))

R

�Y (x)

f(z, t)dz,

(3.12)

which is precisely the mean-value of the micro-fibres distributed on �Y (x). There-

fore, the macroscopic fibres orientation at (x, t) induced by the revolving barycentral

micro-fibres orientation on �Y (x) has its magnitude given by the mean-value of the

micro-fibres on �Y (x), and since in (3.6)-(3.9) we have ensured the well-posedness

of ✓
f,�Y (x)

(x, t), from (3.10)-(3.12), we obtain that ✓
f

(x, t) and F (x, t) are also well-

posed.

With all these preparations, we are now in the position to describe the tumour

macro-dynamics, which will be detailed in full in the next section.
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3.3.2 Tumour macro-dynamics

To explore mathematically the macro-scale coupled dynamics exercised by the cancer

cells mixed with the ECM, for notation convenience, let’s first gather the macro-

scopic distributions of cancer and the two ECM phases considered here in the three-

dimensional vector

u(x, t) := (c(x, t), F (x, t), l(x, t))T ,

and let’s denote tumour’s volume fraction of occupied space by

⇢(u) ⌘ ⇢(u(x, t)) := #
v

(F (x, t) + l(x, t)) + #
c

c(x, t), (3.13)

with #
v

representing physical space occupied by the fibre and non-fibre phases of

the ECM taken together and #
c

being the fraction of physical space occupied by the

cancer cell population c.

Therefore, focusing first upon the cancer cell population, per unit time, under

the presence of a proliferation law, its spatial dynamics is not only due to random

motility (approximated mathematically by di↵usion), but this is also crucially influ-

enced by a combination of cell adhesion processes that include cell-cell adhesion and

cell-matrix adhesion, with cell-matrix adhesion exhibiting distinctive characteristics

in relation to the two ECM phases (namely: the fibres and non-fibres components).

Hence, assuming here a logistic proliferation law, the dynamics of the cancer cell

population can be mathematically represented as

@c

@t
= r · [D

1

rc� cA(x, t,u(·, t), ✓
f

(·, t))] + µ
1

c(1� ⇢(u))+, (3.14)

where: D
1

and µ
1

are non-negative di↵usion and proliferation rates, respectively,

while A(x, t,u(·, t), ✓
f

(·, t)) represents a non-local constitutive flux term accounting
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for the critically important cell-adhesion processes that influence directly the spatial

tumour movement, whose precise form will be explored as follows.

While generally adopting a similar perspective to the one in Armstrong et al.

(2006); Domschke et al. (2014); Gerisch and Chaplain (2008) concerning cell-cell

adhesion and cell-ECM-non-fibres substrate, here we move beyond the context con-

sidered in those works by accounting for the crucial role played by the cell-fibres

adhesive interaction. Thus, within a sensing radius R, at a given time t and spatial

location x, the adhesive flux associated to the cancer cells distributed at (x, t) will

account for not only the adhesive interactions with the other cancer cells and ECM

non-fibres phase distributed on B(x,R), but this will also appropriately consider

and cumulate the adhesive interaction arising between cancer cells and the oriented

ECM fibres, resulting in the following novel non-local adhesion flux term:

A(x, t,u(·, t), ✓
f

(·, t)) = 1

R

Z

B(0,R)

K(kyk
2

)
�
n(y)(S

cc

c(x+ y, t) + S
cl

l(x+ y, t))

+ n̂(y) S
cF

F (x+ y, t)
�
(1� ⇢(u))+

(3.15)

The influence on adhesive interactions of the distance from the spatial location x is

accounted for through the radial kernel K(·) which explores the decreasing influence

on adhesion-driven migration as the distance from x + y to x within the sensing

region B(x, r) increases and is taken here to be:

K(r) :=
2⇡R2

3

⇣
1� r

2R

⌘
. (3.16)
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While n(·) represents the usual unit radial vector given by

n(y) :=

8
><

>:

y/||y||
2

if y 2 B(0, R) \ {0},

(0, 0) if y = (0, 0),

(3.17)

along which we consider the cell-cell and cell-ECM-non-fibres adhesion bonds estab-

lished between the cancer cells distributed at x and the cells and non-fibre ECM

phase distributed at x+y with strengths S
cc

and S
cl

, respectively. Specifically, while

S
cl

is considered here to be constant, as biological evidence discussed in Gu et al.

(2014); Hofer et al. (2000) suggests that, in direct correlation to collagen levels, it is

the high level of extracellular Ca2+ ions rather than the sole production and pres-

ence of intracellular Ca2+ that enables strong and stable adhesive bonds between

cells, hence directly impacting the strength of cell-cell adhesion, we therefore assume

that S
cc

is dependent on the collagen density, smoothly ranging between 0 and a

Ca2+-saturation level S
max

, this being taken here of the form

S
cc

(x, t) := S
max

e

�
1� 1

1�(1�l(x,t))

2

�
. (3.18)

Finally, the last term in (3.15) considers the crucially important adhesive interactions

between the cancer cells distributed at x and the oriented fibres distributed on

B(x,R). In this context, while the strength of this interaction is proportional to

the macro-scale amount of fibres F (·, t) distributed at x + y, and, as illustrated in

Figure 3.4, the orientation ✓
f

(·, t) of these fibres biases the direction of these adhesive

interactions in the direction of the vector n̂(·) defined by

n̂(y) :=

8
><

>:

y+✓

f

(x+y)

||y+✓

f

(x+y)||
2

, if (y + ✓
f

(x+ y)) 6= (0, 0),

(0, 0) 2 R2, otherwise.

(3.19)
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Figure 3.4: Schematic to describe the process of the new cell-fibre adhesion term
which includes the distribution of fibres. It shows the ball B(x,R) centred at x and
of radius R, the point x+ y with the direction vector n(y) in orange, and the fibre
orientation ✓

f

(x+ y, t) in purple.

Further, per unit time, the fibres distribution are simply degraded by the cancer

cells at macroscale, and so the dynamics of their macroscopic dynamics is simply

governed by
dF

dt
= ��

1

cF, (3.20)

where �
1

describes the rate of degradation. This macroscopic degradation of fibres

is feed back to the micro-fibres f(·, t) on the micro-domains �Y (x) as a factor which

will lower their microscopic height accordingly. To complete the description of the

macroscopic system, the non-fibre ECM is simply degraded by the cancer cells, and

so its dynamics can be mathematically formulated as

dl

dt
= ��

2

cl, (3.21)

where �
2

describes the rate of degradation.
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3.3.3 Microscopic fibre rearrangement induced by the macro-

dynamics

As the cancer cells invade, they push the fibres in the direction they are travelling,

thereby influencing the ECM fibres by their own directive movement. Thus, in

addition to the macroscale fibre degradation (explored in (3.20)), during the tumour

dynamics, at any instance in time t and spatial location x 2 ⌦(t), the cancer cell

population are also pushing and realigning the fibres, causing a microscale spatial

rearrangement of the micro-fibres distributed on �Y (x). Specifically, this micro-

fibres rearrangement is triggered by the macro-scale spatial flux of migratory cancer

cells, namely by

F(x, t) = D
1

rc(x, t)� c(x, t)A(x, t,u(·, t), ✓
f

(·, t)). (3.22)

Under the influence of the flux F(x, t) the fibre rearrangement vector r(�Y (x), t)

arises as a weighted sum between the flux of cancer cells (F(x, t)) incoming at

position (x, t) and the oriented fibres (✓
f

(x, t)) at that position, given as

r(�Y (x), t) := !(x, t)F(x, t) + (1� !(x, t))✓
f

(x, t). (3.23)

The weight is chosen to capture the fact that the impact of the flow is proportional

to the relative mass of cells versus cells and fibres existing at that position (i.e., the

mass fraction of cells within the mixture of cells and fibres), expressed as

!(x, t) =
c(x, t)

c(x, t) + F (x, t)
. (3.24)

Note that (1� !(x, t)) represents the relative mass of fibres versus cells and fibres.

In this context, denoting the barycentric position vector of any micro-scale position
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z 2 �Y (x) by

x
dir

(z) = �!x z,

let’s observe that this microscale fibres rearrangement will be exercised provided

that the micro-fibres f(z, t) would not have already reached a certain maximum

level f
max

(when the micro fibre distribution would be very “sti↵” and the cancer

cells would struggle to move through those micro-locations) and that their movement

magnitude will be a↵ected by the micro-fibre saturation fraction

f ⇤ =
f(z, t)

f
max

(3.25)

combined with size of the micro-scale position defect with respect to r(�Y (x), t) that

is given simply by

||r(�Y (x))� x
dir

(z)||
2

.

(a) Relocation micro-fibre distribu-
tions in �Y (x) within its neighbour-
ing micro-domains

(b) Enlarged version of �Y cube il-
lustrating the components required
for relocation

Figure 3.5: Schematics to describe the process of reallocation of fibre distribution
in each �Y cube.

Therefore, under the action of the rearrangement flux r(�Y (x), t), the micro-

fibres distributed at z will attempt to exercise their movement in the direction of
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the resulting vector x
dir

(z) + r(�Y (x),t), and so their relocation to the correspond-

ing position within neighbouring micro-domain will be given by the vector-valued

function:

⌫
�Y (x)

(z, t) = (x
dir

(z) + r(�Y (x), t)) · f(z, t)(f
max

� f(z, t))

f ⇤ + ||r(�Y (x))� x
dir

(z)||
2

· �{f(·,t)>0} (3.26)

where �{f(·,t)>0} represents the usual characteristic function of the micro-fibres sup-

port set {f(·, t) > 0} := {z 2 �Y (x)| f(z, t) > 0}. Finally, the movement of the

micro-fibres distributed at z to the newly attempted location z⇤ given by

z⇤ := z + ⌫
�Y (x)

(z, t)

is exercised in accordance with the space available at the new position z⇤. Thus,

this is explored here through the movement probability

p
move

:= max
�
0,

f
max

� f(z⇤, t)

f
max

�

which enables only an amount of p
move

f(z, t) of micro-fibres to be transported to

position z⇤ (as illustrated in Figure 3.5), while the rest of (1� p
move

)f(z, t) remains

at z.

3.3.4 Schematic summary of global multi-scale model

In this model, there are two interconnected multi-scale systems, each with their own

distinct cell-scale micro-dynamics, but both of them sharing the same macro-scale

cancer dynamics at the tissue scale, being linked to this through two double feedback

loops, as illustrated in Figure 3.6. The macro-scale dynamics governs the spatial
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Figure 3.6: Schematic summary of global multi-scale model.

distribution of both the invading cancer cells and the fibrous and non-fibrous density

components of the ECM, and is given by the following non-local coupled system:

@c

@t
= r · [D

1

rc� cA(x, t,u(·, t), ✓
f

(·, t))] + µ
1

c(1� ⇢(u))+, (3.27a)

dF

dt
= ��

1

cF, (3.27b)

dl

dt
= ��

2

cl. (3.27c)

Occurring on the cell-scale, the micro-scale part of the first multiscale system con-

trols the dynamic redistribution of microscopic fibres within the entire cancer region.

On each micro-domain �Y (x), the realignment of the existing micro-fibres is trig-
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gered by the spatial flux of cancer cells from the macro-scale and this is realised by

weighted action of this over the oriented macroscopic fibres distribution that they

meet at x. Once all fibre micro-domains within the cancer region have undergone

redistribution, a new macroscopic fibre orientation and mean value per each �Y (x)

is obtained and that in its turn will have its e↵ect in the important cell-adhesion

behaviour that the cancer exhibits at macro-scale. Finally, in the second multi-scale

system, the spatial distribution of cancer cells induces a source of MDEs on the

boundary at the micro-scale level. In return, the leading edge proteolytic micro-

dynamics of MDEs instigates a change in the position of the tissue-scale tumour

boundary that corresponds to the pattern of the peritumoural ECM degradation,

enabling this way the invasion process to continue on the expanding domain.

3.4 Numerical Approach: Key Points of the Im-

plementation

Building on the numerical multiscale platform initially introduced in Trucu et al.

(2013), the implementation of the novel multiscale moving boundary model that

we proposed in this work required a number of new major computational steps,

which will be detailed in the next three subsections. These include a special treat-

ment for several computational aspects, such as those concerned with: macro-scale

computations on the expanding tumour; the macro-scale adhesion term; and a new

predictor-corrector scheme for the cancer dynamics equation (3.27a).

Finally, the approach for the cross-interface proteolytic micro-dynamics on each

tumour boundary micro-domain ✏Y follow precisely the steps described in Trucu

et al. (2013), involving a finite element scheme using bilinear shape functions and

square elements, reason for which we do not include that here.
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3.4.1 Macro-scale computations on the expanding tumour

domain

While considering a uniform spatial mesh of size �x = �y = h for the maximal

cube Y , recorded on a square grid {(x
i

, x
j

)}
i,j=1...M

, with M := length(Y )/h + 1,

the actual macroscopic computation will be performed exclusively on the expanding

tumour ⌦(t
0

) over every macro-micro time interval [t
0

, t
0

+�t] as will be detailed in

the following. Specifically, to explore this, let us first denote by I(·, ·) : {1, ...,M}⇥

{1, ...,M} ! {0, 1} the on-grid cancer indicator function given as usual by

I(i, j) :=

8
><

>:

1 if (x
i

, x
j

) 2 ⌦(t
0

),

0 if (x
i

, x
j

) 62 ⌦(t
0

),

(3.28)

Further, let’s observe that the on-grid closest neighbour indicator functions

I
x,+1

(·,·) , I
x,�1

(·,·), I
y,+1

(·,·) , I
y,�1

(·,·) : {2, ...,M � 1}⇥ {2, ...,M � 1} ! {0, 1},

defined by

I
x,±1

(i, j) := |I(i, j)� I(i, j ± 1)| · I(i, j),

I
y,±1

(i, j) := |I(i± 1, j)� I(i, j)| · I(i, j),
(3.29)

enable us to detect on-the-fly the grid positions immediately outside the cancer

boundary as the points of non-zero value along each spatial direction, given by the

union of preimages I�1

x,�1

({1}) [ I�1

x,+1

({1}) and I�1

y,�1

({1}) [ I�1

y,+1

({1}) for x- and y-

direction, respectively.

Over each macroscale time perspective [t
0

, t
0

+�t] the overall macroscopic scheme

for (3.27) involves the method of lines coupled with a novel predictor-corrector

method for time marching (whose main steps will be detailed in the next subsection),
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the discretisation of the spatial operators appearing in the right-hand side of (3.27a)

is based on central di↵erences and midpoint approximations. For this, considering

a uniform discretisation {t
p

}
p=0...k

of [t
0

, t
0

+ �t], of time step �t > 0, let’s denote

by cp
i,j

, Ap

i,j

, F p

i,j

, lp
i,j

the discretised values of c,A, F, l at ((x
i

, x
j

), t
p

), respectively.

Thus, at any spatial node (x
i

, x
j

) 2 ⌦(t
0

), the no-flux across the moving boundary

dynamics is accounted for via the indicators (3.28)-(3.29) on the expanding spatial

mesh, and results into the midpoint approximations

cp
i,j± 1

2

:=
c

p

i,j

+[I

x,±1

(i,j)c

p

i,j

+I(i,j±1)c

p

i,j±1

]

2

,

cp
i± 1

2

,j

:=
c

p

i,j

+[I

y,±1

(i,j)c

p

i,j

+I(i±1,j)c

p

i±1,j

]

2

,
(3.30)

and

Ap

i,j± 1

2

:=
Ap

i,j

+[I

x,±1

(i,j)Ap

i,j

+I(i,j±1)Ap

i,j±1

]

2

,

Ap

i± 1

2

,j

:=
Ap

i,j

+[I

y,±1

(i,j)Ap

i,j

+I(i±1,j)Ap

i±1,j

]

2

,
(3.31)

while the central di↵erences for c at the virtual nodes (i, j ± 1

2

) and (i ± 1

2

, j) are

given by

[c
x

]p
i,j+

1

2

:= [I

x,+1

(i,j)c

i,j

+I(i,j+1)c

i,j+1

]�c

i,j

�y

,

[c
x

]p
i,j� 1

2

:= c

i,j

�[I

x,�1

(i,j)c

i,j

+I(i,j�1)c

i,j�1

]

�y

,

[c
y

]p
i+

1

2

,j

:= [I

y,+1

(i,j)c

i,j

+I(i+1,j)c

i+1,j

]�c

i,j

�x

,

[c
y

]p
i� 1

2

,j

:= c

i,j

�[I

y,�1

(i,j)c

i,j

+I(i�1,j)c

i�1,j

]

�x

.

(3.32)

Therefore, the approximation for the term r · [D
1

rc � cA(t, x,u(·, t), ✓
f

(·, t))] in
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(3.27a) is obtained as

(r · [D
1

rc� cA(x, t,u(·, t), ✓
f

(·, t))])p
i,j

'
D

1

([c
x

]p
i,j+

1

2

� [c
x

]p
i,j� 1

2

)� cp
i,j+

1

2

· Ap

i,j+

1

2

+ cp
i,j� 1

2

· Ap

i,j� 1

2

�x

+
D

1

([c
y

]p
i+

1

2

,j

� [c
y

]p
i� 1

2

,j

)� cp
i+

1

2

,j

· Ap

i+

1

2

,j

+ cp
i� 1

2

,j

· Ap

i� 1

2

,j

�y
,

(3.33)

and so, denoting by Fp

i,j

the discretised value of the flux F(·, ·) at the spatio-

temporal node ((x
i

, x
j

), t
p

), the spatio-temporal discretisation ofr·F := r·[D
1

rc�

cA(x, t,u(·, t), ✓
f

(·, t))] given in (3.33) can therefore be equivalently expressed in a

compact form as

(r · F)p
i,j

'
Fp

i,j+

1

2

� Fp

i,j� 1

2

�x
+

Fp

i+

1

2

,j

� Fp

i� 1

2

,j

�y
(3.34)

where Fp

i,j± 1

2

:=D
1

[c
x

]p
i,j± 1

2

� cp
i,j± 1

2

·Ap

i,j± 1

2

and Fp

i± 1

2

,j

:=D
1

[c
y

]p
i± 1

2

,j

� cp
i± 1

2

,j

·Ap

i± 1

2

,j

.

3.4.2 Adhesive flux computation

As already mentioned above, an important aspect within the macroscopic part of our

solver is the numerical approach addressing the adhesive flux A(x, t,u(·, t), ✓
f

(·, t)),

which explores the e↵ects of cell-cell, cell-ECM-non-fibre and cell-fibre adhesion of

cancer cell population. Although to a certain extent we adopt a similar approach to

the one that we previously proposed in Chapter 2 and detailed in Shuttleworth and

Trucu (2018) (for a similar macro-scale invasion context but in the absence of fibre

dynamics), the numerical approximation for the non-local termA(x, t,u(·, t), ✓
f

(·, t))

involves a series of o↵-grid computations on a new decomposition of the sensing

region, developing further the approach introduced in Section 2.3.1 in Chapter 2 and

adapting that to the new context of the current macro-model. For completeness, we
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detail this here as follows. Thus, at a given spatio-temporal node ((x
i

, x
j

), t
p

), we

decompose the sensing region B((x
i

, x
j

), R) in

q :=
sX

i=1

2m+(i�1) annulus radial sectors S
1

, . . . ,S
q,

which are obtained by intersecting each annulus i 2 {1, ..., s} annuli with a corre-

Figure 3.7: Sensing region B(x,R) approximated by the annulus radial sectors
with the barycentre bS

⌫

associated to each sector S
⌫

highlighted with a blue star.

sponding number of 2m+(i�1) uniformly distributed radial sectors of B((x
i

, x
j

), R),

as shown in Figure 3.7, while considering the remaining central circle to be of a

computationally negligible radius. Then, using a standard barycentric interpolation

approach for approximating the o↵-grid values, 8⌫ 2 {1, . . . , q}, on each annulus

sector S
⌫

, we calculate the mean-values of all the macro-scale densities of cancer

cells c(·, t
p

), ECM non-fibres component l(·, t
p

), macroscopic ECM fibres F (·, t
p

)
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and their associated directions ✓
f

(·, t
p

), namely:

W p

S
⌫

,c

:= 1

�(S
⌫

)

R

S
⌫

c(⇠, t
p

) d⇠, W p

S
⌫

,l

:= 1

�(S
⌫

)

R

S
⌫

l(⇠, t
p

) d⇠,

W p

S
⌫

,F

:= 1

�(S
⌫

)

R

S
k

F (⇠, t
p

) d⇠, and W p

S
⌫

,✓

f

:= 1

�(S
⌫

)

R

S
⌫

✓
f

(⇠, t
p

) d⇠,

respectively. Further, 8⌫ 2 {1, . . . , q}, denoting by bS
⌫

the barycenter of S
⌫

, this

enable us to evaluate the unit vector denoted by n
⌫

that points from the centre of

the sensing region to bS
⌫

, i.e.,

n
⌫

:=
bS

⌫

� (x
i

, x
j

)

k bS
⌫

� (x
i

, x
j

) k
2

,

as well as the corresponding macroscopic vector accounting for the influence of the

cumulative mean-value direction of the fibres on S
⌫

, namely

bnp

⌫

:=
n
⌫

+W p

S
⌫

,✓

f

k n
⌫

+W p

S
⌫

,✓

f

k
2

,

Thus, finally, the approximation of the adhesion flux A(x, t,u(·, t), ✓
f

(·, t)) at the

spatio-temporal node ((x
i

, x
j

), t
p

), is denoted by Ap

i,j

and is given by

Ap

i,j

=
1

R

qX

⌫=1

bS
⌫

2⌦(t

0

)

K(bS
⌫

)[n
⌫

·(S
cc

W p

S
⌫

,c

+ S
cl

W p

S
⌫

,l

) + bnp

⌫

· S
cF

W p

S
⌫

,F

](1� ⇢(up

bS
⌫

))+�(S
⌫

),

(3.35)

where, 8⌫ 2 {1, . . . , q}, denoting up

bS
⌫

:= [W p

S
⌫

,c

,W p

S
⌫

,l

,W p

S
⌫

,F

]T , we have that ⇢(up

bS
⌫

)

is volume fraction defined in (3.13) that corresponds to the discrete vector up

bS
⌫

.
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3.4.3 Time-marching: the predictor-corrector step

For the time discretisation of equation (3.27a), we develop a novel predictor-corrector

scheme involving a non-local trapezoidal corrector. For this, let us denote byH(·, ·, ·)

the right-hand side spatial operator of (3.27a), which is defined as follows. At any

instance in time and any corresponding triplet (F , c,u) of given spatially discretised

values for the flux F , the cell population c, and the tumour vector u, by ignoring

for simplicity the time notation we have that H is given by

H(F
i,j

, c
i,j

,u
i,j

) := (r · F)
i,j

+ µ
1

c
i,j

(1� ⇢(u
i,j

)), (3.36)

where the spatial discretisation (r · F)
i,j

is given here still by (3.34) but applied

to the spatial flux F , and ⇢(u
i,j

) is simply the volume fraction defined in (3.13)

evaluated for the discrete vector u
i,j

:= [c
i,j

, F
i,j

, l
i,j

], 8i, j = 1...M . In this context,

on the time interval [t
p

, t
p+1

], we first predict on-the-fly values for c at t
p+

1

2

, namely

c̃
p+

1

2

i,j

= cp
i,j

+
�t

2
H(Fp

i,j

, cp
i,j

,up

i,j

). (3.37)

where up

i,j

:= [cp
i,j

, F p

i,j

, lp
i,j

], 8i, j = 1...M . Further, using these predicted values c̃p+
1

2 ,

we calculate the corresponding predicted flux at t
p+

1

2

, namely F̃p+

1

2 , and then we

construct a non-local corrector that involves the average of the flux at the active

neighbouring spatial locations

{(x
i

, x
j±1

), (x
i±1

, x
j

), (x
i±1

, x
j�1

), (x
i±1

, x
j+1

)} \ ⌦(t
0

). (3.38)
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Thus, denoting by N the set of indices corresponding to these active locations, we

have that the corrector flux is calculated as

F⇤p+ 1

2

i,j

=
1

card(N )

X

(�,⇣)2N

F̃p+

1

2

�,⇣

, (3.39)

ultimately enabling us to use the trapezoidal approximation to obtain the corrected

value for c at t
p+

1

2

as

c
p+

1

2

i,j

= cp
i,j

+
�t

4

⇥
H(Fp

i,j

, cp
i,j

,up

i,j

) +H(F⇤p+ 1

2

i,j

, c̃
p+

1

2

i,j

, ũ
p+

1

2

i,j

)
⇤

(3.40)

where ũ
p+

1

2

i,j

:= [c̃
p+

1

2

i,j

, F p

i,j

, lp
i,j

], 8i, j = 1...M . Finally, we use the average

c̄
p+

1

2

i,j

:=
cp
i,j

+ c
p+

1

2

i,j

2
(3.41)

to re-evaluate the flux at t
p+

1

2

, namely Fp+

1

2 (corresponding to the average values

c̄p+
1

2 ) and then to initiate the predictor-corrector steps described above on this new

time interval [t
p+

1

2

, t
p+1

]. Thus, following the predictor step, we first obtain the

predicted values at at t
p+1

, namely

c̃p+1

i,j

= c̄
p+

1

2

i,j

+
�t

2
H(Fp+

1

2

i,j

, c̄
p+

1

2

i,j

, ū
p+

1

2

i,j

) (3.42)

where ū
p+

1

2

i,j

:= [c̄
p+

1

2

i,j

, F p

i,j

, lp
i,j

], 8i, j = 1...M . Finally, we correct these values at

t
p+1

with the same non-local trapezoidal-type corrector as described in (3.40), here

involving the corrector flux calculated as average of the predicted flux values F̃p+1

(corresponding to the predicted values c̃p+1) at the active neighbouring locations
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given in (3.38), namely

F⇤p+1

i,j

=
1

card(N )

X

(�,⇣)2N

F̃p+1

�,⇣

. (3.43)

Thus, this last corrector step gives us ultimately the values that we accept at t
p+1

,

namely

cp+1

i,j

= c̄p+1

i,j

+
�t

4

⇥
H(Fp+

1

2

i,j

, c̄
p+

1

2

i,j

, ū
p+

1

2

i,j

) +H(F⇤p+1

i,j

, c̃p+1

i,j

, ũp+1

i,j

)
⇤

(3.44)

where ũp+1

i,j

:= [c̃p+1

i,j

, F p

i,j

, lp
i,j

], 8i, j = 1...M .

Lastly, for the discretisation of (3.27b) and (3.27c), we follow the same predictor-

corrector method as the one used in Trucu et al. (2013), where the corrector part

uses simply a second-order trapezoidal scheme on [t
p

, t
p+1

].

3.5 Computational Simulations and Results

To illustrate our model, we consider the region Y := [0, 4]⇥ [0, 4] and we start our

dynamics by adopting here the same initial condition for c as in Trucu et al. (2013),

namely

c(x, 0) = 0.5

✓
exp

✓
� ||x� (2, 2)||2

2

0.03

◆
� exp(�28.125)

◆⇣
�

B((2,2),0.5��)

⇤  
�

⌘
, (3.45)

where  
�

is the standard mollifier detailed in Appendix C.1 that acts within a

radius � << �x

3

from @B((2, 2), 0.5 � �) to smooth out the characteristic function

�
B((2,2),0.5��)

. Thus, initially, the cancer cell population occupies the region ⌦(0) =

B((2, 2), 0.5) positioned in the centre of Y .
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(a) initial cancer distribution (b) initial ECM density: F (·, 0) + l(·, 0)

(c) initial macro-scale fibres vector field

Figure 3.8: Initial conditions showing the distribution of cancer cells (a), the
homogeneous density of ECM (b) with the invasive boundary of the tumour repre-
sented by the white contour, and the initial macroscopic fibre orientations per each
micro-domain represented by a vector field (c). These vectors have been magnified
from the usual size of the domain for better representation.

Initial condition for the ECM fibre component. For the initial distribution

of the ECM fibre phase, we consider first a generic micro-domain centred at 0 of

cell-scale size � = h, namely �Y , and using the microscopic patterns of fibres de-

fined in (3.5) and illustrated in Figure 3.2, we replicate and centre this micro-fibre

distribution in the cell-scale neighbourhood of any spatial location (x
i

, x
j

) in the

discretisation of Y on the corresponding micro-domain �Y (x
i

, x
j

) := �Y + (x
i

, x
j

).
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The maximal height of the micro-fibres considered here is appropriately calibrated

uniformly across all micro-domains is so that the resulting macroscopic distribu-

tion of fibres F (x, ·) represents a percentage p = 0.2, of the mean density of the

non-fibrous ECM phase. Therefore at initial time t
0

= 0, all fibre micro-domains

�Y (x
i

, x
j

) support identical distributions of micro-fibres, 8i, j = 1...M and as a con-

sequence, every fibre orientation ✓
f

((x
i

, x
j

), 0) exhibits the same initial orientation

and magnitude, as shown in Figure 3.8c.

Finally, for the non-fibre ECM component, we consider both a homogeneous and

a heterogeneous scenario, which will be detailed below.

3.5.1 Homogeneous non-fibre ECM component

The initial distribution of the non-fibre ECM component, l(x, 0), will be in the first

instance taken as the homogenous distribution, namely as l(x, 0) = min{0.5, 1 �

c(x, 0)}. The initial conditions of the cell population c(x, 0) given in (3.45), the full

ECM density v(x, 0) = l(x, 0) + F (x, 0), and the resulting initial fibre orientations

✓
f

(x, 0) can be seen in Figure 3.8. Using the parameter set ⌃
1

, Table 3.1, and the

following adhesive strength coe�cients for cell-cell adhesion, cell-fibre adhesion and

cell-non-fibre ECM adhesion,

S
max

= 0.5, S
cF

= 0.1 and S
cl

= 0.01, (3.46)

respectively, in Figure 3.9 we show the computational results at macro-micro stage

20�t for the evolution of: the cancer cell population in subfigure 3.9a; the full ECM

density in subfigure 3.9b; the macro-scale fibre magnitude in subfigure 3.9c; the

vector field of oriented fibres at two di↵erent resolutions, namely, coarsened twice

and coarsened fourfold in subfigures 3.9d and 3.9f, respectively; and a 3D plot of

the macroscopic oriented fibres in 3.9e.
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Table 3.1: The parameters in ⌃
1

Parameter Value Description Reference
D

1

3.5⇥ 10�4 di↵usion coe↵. for cell population c
1

Domschke et al. (2014)
D

m

10�3 di↵usion coe↵. for MDEs Estimated
µ
1

0.25 proliferation coe↵. for cell population c
1

Domschke et al. (2014)
�
1

2 non-fibrous ECM degradation coe↵. Shuttleworth and Trucu (2019c)
�
2

1.5 macroscopic fibre degradation coe↵. Peng et al. (2017)
↵
1

1 MDE secretion rate of c
1

Estimated
R 0.15 sensing radius Shuttleworth and Trucu (2019c)
r
fib

0.0016 width of micro-fibres Shuttleworth and Trucu (2019c)
f
max

0.6360 max. micro-density of fibres Shuttleworth and Trucu (2019c)
p 0.15-0.2 percentage of non-fibrous ECM Estimated
h 0.03125 macro-scale spatial discretisation size Trucu et al. (2013)
✏ 0.0625 size of micro-domain ✏Y Trucu et al. (2013)
� 0.03125 size of micro-domain �Y Shuttleworth and Trucu (2019c)

Comparing with the initial distributions of cancer cells and ECM displayed in

Figure 3.8, the main body of the tumour is increasing in size, whilst decreasing in

overall density, spreading the initial distribution outwards and creating a plateau of

cancer cells, as shown in subfigure 3.9a. While in the absence of fibres the boundary

of the tumour was expanding isotropically in the case of homogenous ECM, as

shown in Shuttleworth and Trucu (2018); Trucu et al. (2013), a di↵erent situation

we witness here in the case of homogeneous non-fibre ECM as the presence of the

oriented fibres phase of ECM is now taken into consideration. Specifically, the

cancer cell invasion becomes anisotropic, leading to lobular patterns and having

the fibres reaching outwards in the boundary regions of faster tumour progression.

This behaviour is clarified by the fibre vector plot 3.9d where the orientations of the

redistributed fibres can be seen to point in the direction of this lobule on the invasive

edge. The orientation of the fibres is strongly a↵ected during their rearrangement,

with their behaviour dependent on the initial macroscopic density of fibres and
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the spatial flux of the cancer cells. This flux carries a higher weight than the

distribution of fibres and thus the cells ultimately have governance over the direction

of realignment. Finally, Alongside the fibre realignment, the cancer cells also degrade

the fibres, this leading to a low density central region of fibres 3.9c.

As the simulation continue to stage 40�t, the initial main body of the tumour

(consisting of a high density region of cells in the centre of Y ) is spreading out,

following the initial orientation of the fibres, giving rise to lobular progression pattern

for the cell population in this direction, as shown in Figure 3.10a. The boundary

of the tumour has undergone minor changes with respect to stage 20�t shown in

Figure 3.9, the main tumour dynamics occurring mainly on the central cluster of

cells. The non-fibrous part of the ECM is further degraded under the presence of

cancer cells 3.10b, and the fibres are being pushed to the boundary of the tumour

3.10c, creating a larger region of low density ECM.

3.5.2 Heterogeneous non-fibrous ECM component

We now introduce an initially heterogeneous non-fibre ECM component. Whilst

maintaining the same initial conditions for c(x, 0) specified in (3.45) as well as for the

initial distributions of ECMmicro-fibres (illustrated in Figure 3.2), the heterogeneity

of the non-fibre ECM phase will be structured in a similar manner to Domschke et al.

(2014); Shuttleworth and Trucu (2018) using the initial condition

l(x, 0) = min {h(x
1

, x
2

), 1� c(x, 0)} , (3.47)
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where

h(x
1

, x
2

) =
1

2
+

1

4
sin(⇣x

1

x
2

)3 · sin(⇣ x2

x
1

),

(x
1

, x
2

) =
1

3
(x+ 1.5) 2 [0, 1]2 for x 2 Y, ⇣ = 7⇡.

These initial conditions can be seen in Figure 3.11.

Computational results at stage 20�t are shown in Figure 3.12, using the initial

conditions shown in Figure 3.11 and the parameter set ⌃
1

with the adhesive terms

(3.46). Due to the initial distribution of the non-fibrous component of the matrix,

there are patches of high and low density areas, and regions of high tumour density

correspond to the areas of high degradation of fibres and the surrounding non-fibre

ECM 3.12b. The proliferating edge of the tumour is expanding in a lobular fashion,

reaching out to the high density patches and encasing the low density regions in

the process, as the higher ECM density equates to increased opportunity for cell-

adhesion. This is the natural direction in which the tumour cells try to invade,

pushing out from its centre and into the surrounding matrix, and causing the tumour

to encircle itself with a region of higher magnitude fibres, as shown in 3.12c-3.12f.

The macroscopic orientation of the fibres is refashioned 3.12d as the cancer cells

have rearranged and degraded the fibres, leading to significant changes in the fibre

orientations and magnitude patterns near the boundary of the tumour with respect

to their initial state, and causing them both to increase their magnitude and to

point generally toward the the fast invading regions of the cancer boundary. While

the fibre are being pushed and rearranged by the cancer cells outwards, away from

the main body of the tumour, in regions of high cancer density, these are degraded,

as evidenced by the low distribution of fibres in the centre of the tumour, presented

in subfigures 3.12c-3.12f.
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Figure 3.13 illustrates simulations plotted at stage 40�t. The main body of

the tumour is beginning to form new high distribution regions within the highly

degraded patch of ECM, as shown in 3.13a-3.13b. This build up of cells is due to

increasingly higher magnitudes for rearranged fibres with invasion favourable orien-

tations, which result into a significantly higher e↵ect of cell-fibre adhesion leading

to increased transport of cells towards those areas. Islands are forming within the

boundary of the tumour away from the primary tumour mass due to low ECM den-

sity in those regions, which result in weak levels of both cell-non-fibre ECM and

cell-fibre adhesion, and as a consequence the cells take longer time to advance upon

these regions. As shown in Figures 3.13c-3.13f, the fibres persevere in surrounding

the tumour, with their oriented fibres on the central part of the tumour (correspond-

ing to regions of very high cancer cell density) continuing to be strongly degraded

and dominated in their direction by the flow F . Again, high density regions of ECM

fibres equates to more opportunities for cell-fibre adhesion, thus creating a prefer-

ential direction of invasion. The cancer cells are rearranging the fibres to follow this

direction, allowing them an easier route of invasion. As shown in Figure 3.13c, by

the gathering of fibre distributions away from the tumour centre, it is evident that

the cancer cells are pushing the fibres outwards to the boundary of the tumour and

in the direction of the invasion front, as found also in Pinner and Sahai (2008) .

3.5.3 Increased cell-fibre adhesion within the heterogeneous

non-fibre ECM phase scenario

As we explore the e↵ect of the heterogeneous two phase ECM, it is important to

consider the relation between the tumour progression and increased cell-fibre adhe-

sion. By increasing cell-fibre adhesion, we expect the cancer cells to advance further

into their surrounding environment. For that, we double the cell-fibre adhesion,
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taking S
cF

= 0.2, while maintaining the same initial conditions (i.e., for cancer cell

population, those given in (3.45); for fibre ECM phase, those defined in (3.5) and

illustrated in Figure 3.2; and for heterogeneous non-fibrous ECM, those given in

(4.20)) along with the parameters defined in the parameter set ⌃
1

and the cell-cell

and cell-ECM-non-fibres adhesion as stated in (3.46). The computational results

shown for this situation in Figures 3.14 and 3.15, show that the fibres now have

more influence over the route of invasion and its pattern, presenting a leading edge

with a highly lobular structure. There are small islands present in high density re-

gions of the ECM, suggesting the density is simply too high and first requires more

degradation before the cells can completely engulf this area. The overall degradation

of the matrix has remained centralised to the central part of the tumour as before.

Similar to the previous cases considered here, the cancer cells have rearranged the

fibres also in this situation, strongly degrading the fibres in the regions with very

high cancer density 3.14c, whilst the magnitude and orientation of the fibres situ-

ated closer to the tumour periphery have been altered and are positioned similar to

the case where cell-fibre adhesion S
cF

= 0.1, pointing clearly outwards in boundary

regions of increased invasive behaviour.

Figure 3.15 displays computations at stage 40�t. An important di↵erence be-

tween Figures 3.14a and 3.15a is observed within the main body of the tumour.

When the cell-fibre adhesion coe�cient is increased, the central part of the tumour

has an overall higher distribution, and is being pulled in di↵erent directions, as il-

lustrated by the three areas of increased cell distribution. Shown in Figure 3.15d,

the fibre orientations have been realigned, and in boundary regions of faster invasion

the cumulative fibres direction tends to become almost perpendicular to the fibres

from the peritumoural region. The cancer cells attempt to align the fibres with their

own directional preference, i.e., outwards from the centre and towards the higher
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density regions of ECM where they have increased opportunity for adherence. The

cells continue to pursue this goal, as evidenced in Figure 3.15b where we see the

leading edge advancing on the higher density areas of ECM. From our simulations,

we noted that an increase in cell-fibre adhesion causes a larger overall invasion of the

tumour, suggesting that the fibres presence plays an important role in the invasion

of cancer.

3.6 Sensitivity to initial fibre distributions

To address sensitivity to the initial conditions of the model, we present and discuss

the results of four di↵erent initial fibre distributions under both a homogeneous

and heterogeneous non-fibre ECM. By first considering a homogeneous non-fibre-

ECM phase, l(0, t) = 0.5, we construct the initial distributions of fibres by varying

the percentage of the mean density of the non-fibrous ECM phase, namely, p =

0.05, 0.1, 0.15, 0.2. As we increase the percentage of the non-fibre ECM phase, the

fibrous part of the matrix has a progressively larger influence on cell movement. This

behaviour is expected due to their involvement within the cellular adhesion process,

with increased fibre distribution causing a higher a�nity for cell-fibre adhesion.

The main body of the tumour remains symmetrical in the presence of a low

initial fibre distribution p = 0.05, Figure 3.16a. The macroscopic fibre directions

undergo little change here, continuing to exhibit the same direction throughout

the domain, Figure 3.18a. As we increase the distribution of fibres, p = 0.1, the

previous symmetry is lost, Figure 3.16b, and there is a small gathering of cells in

the direction of fibres, Figure 3.18b. Continuing on, p = 0.15, there is a larger

region of cells forming in the direction of fibres and an increase in the size of tumour

boundary, Figure 3.16c. Finally, Figures 3.16d displays results in which the initial

fibre distribution is increased to p = 0.2. Here, the main body of the tumour has
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changed in shape, elongated in the direction of fibres and showing several regions of

high cell distribution. The boundary of the tumour has progressed and has become

irregular in shape with protrusions in the macroscopic direction of fibres, Figure

3.18d. In the presence of a homogeneous non-fibre ECM phase, the di↵erences in

the invading boundaries are clearly visible, ranging from a symmetric leading edge in

low initial fibre distribution to a fingering boundary in high initial fibre distribution.

To compliment these simulations we investigate the same cases of initial fibre

distributions as above coupled with a heterogeneous non-fibre ECM phase (4.20).

Figures 3.19 and 3.20 display computations at stage 40�t of both the cancer cell

population and macroscopic fibre distribution, respectively, and Figure 3.21 gives

the macroscopic fibre directions associated with each case. Similar to in the presence

of a homogeneous non-fibre ECM phase, as the initial fibre distribution is increased,

we see the formation of a larger tumour. The most prominent di↵erence is witnessed

by the case p = 0.2, Figure 3.19d and 3.21d. Here the tumour boundary is covering

a larger area and exhibiting a lobular pattern on the leading edge. This behaviour is

due to both the heterogeneous pattern of non-fibre ECM and increased initial fibre

distributions. Overall, these simulations conclude that a higher initial distribution

of fibres coupled with either a homogeneous or heterogeneous non-fibre ECM phase

results in a more aggressive tumour.

3.7 Discussion

We have presented a novel multi-scale moving boundary model which builds on

previous framework first developed in Trucu et al. (2013). This multiscale model

is developed to explore the adhesive dynamics of a cancer cell population within a

two-phase heterogeneous ECM and its impact over the overall invasion pattern dur-

ing cancer growth and spread within the surrounding human body tissue. The ECM
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is considered here as being a mixture of two constitutive phases, namely a fibre and

non-fibre phase. We pay a special attention to the fibre phase, whose multiscale dy-

namics is explored and modelled in an integrated two-scale spatio-temporal fashion,

with the cell-scale micro-dynamics being connected to the tissue-scale tumour dy-

namic through an emerging double feedback loop. To that end, we developed a novel

multiscale model that explores on one hand the way the fibre micro-dynamics trans-

lates into the macro-scale level fibre dynamics (by providing on-the-fly at tissue-scale

a spatially-distributed vector field of oriented macroscopic fibre that have direct in-

fluence within the tumour progression) and, on the other hand, the way in which the

tissue-scale cancer cell population dynamics causes not only fibres degradation at

macro-scale but also fibres rearrangement at microscale. Finally, the new multiscale

model is embedded within the multiscale moving boundary framework exploring the

leading edge proteolytic activity of matrix degrading enzymes introduced in Trucu

et al. (2013). Thus, we ultimately obtain a novel multi-scale modelling framework

that combines two multiscale sub-systems that contribute to and share the same

macro-dynamics, but have separate micro-scale processes that are simultaneously

connected to the macro-dynamics through two independent feedback loops, with one

of them addressing the cell-scale activity involved in the rearrangement of micro-

fibres within the bulk of the tumour, and the second one exploring the proteolytic

activity within a cell-scale neighbourhood of the tumour boundary.

At the tissue scale, in order to explore the influence of the ECM fibre phase

within the tissue-scale dynamics, besides the usual adhesion terms considered in

Domschke et al. (2014); Gerisch and Chaplain (2008) concerning cell-cell and cell-

ECM-non-fibre adhesion, we derived and introduce a new non-local term in the

macroscopic equation (3.27a) for tumour cell population that accounts for the cell-

fibres adhesion. This new term, explores the critical influence that the macroscopic
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fibre vector field has over the direction of cellular adhesion in the macro-dynamics.

Moreover, as this vector field of oriented ECM fibres is induced from the micro-scale

distribution of micro-fibres, a novel bottom-up feedback link between cell- and tissue-

scale dynamics has this way been identified and explored mathematically.

Further, while the cancer cells degrade both the ECM non-fibre and the ECM

fibre components at macro-scale, it was important to observe that the cancer cell

flux F given in (3.22) causes the rearrangement of the micro-fibres at micro-scale.

To understand this, at any given macro-scale position x 2 ⌦(t) we explored this

macro-micro interacting link on appropriately small cubic micro-domains centred at

x, namely �Y (x), where the distribution of the micro-fibres f(z, t) (with z 2 �Y (x))

induces naturally the fibre magnitude F (x, t) and orientation ✓
f

(x, t), and whose

rigorous derivation and well-posedness was ensured in Section 3.3.1. Futhermore,

while getting balanced by the initial macro-scale orientation of the existing fibres (in-

duced from the distribution of the microfibres on �Y (x), the macro-scale spatial flux

F acts uniformly on the existing distribution of micro-fibres on any micro-domain

�Y (x), causing the micro-fibres initially distributed on �Y (x) to be redistributed

and rearranged in the resulting fibres relocation direction given in (3.26). This fi-

bres relocation direction was obtained as the contribution of the flux F(x, t) and

the fibre vector field ✓
f

(x, t) that are weighted in accordance to the amount of can-

cer cells transported at (x, t) and the magnitude of fibre that they meet at (x, t),

respectively. Finally, this relocation is accomplished to the extent in which the local

microscopic conditions permit, these being explored here through an appropriately

defined movement probability. This way, a top down link was established between

the macro-dynamics and the dynamics fibres rearrangement at micro-scale.

To address this new multiscale modelling platform computationally, we extended

significantly the computational framework introduced in Trucu et al. (2013) by
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bringing in the implementation of the interlinked two-scale fibre dynamics. To that

end, besides the computational approach based on barycentric interpolation that the

micro-scale fibres relocation process has required, the macro-solver needed several

extension to accommodate the new modelling. To that end, alongside the formula-

tion of a new approach to computing on the moving tumour domain, we proposed a

new o↵-grid barycentric interpolation approach to calculate the new adhesion term,

and finally we developed a novel non-local predictor-corrector numerical scheme to

address the challenging macro-scale computational conditions created through the

presence of a multiphase ECM that crucially includes the multiscale dynamics of

the oriented fibres.

Using this multiscale computational approach for the proposed model, we were

able to simulate the multiscale nature of cancer invasion by exploring the link be-

tween the macroscopic spatial distribution and orientation of cancer cells and the

matrix, and the microscopic rearrangement of fibres and micro-dynamics of MDEs

that occur on the proliferating edge of the tumour. Overall, we considered the

invasion of a cancer cell population within both homogenous and heterogeneous

non-fibrous ECM phase, investigating the macro-scale dynamics of the cancer pop-

ulation and macroscopic densities of the ECM components, whilst considering their

influence on both the micro-scale MDEs molecular dynamics occurring at the cell-

scale along the invasive edge and also the microscopic fibre movement occurring

within the boundary of the tumour. Finally, it is worth remarking at this stage that

even in the homogeneous non-fibre ECM, the ECM as a whole will not be homoge-

neous, due to the presence of the oriented fibres that already lead to a constitutive

heterogeneous ECM.

The simulations presented in this Chapter have some similarities with previous

work. We note a general lobular, fingering pattern for the progression of tumour
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boundary, aspect that was observed also in Peng et al. (2017); Trucu et al. (2013) in

the case of heterogeneous ECM. There is a noticeable increase in this behaviour when

the coe�cient of cell-fibre adhesion is increased, suggesting the microscopic fibres

play a key role in the invasion process, aiding in the local progression of the tumour.

It is shown throughout all simulations that, while being degraded by the cancer

cells, the fibres are being pushed outwards from the centre of the domain towards

the boundary (Pinner and Sahai, 2008). This behaviour is known for amoeboid cell

types, and particularly occurs in a loose/soft matrix (Krakhmal et al., 2015), which

is reminiscent of our model as the cancer cells flux rearranges the fibres continuously

at micro-scale. We can conclude from our simulations that a heterogeneous ECM

non-fibrous phase permits for an increase in tumour progression compared to an

initial homogeneous distribution. It is clear that the ECM fibres play an important

role during invasion, with an increase in cell-fibre adhesion displaying a larger overall

region of invasion. This is in line with recent biological experiments that suggest the

organisation of fibronectin fibrils promotes directional cancer migration (Erdogan

et al., 2017).

93



(a) Cancer cell population (b) Matrix distribution

(c) Macroscopic fibre density (d) Fibre orientation - coarsened 2 fold

(e) 3D fibre vector field (f) Fibre orientation - coarsened 4 fold

Figure 3.9: Simulations at stage 20�t with a both a homogeneous non-fibres ECM
phase and a homogenous distribution of the fibre component with parameter set ⌃

1

.
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(a) Cancer cell population (b) Matrix distribution

(c) Macroscopic fibre density (d) Fibre orientation - coarsened 2 fold

(e) 3D fibre vector field (f) Fibre orientation - coarsened 4 fold

Figure 3.10: Simulations at stage 40�t with a both a homogeneous non-fibres
ECM phase and a homogenous distribution of the fibre component with parameter
set ⌃

1

.
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(a) initial cancer distribution (b) Initial ECM density

(c) Initial vector field of fibre directions

Figure 3.11: Initial conditions showing the distribution of cancer cells (a), the
heterogeneous density of ECM (b) with the invasive boundary of the tumour repre-
sented by the white contour, and the initial macroscopic fibre orientations per each
micro-domain represented by a vector field (c). These vectors have been magnified
from the usual size of the domain for better representation.
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(a) Cancer cell population (b) Matrix distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D fibre vector field (f) Fibre vector field - coarsened 4 fold

Figure 3.12: Simulations at stage 20�t with a heterogeneous non-fibres ECM
phase and a homogenous distribution of the fibre component with parameter set ⌃

1

.

97



(a) Cancer cell population (b) Matrix distribution

(c) Macroscopic Fibre density (d) Fibre orientation - coarsened 2 fold

(e) 3D fibre vector field (f) Fibre orientation - coarsened 4 fold

Figure 3.13: Simulations at stage 40�t with a heterogeneous non-fibres ECM
phase and a homogenous distribution of the fibre component with parameter set ⌃

1

.
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(a) Cancer cell population (b) Matrix distribution

(c) Macroscopic fibre density (d) Fibre orientation - coarsened 2 fold

(e) 3D fibre vector field (f) Fibre orientation - coarsened 4 fold

Figure 3.14: Simulations at stage 20�t with a heterogeneous non-fibres ECM
phase and a homogenous distribution of the fibre component with parameter set ⌃

1

and an increased cell-fibre adhesion coe�cient.
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(a) Cancer cell population (b) Matrix distribution

(c) Macroscopic fibre density (d) Fibre orientation - coarsened 2 fold

(e) 3D fibre vector field (f) Fibre orientation - coarsened 4 fold

Figure 3.15: Simulations at stage 40�t with a heterogeneous non-fibres ECM
phase and a homogenous distribution of the fibre component with parameter set ⌃

1

and an increased cell-fibre adhesion coe�cient.
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(a) p = 0.05 (b) p = 0.1

(c) p = 0.15 (d) p = 0.2

Figure 3.16: Simulation results of cancer cell distributions at stage 40�t using
di↵erent percentages of the mean density value of the homogeneous non-fibres ECM
phase, (a) p = 0.05, (b) p = 0.1, (c) p = 0.15 and (d) p = 0.2.
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(a) p = 0.05 (b) p = 0.1

(c) p = 0.15 (d) p = 0.2

Figure 3.17: Simulation results of fibre density at stage 40�t using di↵erent per-
centages of the mean density value of the homogeneous non-fibres ECM phase, (a)
p = 0.05, (b) p = 0.1, (c) p = 0.15 and (d) p = 0.2.
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(a) p = 0.05 (b) p = 0.1

(c) p = 0.15 (d) p = 0.2

Figure 3.18: Vector plots of the macroscopic orientation of fibres - coarsened 4
fold at stage 40�t, using di↵erent percentages of the mean density value of the
homogeneous non-fibres ECM phase, (a) p = 0.05, (b) p = 0.1, (c) p = 0.15 and (d)
p = 0.2.
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(a) p = 0.05 (b) p = 0.1

(c) p = 0.15 (d) p = 0.2

Figure 3.19: Simulation results of cancer cell distributions at stage 40�t using
di↵erent percentages of the mean density value of the heterogeneous non-fibres ECM
phase, (a) p = 0.05, (b) p = 0.1, (c) p = 0.15 and (d) p = 0.2.
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(a) p = 0.05 (b) p = 0.1

(c) p = 0.15 (d) p = 0.2

Figure 3.20: Simulation results of fibre density at stage 40�t using di↵erent per-
centages of the mean density value of the heterogeneous non-fibres ECM phase, (a)
p = 0.05, (b) p = 0.1, (c) p = 0.15 and (d) p = 0.2.
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(a) p = 0.05 (b) p = 0.1

(c) p = 0.15 (d) p = 0.2

Figure 3.21: Vector plots of the macroscopic orientation of fibres - coarsened 4
fold at stage 40�t, using di↵erent percentages of the mean density value of the
heterogeneous non-fibres ECM phase, (a) p = 0.05, (b) p = 0.1, (c) p = 0.15 and
(d) p = 0.2.
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Chapter 4

Multiscale dynamics of a

heterotypic cancer cell population

within a fibrous extracellular

matrix

Aims and novelty: In this Chapter we extend the multiscale framework devel-

oped to include the underlying fibre structure introduced in Chapter 3 to investigate

tumour invasion of a heterotypic cancer cell population consisting of two cancer cell

sub-populations.

4.1 Introduction

During the invasion process a tumour can become increasingly malignant, whereby

the primary cancer cell population acquires the ability to mutate giving rise to

a secondary sub-population of cancer cells that exhibits more aggressive invasion

107



qualities, including: faster random motility, increased proliferation, and changes in

cell-cell and cell-matrix adhesion properties enabling an acceleration of local cancer

invasion. Biological experiments have revealed that increased stromal collagen den-

sity promotes tumour formation and results in tumours exhibiting a more invasive

phenotype (Provenzano et al., 2008). In addition, it has been demonstrated that

local invasion is further accelerated by collagen reorganisation (Provenzano et al.,

2006), and this behaviour is significantly increased in regions of high collagen den-

sity. The realignment of fibronectin fibrils has also been associated with increased

local tumour invasion (Erdogan et al., 2017) enabling a smooth invasion of the can-

cer cells. On the other hand, collagen type I has been shown to down-regulate

E-cadherin gene expression in pancreatic cancer cell lines which leads to a reduction

in cell-cell adhesion and increased proliferation and cell migration (Menke et al.,

2001). Hence, to combine and demonstrate these behaviours in our model we as-

sume that a secondary cell sub-population exhibiting a decrease in cell-cell adhesion

and an increase in migratory activity will arise in places of high matrix density.

Thus, the presence of this secondary cancer cell sub-population has implications

for cancer dynamics at both macro- and micro- scales, and to address all these, in

this chapter we will develop and adapt the modelling approach introduced initially in

Chapter 3, and fully defined in Shuttleworth and Trucu (2019c), to the new context

created by the two cancer cell sub-populations. The content of this chapter has been

fully explored in the article Shuttleworth and Trucu (2019b).

4.2 The mathematical model

Using here the same terminology as in Chapter 2 for a heterotypic cell populations

consisting of two cell sub-populations, we denote the support of the invading tumour

region by ⌦(t), and assume this evolves in the maximal reference tissue cube Y 2 RN
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with N = 2, 3, centred at the origin of the space. At any spatio-temporal node

(x, t) 2 ⌦(t)⇥ [0, T ] we consider the tumour to be a mixture of cancer cells c
n

(x, t),

n = 1, 2, with their combined vector denoted c(x, t) = [c
1

(x, t), c
2

(x, t)], integrated

within a multiphase distribution of ECM, v(x, t), whose components will be defined

in the next section.

4.2.1 Multiscale fibre structure and their dynamic contri-

bution in tumour progression

Adopting the approach and terminology introduced in Shuttleworth and Trucu

(2019c), to capture the dynamics of the two sub-populations of cancer cells in the

presence of a two component heterogeneous extra-cellular matrix (consisting of a fi-

bre and non-fibre phase), we proceed as follows. As derived in Chapter 3 and detailed

in Shuttleworth and Trucu (2019c), at any macroscale point x 2 ⌦(t), the ECM-

fibre phase is represented through a macro-scale vector field ✓
f

(x, t). This vector

field captures and represents at tissue-scale not only the amount of fibres distributed

at (x, t) but also their naturally arising macroscopic fibres orientation induced by

the revolving barycentral orientation ✓
f,�Y (x)

(x, t) generated by the microscopic mass

distribution of microfibres f(·, t) within the micro-domain �Y (x) := �Y + x. An

example of a mass distribution of ECM micro-fibres f(z, t), z 2 �Y (x), is illustrated

in Fig. 4.1 below and is defined in Appendix D.1.

In brief, while referring the reader to its full derivation presented in Chapter 3

and Shuttleworth and Trucu (2019c), the naturally generated revolving barycentral

orientation ✓
f,�Y (x)

(x, t) associated with �Y (x) is given by the Bochner-mean-value

of the position vectors function �Y (x) 3 z 7! z�x 2 RN with respect to the density

measure f(x, t)�(·), where �(·) is the usual Lebesgue measure (see Yosida (1980)),
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and so this is expressed mathematically as:

✓
f,�Y (x)

(x, t) =

R

�Y (x)

f(z, t)(z � x)dz

R

�Y (x)

f(z, t)dz
. (4.1)

Figure 4.1: A 2D contour plot of the micro-fibres distribution on the micro-domain
�Y (x), centred at x, with the barycentral position vector �!x z := z � x pointing
towards an arbitrary micro-location z 2 �Y (x) illustrated by the red arrow.

Following on, at any spatio-temporal node (x, t), the macroscopic fibre oriented is

defined as

✓
f

(x, t) =
1

�(�Y (x))

Z

�Y (x)

f(z, t) dz ·
✓
f,�Y (x)

(x, t)

||✓
f,�Y (x)

(x, t)||
2

(4.2)

where �(·) is the usual Lebesgue measure. The macroscopic mean-value fibre repre-

sentation at any (x, t) is then given by the Euclidean magnitude of ✓
f

(x, t), namely,

F (x, t) := ||✓
f

(x, t)||
2

. (4.3)

Finally, concerning the non-fibre soluble phase of the ECM, we consider that this
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includes all the other non-fibre components of the ECM, i.e., elastin, laminins, fi-

broblasts, etc. Thus, denoting the spatial distribution of the non-fibre ECM phase

distribution l(x, t), the total ECM distributed at any spatio-temporal node (x, t) is

therefore given by v(x, t) = l(x, t) + F (x, t).

4.2.2 Macro-scale dynamics

To explore the dynamics of a heterotypic cancer cell population with two sub-

populations consisting of a primary and a mutated cell population, within the

modelling framework, let’s revisit the macro-dynamics presented in Chapter 2 and

adopting the same approach as in Andasari et al. (2011) and Shuttleworth and Trucu

(2018), focusing first on the heterotypic cancer cell population, the dynamics of the

two cell sub-populations are much similar. Under the presence of a logistic prolifer-

ation law, per unit time, the spatial movement of the primary tumour cells c
1

(x, t)

is described by a combination of local Brownian movement (approximated here by

di↵usion) and cell-adhesion. They experience a loss of cells through mutation to-

wards a second, more aggressive population c
2

(x, t). Similar to population c
1

(x, t),

once mutations have begun, per unit time, sub-population c
2

(x, t) exercises spatial

movement through a local Brownian movement and a perturbed cell-adhesion under

the presence of logistic proliferation law. Hence, mathematically, the dynamics of

these cell populations can be represented as

@c
1

@t
= r · [D

1

rc
1

� c
1

A
1

(x, t,u(·, t), ✓
f

(·, t))] + µ
1

c
1

(1� ⇢(u))+ �M
c

(u, t)c
1

,

(4.4)

@c
2

@t
= r · [D

2

rc
2

� c
2

A
2

(x, t,u(·, t), ✓
f

(·, t))] + µ
2

c
2

(1� ⇢(u))+ +M
c

(u, t)c
1

,

(4.5)
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where: D
n

and µ
n

, n = 1, 2 are the non-negative di↵usion and proliferation coe�-

cients of sub-populations c
1

(x, t) and c
2

(x, t) respectively, M
c

describes the conver-

sion from population c
1

(x, t) to c
2

(x, t) and finally, the non-local fluxA
n

(x, t,u(·, t), ✓
f

(·, t))

accounts for the cellular adhesion processes which directly influence the spatial move-

ment of the tumour cell population c
n

, n = 1, 2. Embracing the modelling concept

proposed in Chapter 3 and Shuttleworth and Trucu (2019c), the cells will not only

interact with other cells, i.e., cell-cell adhesion, but also with the surrounding multi-

phase ECM, that in this instance constitutes of both cell-fibre and cell-ECM-non-

fibre adhesion. Hence, within a sensing radius R at time t, the non-local adhesive

flux can be expressed as:

A
n

(x, t,u(·, t), ✓
f

(·, t)) = 1

R

Z

B(0,R)

K(kyk
2

)
�
n(y)(S

cc

c(x+ y, t) + S
cl

l(x+ y, t))

+ n̂(y) S
cF

F (x+ y, t)
�
(1� ⇢(u))+

(4.6)

Whilst we consider the adhesive activities of the cells to become less influential as

the distance r from x increases, and account for this through the radial kernel K(·)

defined in Appendix C.2. We explore the strength of the adhesion bonds created

between the cancer cells distributed at x and the cells or the non-fibre phase of the

ECM distributed at y in the direction of the unit vector pointing from x to x + y

given by

n(y) :=

8
<

:
y/||y||

2

if y 2 B((0, 0), R) \ {(0, 0)},

(0, 0) otherwise
(4.7)

and let us denote the cell-cell and cell-non-fibre-ECM adhesive strengths by S
cc

and

S
cl

, respectively. Furthermore, proceeding as in Chapter 3 and Shuttleworth and

Trucu (2019c), we consider S
cl

to be constant whilst the coe�cient representing

cell-cell adhesion S
cc

is monotonically dependent on the level of extracellular Ca2+
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ions enabling strong adhesive bonds between cells (Gu et al., 2014; Hofer et al.,

2000). Hence we assume that cell-cell adhesion is dependent on the density of the

underlying non-fibre ECM phase, ranging from 0 to a Ca2+-saturation level denoted

S
max

, and is taken as

S
cc

(x, t) := S
max

e

⇣
1� 1

1�(1�l(x,t))

2

⌘

. (4.8)

The final term in (4.6) describes the adhesive behaviour between the cancer cells

and the fibres distributed on B(x,R). Within this term we account for the role of

the fibres in two ways. On one hand, we account for the influence of the macroscopic

fibres magnitude F (x + y, t) has over the adhesion that the cells distributed at the

spatial location x exercise with adhesion strength S
cF

upon the fibres distributed

at x+ y. On the other hand, their full macroscopic orientation ✓
f

(x, t) (induced by

their micro-scale mass distribution of microfibres), biases the cell-matrix adhesion

in the direction of the resultant vector

n̂(y) :=

8
><

>:

y+✓

f

(x+y)

||y+✓

f

(x+y)||
2

if (y + ✓
f

(x+ y)) 6= (0, 0)

(0, 0) 2 R2 otherwise.

(4.9)

The last important aspect that we consider here concerns mutations that enable

cells from primary tumour cell sub-population c
1

to undergo genetic conversions

and become secondary cancer cells c
2

, process that is explored here through the

mutation term M
c

(u, t), which captures the direct correlation between the presence

of significant ECM levels, as detailed in the following. Indeed, as cellular adhesion is

controlled by the binding of the calcium dependent adhesion molecules, E-cadherins,

with the intra-cellular proteins, catenins, it is significant to note that collagens

present in the ECM (in particular collagen type I) down-regulate the gene expression

of E-cadherins, resulting this way in a loss of cell-cell adhesion (Menke et al., 2001).

This loss of adhesion is accompanied by an increase in proliferation and migratory
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activity, and so, to reflect this behaviour, the mutation term M
c

(u, t) is dependent

on the underlying ECM density levels and is taken to be

M
c

(x, t) :=

8
><

>:

exp

⇣
�1



2�(1�v(x,t))

2

⌘

exp( 1



2

)
·H(t� t

m

) if 1�  < v(x, t) < 1,

0 otherwise,
(4.10)

where  > 0 is a certain level of ECM beyond which mutations can occur and H(·)

is the usual Heaviside function, with t
m

being the time at which mutations begin.

Finally, we describe the dynamics of the ECM, considering the individual con-

stituents of the matrix, namely the fibre and non-fibre component. Both constituents

of the matrix are simply degraded by the cancer cells, and so their macroscopic dy-

namics can be mathematically written as

dF

dt
= ��

1

cF (4.11)

dl

dt
= ��

2

cl + µ
3

(1� ⇢(u))+ (4.12)

where �
1

and �
2

are the degradation rates of the fibre and non-fibre components

respectively, and µ
3

describes the rate of non-fibre ECM remodelling. Furthermore,

the matrix remodelling, which is important both in the development and in progres-

sion of cancer, contributing to processes such as metastasis and tumour cell invasion

(Cox and Erler, 2011), is controlled here by the volume filling factor (1� ⇢(u))+.

4.2.3 Microscopic fibre rearrangement

As explored and modelled in Chapter 3 and Shuttleworth and Trucu (2019c), dur-

ing their invasion, the cancer cells push the surrounding fibres in accordance with

the emerging cell-flux direction and rearrange their micro-fibre mass distribution

managing this way to reorient the macro-scale fibres. Indeed, in addition to their
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macroscopic degradation described in (4.11), the fibres go through a microscopic

rearrangement process induced by the macro-dynamics of the cancer cells. Specif-

ically, at time t and at any spatial location x 2 Y , the cancer cells will realign

the micro-fibres through a microscopic rearrangement process in each micro-domain

�Y (x) that is induced by the combined macro-scale spatial flux of both cancer cell

sub-populations

F(x, t) := F
1

(x, t) + F
2

(x, t),

where

F
1

(x, t) := D
1

rc
1

(x, t)� c
1

(x, t)A
1

(x, t,u(·, t), ✓
f

(·, t)),

F
2

(x, t) := D
2

rc
2

(x, t)� c
2

(x, t)A
2

(x, t,u(·, t), ✓
f

(·, t)).

The combined flux acts upon the micro-scale distribution f(z, t), 8z 2 �Y (x) in

accordance to the magnitude that the total mass of cancer cells has relative to the

combined mass of cells and fibres at (x, t), which is given by the weight

!(x, t) =
c̄(x, t)

c̄(x, t) + F (x, t)
.

At the same time, the spatial flux of cancer cells F(x, t) is balanced in a weighted

manner by the orientation ✓
f

(x, t) of the existing distribution of fibres at (x, t) that

is appropriately magnified by a weight that accounts for the magnitude of fibres

versus the combine mass of cells and fibres at (x, t) and is given by (1 � !(x, t)).

As a consequence, the micro-scale distribution of micro-fibres f(z, t), 8z 2 �Y (x) is

therefore acted upon uniformly by the resultant force given by the following macro-

scale vector-valued function

r(�Y (x), t) := !(x, t)F(x, t) + (1� !(x, t))✓
f

(x, t). (4.13)
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As detailed in Chapter 3 and Shuttleworth and Trucu (2019c), under the uniform in-

cidence of the resultant force r(�Y (x), t) upon the mass of micro-fibres distributed at

any z 2 �Y (x), an on-the-fly spatial microscopic rearrangement of this micro-fibres

mass takes place. Specifically, under the influence of r(�Y (x), t), an appropriate

level of micro-fibres mass f(z, t) will undergo a spatial transport towards a new

position

z⇤ := z + ⌫
�Y (x)

(z, t),

where the relocation direction and magnitude is given by

⌫
�Y (x)

(z, t) = (x
dir

(z) + r(�Y (x), t)) · f(z, t)(f
max

� f(z, t))

f ⇤ + ||r(�Y (x))� x
dir

(z)||
2

· �{f(·,t)>0}(z),

(4.14)

Here we have x
dir

(z) = �!x z representing the barycentric position vector pointing to

z in �Y (x), which enables us also the quantification of the position defect of z with

respect to r(�Y (x), t) namely

||r(�Y (x))� x
dir

(z)||
2

,

which a↵ects the spatial relocation of micro-fibres mass. Furthermore, f
max

repre-

sents a level of micro-fibres that can be distributed at z 2 �Y (x), with the micro-

fibres mass relocation in the direction of (x
dir

(z) + r(�Y (x), t)) being enabled pro-

vided that their level is below f
max

. Finally, alongside the position defect of z

with respect to r(�Y (x), t), another aspect that a↵ects the micro-fibres relocation

is the level of micro-fibres distributed at location z, which is accounted for in (4.14)

through the micro-fibres saturation fraction

f ⇤ =
f(z, t)

f
max

.
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Thus, a micro-fibres mass transport from z to the location z⇤ is exercised provided

that micro-fibres level at z are not at their maximum level f
max

, while lower levels

of micro-fibres saturations at z together with a better position alignment given by

a smaller position defect lead to a relocation of the micro-fibres mass in direction

(x
dir

(z) + r(�Y (x), t)) at a greater distance, resulting in reaching a position z⇤ that

is further away from z. Finally, this micro-fibres transport is also regulated by the

capacity available at the new position z⇤, which is explored here through a movement

probability

p
move

:= max
�
0,

f
max

� f(z⇤, t)

f
max

�
,

that enables only an amount of p
move

f(z, t) of micro-fibres to be transported to

position z⇤, while the rest of (1� p
move

)f(z, t) remain at z.

4.2.4 The multiscale moving boundary approach

Let us now briefly revisit the novel multiscale moving boundary framework ini-

tially introduced in Trucu et al. (2013) and later evolved to consider two cancer

cell sub-populations in Shuttleworth and Trucu (2018), which explores the cell-

scale proteolytic activity of MDEs along the invasive edge of the tumour that is

non-locally induced by the tissue-scale cancer cell population dynamics and that

degrades the peritumoural ECM determining this way the direction and associated

displacement for tumour boundary progression. As detailed in Trucu et al. (2013),

the link between the tumour macro-dynamics (3.14), (4.5), (4.11) and (4.12) and

the proteolytic enzyme micro-dynamics is captured via a double feedback loop that

is realised by a top-down link describing the source of MDEs induced at cell-scale by

the spatial distribution of cancer cells at tissue-scale, and a bottom-up link describing

the translation of the resulting boundary relocation to the tissue-scale.
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Top-down link As previously discussed in Chapter 2 and readdressed here for

readability, cancer invasion is a multiscale process in which the MDEs secreted by

tumour cells from the outer proliferating ring undergo a cell-scale spatial transport

in the neighbourhood of the invasive edge of the tumour and are responsible for the

degradation of the surrounding ECM. It is this breakdown of peritumoural ECM

that enables the tumour opportunities to expand and proceed with its local inva-

sion. Continuing with the terminology of the framework introduced in Trucu et al.

(2013), during a time interval [t
0

, t
0

+ �t], the MDEs micro-dynamics is explored

on the invasive leading edge of the tumour @⌦(t) enclosed by a complete cover of

✏-size half-way shifted overlapping micro-domains {✏Y }
✏Y 2P . Furthermore, the spe-

cific topological requirements detailed in full in Trucu et al. (2013) that enable the

construction of the covering bundle of micro-domains {✏Y }
✏Y 2P , allow us to capture

the cell-scale MDEs activity in a neighbourhood of @⌦(t), exploring this molecular

dynamics in both the overlapping inner regions ✏Y \ ⌦(t) and the peritumoural

outside regions ✏Y \ \⌦(t) where the MDEs get transported and degrade the ECM.

Figure 4.2: Schematic of the bundle of ✏Y micro-cubes covering boundary of the
tumour @⌦(t

0

), including the half-way shifted overlapping ✏Y cubes. Dots illustrate
continuation of boundary coverage by ✏Y cubes.

At each y 2 ✏Y \ ⌦(t) a source of MDEs is induced as a collective contribution
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of both cancer cell sub-populations that arrive during their dynamics in the outer

proliferating rim within a maximal distance � > 0 with respect to y (given by the

maximal thickness of the outer proliferating rim), and so this can be mathematically

given by

1. g
✏Y

(y, ⌧) =

R

B(z,�)\⌦(t

0

)

↵
1

c
1

(x, t
0

+ ⌧) + ↵
2

c
2

(x, t
0

+ ⌧) dx

�(B(y, �) \ ⌦(t
0

))
, y 2 ✏Y \ ⌦(t

0

),

2. g
✏Y

(y, ⌧) = 0, y 2 ✏Y \
�
⌦(t

0

) + {y 2 Y | ||z||
2

< �}),

(4.15)

where B(y, �) := {⇠ 2 Y | k y� ⇠ k1 �}; ↵
i

, i = 1, 2, are the MDE secretion rates

for the two cancer cell sub-populations, �(·) is the standard Lebesgue measure on

R2; and � is a small distance between the zero source level from outside ⌦(t
0

) and

the non-zero source levels on ✏Y \ ⌦(t
0

) where via Urysohn Lemma (Yosida, 1980)

we ensure a continuous transition. Once secreted by the cancer cells, the MDEs

molecular distribution denoted here by m(y, ⌧) exercise a cell-scale cross interface

spatio-temporal transport which in the simplest context of a generic MDEs is con-

sidered as being given by a local di↵usion. Thus, given the topological properties

of the covering bundle of overlapping micro-domains {✏Y }
✏Y 2P detailed in Trucu

et al. (2013), this enable us to decompose this cross-interface di↵usion process (into

a corresponding bundle of micro-processes) and to explore this per each individual

✏Y , where this micro-dynamics is given as

@m

@⌧
= D

m

�m+ g
✏Y

(y, ⌧), y 2 ✏Y, ⌧ 2 [0,�t]. (4.16)

Bottom-up link During the micro-dynamics, the MDEs present in the peritu-

moural region interact with the ECM distribution captured within each ✏Y micro-
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domain. The local degradation of ECM is dependent on the advancing spatial distri-

bution of MDEs in ✏Y \⌦(t) secreted by the cancer cells. This pattern of degradation

gives rise to a movement direction, ⌘
✏Y

, and a displacement magnitude, ⇠
✏Y

(briefly

addressed in Chapter 2 and fully detailed in Trucu et al. (2013)), that ultimately

dictate the movement of the boundary midpoint x⇤
✏Y

to a new position gx⇤
✏Y

. This

process is the catalyst behind the expansion of the macroscopic tumour boundary.

Thus, the bottom-up link of the model between the molecular activities of MDEs on

the tumour invasive edge and the macroscopic boundary ⌦(t
0

), is realised through

the macro-scale boundary movement e↵ectuated by the micro-dynamics of the pro-

teolytic enzymes, resulting in an expanded tumour domain, ⌦(t
0

+ �t), on which

the invasion process continues.

4.2.5 Summary of model

As stated previously, the two-part multiscale model is comprised of two intercon-

nected multiscale systems that share the same macro-scale whilst having their own

distinct micro-scale dynamics, as schematically summarised in Chapter 3, Figure 3.6.

The macro-scale dynamics governs the spatial distribution of cancer cells and both

the fibre and non-fibre components of the ECM. The first multiscale system controls

the dynamic redistribution of micro-fibres, weighted according to the cancer cell and

macroscopic fibre distributions and triggers a micro-scale spatial rearrangement of

micro-fibres via the combined spatial flux of the two cancer cell sub-populations.

The second multiscale system reacts to a source of MDEs induced on the boundary

by the spatial distribution of cancer cells. The microscopic distribution of MDEs

instigates degradation of the peritumoural ECM and it is from this pattern of degra-

dation that the position of the tumour boundary is changed. The microscopic change

in the boundary is translated back to the tissue-level and the macro-dynamics con-
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tinue leading to a newly expanded tumour region, where the cancer invasion process

continues its dynamics.

4.3 Numerical approaches and initial conditions

for computations

Building on the multiscale moving boundary computational framework introduced

in Trucu et al. (2013) combined with its very recent novel extension introduced

in Chapter 3 and Shuttleworth and Trucu (2019c) to address the multiscale fibres

dynamics in the bulk of the tumour, we developed a new computational approach to

explore the complex multiscale evolution of a heterotypic tumour with two cancer cell

sub-populations within a fibrous environment. We consider a uniform spatial mesh

of size h = 0.03125 to solve the macro-scale computations on the expanding tumour

domain, whilst using an o↵-grid approach for the calculation of the macroscopic

adhesion term that decomposes the cell-sensing region to approximate the adhesive

flux at each spatio-temporal node. To complete the tumour macro-dynamics we use

a novel predictor-corrector scheme developed in Chapter 3 and Shuttleworth and

Trucu (2019c) that accounts for the complexity of the cancer dynamics. Further, to

obtain the microscopic boundary relocation, we explore the top-down and bottom-

up links as well as solve the micro-dynamics via finite element approximation as

detailed in Trucu et al. (2013).

In the following sections we consider the initial cancer cell population c
1

to

occupy the region ⌦(0) = B((2, 2), 0.5) positioned in the centre of Y , Figure 4.3,

121



Figure 4.3: Initial condition for cancer cell population c
1

.

(a) Homogeneous non-fibre ECM (b) Heterogeneous non-fibre ECM

Figure 4.4: Initial conditions for non-fibre ECM phase: (a) homogeneous (a); and
(b) heterogeneous
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whilst the distribution of cell population c
2

is initially zero, i.e.,

c
1

(x, 0) = 0.5

✓
exp

✓
� ||x� (2, 2)||2

2

0.03

◆
� exp(�28.125)

◆⇣
�

B((2,2),0.5��)

⇤  
�

⌘
,

(4.17)

c
2

(x, 0) = 0, (4.18)

where  
�

is the standard mollifier detailed in Appendix C.1 that acts within a

radius � << �x

3

from @B((2, 2), 0.5 � �) to smooth out the characteristic function

�
B((2,2),0.5��)

. Furthermore, for the non-fibre ECM phase, we consider both a homoge-

neous and heterogeneous initial conditions, with the homogeneous initial conditions

illustrated in Figure 4.4a and given by

l(x, 0) = min{0.5, 1� c
1

(x, 0)}, (4.19)

and heterogeneous initial condition shown in Figure 4.4b and given by

l(x, 0) = min {h(x
1

, x
2

), 1� c(x, 0)} , (4.20)

where

h(x
1

, x
2

) =
1

2
+

1

4
sin(⇣x

1

x
2

)3 · sin(⇣ x2

x
1

),

(x
1

, x
2

) =
1

3
(x+ 1.5) 2 [0, 1]2 for x 2 Y, ⇣ = 7⇡.

these being previously used also in Chapter 3 and Shuttleworth and Trucu (2019c).

For the initial distribution of the ECM fibre phase, we assume a distribution of

five pre-assigned micro-fibre distributions of the five di↵erent micro-fibre patterns

generated along the family of path-networks {P 1

i

}
i=1..5

and assigned randomly onto
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(a) Homogeneous 2D velocity plot (b) Homogeneous magnitude in a 3D plot

(c) Heterogeneous 2D velocity plot (d) Heterogeneous magnitude in a 3D plot

Figure 4.5: Initial conditions for ECM fibres phase ✓
f

(x, 0): (a) shows oriented
fibres of homogeneous magnitude while (b) shows their corresponding 3D plot; (c)
shows oriented fibres of heterogeneous magnitude while (d) shows their correspond-
ing 3D plot.

124



�Y (x) := x + �Y (as detailed in Appendix D.1). To represent a homogeneous dis-

tribution of fibres, we calibrate the maximal height of the microfibres to be uniform

across all micro-domains, resulting in a macroscopic fibre distribution F (·, t) that

represents a percentage p of the mean density of the non-fibrous homogeneous ECM

phase (4.19), illustrated in Figure 4.5a-4.5b. On the other hand, a heterogeneous

distribution of fibres is achieved by allowing the maximal height of the microfibres

to be determined by a heterogeneous pattern, for example, the initial condition for

a heterogeneous ECM non-fibre phase (4.20), Figure 4.5c-4.5d. We set the maximal

height of the micro-fibres in each �Y (x), centred at x, to correspond to the distri-

bution l(x, 0) for all x 2 Y , resulting in the macroscopic fibre magnitude spatial

distribution F (·, t) to represent again a percentage p of the heterogeneous non-fibre

ECM phase.

The following simulations use the parameters detailed in parameter set ⌃
2

, Table

4.1.

4.4 Computational simulation results

4.4.1 Homogeneous non-fibre ECM component

Homogeneous non-fibre ECM component

In the first instance, the initial condition for the non-fibre ECM component will be

taken as the homogeneous distribution, namely as l(x, 0) = min{0.5, 1 � c
1

(x, 0)}.

The initial condition for both cancer cell populations is given in (4.17), (4.18), and

the fibres take an initial macroscopic distribution of 15%, the non-fibre phase, with

the combined ECM density v(x, 0) = l(x, 0) + F (x, 0). Using the parameter set ⌃
2

,

we show the computational results for the evolution of both individual cancer cell

populations in subfigures 4.6a, 4.6b, their combined population in subfigure 4.6c, the

125



Table 4.1: The parameters in ⌃
2

Parameter Value Description Reference
D

1

3.5⇥ 10�4 di↵usion coe↵. for cell population c
1

Domschke et al. (2014)
D

2

7⇥ 10�4 di↵usion coe↵. for cell population c
2

Domschke et al. (2014)
D

m

10�3 di↵usion coe↵. for MDEs Estimated
µ
1

0.25 proliferation coe↵. for cell population c
1

Domschke et al. (2014)
µ
2

0.25 proliferation coe↵. for cell population c
2

Domschke et al. (2014)
�
1

2 non-fibrous ECM degradation coe↵. Shuttleworth and Trucu (2019c)
�
2

1.5 macroscopic fibre degradation coe↵. Peng et al. (2017)
µ
3

0-0.02 non-fibrous ECM remodelling coe↵. Domschke et al. (2014)
↵
1

1 MDE secretion rate of c
1

Estimated
↵
2

1.5 MDE secretion rate of c
2

Estimated

S
max

✓
0.5 0
0 0.3

◆
cell-cell adhesion coe↵. matrix Domschke et al. (2014)

S
cF

✓
0.1 0
0 0.2

◆
cell-fibre adhesion coe↵. Estimated

S
cl

✓
0.05 0
0 0.05

◆
cell-matrix adhesion coe↵. Estimated

R 0.15 sensing radius Shuttleworth and Trucu (2019c)
r 0.0016 width of micro-fibres Shuttleworth and Trucu (2019c)

f
max

0.6360 max. micro-density of fibres Shuttleworth and Trucu (2019c)
p 0.15-0.2 percentage of non-fibrous ECM Estimated
h 0.03125 macro-scale spatial discretisation size Trucu et al. (2013)
✏ 0.0625 size of micro-domain ✏Y Trucu et al. (2013)
� 0.03125 size of micro-domain �Y Shuttleworth and Trucu (2019c)

non-fibre ECM phase and fibre ECM phase in subfigures 4.6d and 4.6e respectively,

presented with the full ECM density in subfigure 4.6f. Additionally, we display the

vector field of oriented fibres at two di↵erent resolutions, namely, coarsened twice,

4.7a, and coarsened four times, 4.7b, and a 3D plot of the macroscopic oriented

fibres 4.7c.

Figures 4.6-4.7 display computations at final stage 75�t, during which time

mutations from population c
1

to c
2

have begun, starting at stage 5�t. Previously it

was observed that in the presence of a homogeneous ECM, the tumour was limited
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.6: Simulations at stage 75�t with a homogeneous distribution of non-
fibres and a random initial 15% homogeneous distribution of fibres with parameter
set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.7: Simulations at stage 75�t with a homogeneous distribution of non-
fibres and a random initial 15% homogeneous distribution of fibres.
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to a symmetric pattern of invasion, Figure 2.13(a) in Chapter 2, however with the

addition of an initially homogeneous fibre distribution we witness a di↵erent pattern

of invasion in 4.6c. Throughout the simulations, the ECM is degraded by the cancer

cells, most notable by the large low density region in 4.6c, with the highest levels

of degradation relative to the regions of highest cell distribution. The primary

cell population c
1

, 4.6a, has been manipulated and reshaped by the underlying

fibre network. Although the fibre phase of the ECM begins as a macroscopically

homogeneous distribution, once fibre rearrangement occurs, higher density regions

of fibres are formed, 4.6e, and these areas become increasing influential on the

direction of invasion. Since mutations have begun, we see the emergence of cells

in population c
2

, 4.6b. The pattern of cells in population c
2

is correspondent to

the fibre orientations displayed in 4.7a-4.7b, where the general direction of fibres

are aiming roughly towards the origin (0, 0). Thus, the distribution of cells c
2

present in Figure 4.6b are more prominent in this direction. This behaviour is

attributable to population c
2

retaining a higher a�nity for cell-fibre adhesion than

population c
1

. We conclude from our computations that the underlying fibre network

strongly influences the direction of invasion. It is clear from the computational

results presented in Figure 4.7 that the tumour boundary has expanded in the

general macroscopic fibre direction.

To further examine the e↵ects of an underlying fibre distribution, we increase

the initial homogeneous fibre distribution to 20% of the non-fibre ECM phase. Con-

tinuing with the same initial conditions for the non-fibre ECM phase and cancer

distributions, we present the computations at final stage 70�t, Figure 4.8. Compar-

ing with Figure 4.8, cells of population c
1

are exhibiting limited migration within

the tumour boundary due to their high self-adhesion rate, 4.8a, whilst cells of pop-

ulation c
2

, 4.8b, have migrated in a direction consistent with the macroscopic fibre
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orientations in 4.9a-4.9b. The mutated cell population c
2

congregates around the

cells of population c
1

, this time showing more regions of high distribution, suggest-

ing the increased fibre distribution enables faster migration of cells in population

c
2

. The entire ECM (both the fibre and non-fibre phase) presented in subfigures

4.8d-4.8e has been degraded in the centre of the domain where the cancer cells are

most dense.

Consistent with the previous simulations, the micro-fibres have been pushed out-

wards towards the boundary, however this time the macroscopic representation of

the fibres appears as a region of very low fibre density surrounded in a speckled

pattern of fibre densities, Figure 4.8e. This behaviour occurs because of two rea-

sons; firstly, the tumour boundary is progressing faster than the fibres are being

rearranged, and because the rearrangement of fibres is restricted to neighbouring

domains only, the fibre distributions will never be found to build up explicitly at

the rapidly expanding tumour boundary. Secondly, as the degradation of fibres is

kept within the bounds of the tumour and dependent on the cancer cell distribution,

out-with the dense main body of cancer cells, we see little degradation of the fibres.

The increased size of spread of the tumour indicates that the ratio of the underlying

fibre network to the non-fibre ECM phase plays a key role in the success of local

tumour invasion.

We can investigate a similar scenario to that presented previously whereby we

now explore tumour invasion on an initially heterogeneous fibre network. The initial

condition for the macroscopic fibre distributions will be taken as 15% of the hetero-

geneous distribution defined in (4.20) whilst the non-fibre ECM phase will be kept

as a homogeneous distribution. Figure 4.10 displays computations at final stage

75�t. Comparing to Figure 4.6, the boundary of the tumour has formed lobules,

specifically towards low density regions of the fibre network, most notable in subfig-
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.8: Simulations at stage 70�t with a homogeneous distribution of non-
fibres and a random initial 20% homogeneous distribution of fibres with parameter
set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.9: Simulations at stage 70�t with a homogeneous distribution of non-
fibres and a random initial 20% homogeneous distribution of fibres.
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ure 4.10e. A di↵erent pattern of mutations from population c
1

to c
2

is adopted due

to the heterogeneity of the fibre network and thus high distribution regions of cells

are formed in 4.10b that di↵er to that when in the presence of a homogeneous fibre

phase.

The macroscopic mean value of fibres has had a substantial impact on the over-

all invasion of cancer. The boundary of the tumour has grown many lobules, first

reaching to the lower density areas of fibres in 4.10e before engulfing the higher

density regions as invasion progresses. The high distributions of cells in population

c
2

are reminiscent of Figure 4.10b in that they are building according to the general

orientation of the fibre network in 4.11a-4.11b. Under the presence of a heteroge-

nous fibre network, tumour invasion is halted at regions of high macroscopic fibre

density, whilst in a homogeneous environment there are no barriers during invasion,

evidenced in Figure 4.6. Here the tumour experiences a lobular expansion as it in-

vades the surrounding ECM whilst the high macroscopic fibre distributions coupled

with the higher cell-fibre adhesion rate that population c
2

carries allows the cells

more migratory freedom within the tumour boundary.

We consider the same previous initial conditions considering a homogeneous non-

fibre phase and heterogeneous fibre ECM phase, but we now introduce matrix re-

modelling to the non-fibre ECM phase, namely, increasing µ
3

from 0 to 0.02. Initially

the computational results are very similar to that of the previous section, however,

as tumour invasion progresses, Figures 4.12-4.13 show that both the boundary of

the tumour and the main body of cells looks very di↵erent. Although the density

of tumour cells is not as high as in Figure 4.10c, there is a definite increase in cell

distribution within the boundary of the tumour, Figure 4.12c with almost the entire

tumour containing a visible amount of cells. This behaviour is as a consequence

of matrix remodelling only occurring under the presence of cancer cells, hence, the
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.10: Simulations at stage 75�t with a homogeneous distribution of non-
fibres and a random initial 15% heterogeneous distribution of fibres with parameter
set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.11: Simulations at stage 75�t with a homogeneous distribution of non-
fibres and a random initial 15% heterogeneous distribution of fibres.
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.12: Simulations at stage 75�t with a homogeneous distribution of the
non-fibres with matrix remodelling, µ

3

= 0.02, and a random initial 15% heteroge-
neous distribution of fibres with parameter set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.13: Simulations at stage 75�t with a homogeneous distribution of the
non-fibres with matrix remodelling and a random initial 15% heterogeneous distri-
bution of fibres.
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increased density of matrix within the boundary of the tumour gives more opportu-

nity for cell adhesion and opens more pathways in which the cells can invade. Due

to the heterogeneity of the fibre ECM phase, the tumour again exhibits a lobular

route of invasion, first enveloping the low density regions where space is available

for the cells to freely invade, and consequently overrunning the high density regions

in their path, Figure 4.12d-4.12f.

4.4.2 Heterogeneous non-fibre ECM component

Investigating the e↵ects of di↵erent initial fibre distributions present in a homoge-

neous non-fibre ECM domain is e↵ective in showing the influence of fibres on tumour

invasion, however, is it crucial to examine these varying fibre distributions under a

heterogeneous non-fibre ECM phase. We express heterogeneity of the non-fibre ECM

phase using the initial condition (4.20) and we assume an initial 15% homogeneous

fibre distribution. Although the cell-non-fibre-ECM adhesion coe�cients are kept

low, we see the tumour of the boundary developing a lobular pattern, witnessed in

subfigure 4.14c, encroaching on the lower density regions of matrix. By first advanc-

ing on the low density regions of the matrix, the cancer cells proceed by engulfing

the high density regions in their path and thus the tumour region becomes larger.

The tumour continues to progress in this manner with small islands appearing over

the regions of high matrix density. These islands arise when the cancer cells have

failed to fully overrun areas within the ECM. This behaviour can occur when there

are not yet enough cells to fill the area, or because the matrix density is simply

too high and the cells must first degrade part of the matrix in order to make space

available. Population c
2

is sparse in its spread 4.14b, with only a few regions of

cells visible, having gathered into pockets of the matrix where density of both fibre

and non-fibre ECM is low, subfigures 4.14d-4.14e. Comparing to the simulations in
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Figure 4.10, where initially the non-fibre ECM phase is homogeneous and the fibre

phase is heterogeneous, we see a much larger overall spread of the tumour when the

non-fibre ECM phase is taken as an initially heterogeneous distribution. This com-

parison implies that the non-fibre ECM phase plays a key role in the local invasion

of cancer and is largely responsible for the progression of the tumour.

Continuing to explore invasion in a heterogeneous non-fibre ECM phase, we

increase the initial homogeneous fibre distribution to 20% of the non-fibre phase.

Figures 4.16-4.17 give simulations at the final stage 75�t. The tumour boundary is

larger and more advanced when compared with the simulations in Figure 4.14, which

have a lower initial fibre distribution. The increased fibres distributions within the

ECM presents the cells with more opportunities for adhesion and as a result the

cells spread at an increased rate into the surrounding matrix. Cell population c
2

has

progressed outwards towards areas of the leading edge and formed small masses of

cells in 4.16b. The direction of migration is similar to that in Figure 4.8, implying

that even though they are subject to a rearrangement process, the initial fibre micro-

domains influence the direction of migration of cells. It should also be noted that

the density of cells in population c
2

is lower than that to previous simulations, this

occurs as the cells have increased migration due to the increased fibre distributions,

thus the cells do not build up in any one space, Figure 4.16b. Cells of population c
1

are surrounded by the more aggressive cells of population c
2

, hence their invasion

of the tissue is restricted and they have created denser regions of cells through

proliferation, Figure 4.16a.

4.4.3 New family of pre-determined micro-fibre domains

Currently, we have explored the local invasion of a tumour under the presence of ran-

domly placed micro-domains, allocated from a family of five pre-determined micro-
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.14: Simulations at stage 75�t with a heterogeneous distribution of non-
fibres and a random initial 15% homogeneous distribution of fibres with parameter
set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.15: Simulations at stage 75�t with a heterogeneous distribution of non-
fibres and a random initial 15% homogeneous distribution of fibres.
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.16: Simulations at stage 75�t with a heterogeneous distribution of non-
fibres and a random initial 20% homogeneous distribution of fibres with parameter
set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.17: Simulations at stage 75�t with a heterogeneous distribution of non-
fibres and a random initial 20% homogeneous distribution of fibres.
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.18: Simulations at stage 75�t with a homogeneous distribution of non-
fibres and a random initial 15% homogeneous distribution of fibres from the family
of fibre paths P 2 with parameter set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.19: Simulations at stage 75�t with a homogeneous distribution of non-
fibres and a di↵erent random initial 15% homogeneous distribution of fibres from
the family of fibre paths P 2.
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domains. Now we consider the impact changing two of these micro-domains to

contain a di↵erent pattern of micro-fibres, (i.e., those given by the second family of

paths {P 2

i

}
i=1..5

defined in Appendix D.1) will have on the overall invasion of cancer.

Using the same initial condition as before for the cell populations (4.17), (4.18) and

a homogeneous initial condition for the non-fibre ECM phase along with a 15% fibre

phase, we obtain the computational results in Figures 4.18-4.19 at final stage 75�t.

Comparing with the results using the previous family of micro-domains, Figure 4.6,

the simulations appear similar, with only slight di↵erences in the shape of the tu-

mour boundary and the composition of the cells within each subpopulation. Cells

in population c
2

have formed an increased number of high density regions in 4.18b,

particularly at the lower part of the tumour boundary. The degradation of ECM is

consistent to that of the previous results, showing regions of high degradation where

the cells are of highest distribution, observed in subfigures 4.18d-4.18e.

To complete our comparison of the pre-determined fibre micro-domains, we ex-

plore cancer invasion within a heterogeneous 15% fibre component and a homo-

geneous non-fibre ECM component. Figures 4.20-4.21 display simulations at final

stage 75�t, and when compared to Figure 4.10 there are definite changes in the mi-

gration of cells in population c
2

, Figure 4.20b, with pools of high cell distributions

forming in di↵erent regions to that of Figure 4.10b. Here, the tumour boundary is

remaining closer to the main body of cells, with degradation of the ECM occurring

explicitly within the boundary, subfigures 4.20d-4.20e. The boundary of the tu-

mour has expanded in a pattern consistent with the heterogeneity of the fibre phase

4.20e. Population c
1

has developed in a similar fashion to that in Figure 4.10, how-

ever cells in population c
2

have formed regions of high cell distributions around the

entire boundary 4.20b. From these simulations we cannot strictly conclude which

family and arrangement of fibre micro-domains gives the more aggressive spread of
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.20: Simulations at stage 50�t with a homogeneous distribution of non-
fibres and a random initial 15% heterogeneous distribution of fibres from the family
of fibre paths P 2 with parameter set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.21: Simulations at stage 75�t with a homogeneous distribution of the
non-fibres and a di↵erent random initial 15% heterogeneous distribution of fibres.
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cancer, however we can deduce that the initial placement of fibre micro-domains has

a strong influence on the overall invasion of cancer, owing to the initial orientation

of the fibres.

4.4.4 Heterogeneous two-phase ECM

We consider here a fully heterogeneous ECM, with the fibre phase taking 15% of the

heterogeneous non-fibre phase, defined in (4.20). Figures 4.22-4.23 show simulations

at final stage 70�t. Cell population c
1

continues to be confined to the centre of the

domain showing little outward movement whilst exhibiting the highest distribution

of cells noted throughout all previous simulations. Cell population c
2

has formed

patches of high distributions of cells with these established in areas of very low to no

ECM density, suggesting the abundance of physical space in these regions provides

the easiest route of invasion. We again see the formation of small islands in the

boundary over the lower density regions of ECM, similar to simulations in Figure

4.14. Overall the spread is larger than that when in the presence of a homogeneous

component of ECM with 15% fibres, however it is smaller than when in the presence

of 20% fibres, Figure 4.16. The tumour boundary is notable more lobular and con-

sistent in its pattern with the pattern of the ECM, attributable to the heterogeneity

of the entire matrix.

4.5 Discussion

We have presented a novel multiscale moving boundary model with dynamic fibre

redistribution, first introduced in Chapter 3, which now includes a heterotypic can-

cer cell population, with two sub-populations, c
1

and c
2

. This model was developed

to explore both the random disposition of microscopic fibre distributions and the
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(a) Cell population 1 (b) Cell population 2

(c) Combined populations (d) Non-fibres density

(e) Fibre density (f) Combined ECM

Figure 4.22: Simulations at stage 70�t with a heterogeneous distribution of non-
fibres and a random initial 15% heterogeneous distribution of fibres with parameter
set ⌃

2

.
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(a) 2D fibre plot (b) 2D fibre plot

(c) 3D fibre plot

Figure 4.23: Simulations at stage 70�t with a heterogeneous distribution of non-
fibres and a random initial 15% heterogeneous distribution of fibres.
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inclusion of a heterogeneous cancer cell population and their combined e↵ects on the

overall invasion pattern during tumour growth and local invasion of tissue. Paying

attention in the first instance to the heterogeneous cell population, we introduced

a secondary cell sub-population, mutated from the primary cell population, which

holds a lower cell-cell adhesion rate and a higher a�nity for cell-fibre adhesion. Mu-

tations from the primary to secondary sub-population were irreversible, explored

through a mutation rate dependent on the underlying ECM density. Focussing next

on the fibre component of the ECM, we explored several scenarios; a homogeneous

and heterogeneous macroscopic distribution of fibres, varying the initial ratio of

macroscopic fibre distributions in relation to the non-fibre ECM phase, and finally

the exploration of randomly allocated fibre micro-domains. The multiscale dynam-

ics of the underlying fibre network were explored and modelled within a two-part

multiscale model, where the micro-scale dynamics are connected to the macro-scale

through a double feedback loop. We considered the macroscopic representations of

the micro-fibres and their resulting e↵ects on the macro-scale dynamics, in particular

cellular adhesion, whilst at the same time allowing the distribution of both cancer

cell sub-populations to cause macroscopic fibre degradation. In addition, through

their spatial flux the cancer cells were able to influence the direction of microscopic

fibre rearrangement. Finally, we include to this model the previously developed

multiscale moving boundary framework developed in Chapter 2 that considers the

e↵ects of a heterogeneous cancer cell population and its combined contribution to the

leading edge proteolytic MDE dynamics. Thus, the model proposed here combines

two multiscale systems that contribute to the same tissue- (macro-) scale dynamics

whilst having separate cell- (micro-) scale processes that are simultaneously con-

nected via two double feedback loops. As in Chapter 3, the first multiscale model

gives the cell-scale fibre rearrangement process within the tumour region, and the
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second multi-scale system describes the MDE proteolytic activity within a cell-scale

neighbourhood of the tumour boundary.

To accommodate a heterogeneous cancer cell population, we adapt the macro-

scale dynamics introduced in Chapter 3 to include a similar set of dynamics for a

second cell sub-population which has been mutated from the primary cell popula-

tion. In doing so, we adjust the term for cellular adhesion to include both cell sub-

populations allowing for di↵erent parameters for each population (Domschke et al.,

2014), implementing a weaker self-adhesion coe�cient and a higher rate of cell-fibre

adhesion for the mutated population to promote migration and thus promote the

overall invasive capabilities of the tumour. The heterogeneous cancer cell population

is then incorporated within the micro-scale dynamics of both multi-scale systems.

Firstly, it has influence in determining the source term for MDEs within each cell-

scale neighbourhood, with the mutated population inducing a higher amount of

MDEs than the primary cell population. Secondly, the distribution and spatial

flux of cancer cells that determines the direction of micro-fibre redistribution is now

taken as the combined cancer cell distributions and the addition of the spatial fluxes

of both populations. Finally, we use the combined cell distributions to contribute

equally to the degradation of both the fibre and non-fibre components of the ECM.

Comparing with results from the previous framework developed in Chapter 3 that

describes the local invasion of a single population of tumour cells in the presence

of a macroscopically homogeneous fibre network, we witness some similarities with

our simulations. In the presence of a heterogeneous component of the ECM (fibre

or non-fibre phase) we observe a fingering, lobular pattern of invasion, where the

cells first flood the low density cavities and proceed to engulf the higher density

regions on their route of invasion. In the presence of a homogeneous non-fibre

ECM phase and an initially homogeneous fibre phase, we see the boundary of the
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tumour stray from the symmetric invasion witnessed in Chapter 2, implying that

the underlying fibre network indeed plays a role in tumour invasion. Increasing

the initial macroscopic fibre density by only 5% from 15% to 20% of the non-fibre

ECM phase results in a very fast growing tumour that almost takes over the entire

domain. This solidifies the reasoning that the fibre network plays a key role in the

local invasion of cancer. Additionally, we have explored this model with two sets

of randomly placed micro-fibre domains. Comparing the simulations of each family

of micro-domains, particularly under the presence of both components of the ECM

being initially homogeneous, the pattern of the sub-populations of cancer cells is

a↵ected. The initial orientation of the fibres has influenced the migration of the

cells, most obviously observed within population c
2

, where the cell-fibre adhesion

rate is higher. As expected, this concludes that the orientation of the fibres is key

during tumour growth and development, particularly at the initial stage of invasion.

Looking forward, this modelling framework allows for the opportunity to deeper

integrate both multi-scale models; incorporating the micro-scale fibre network within

the MDE micro-scale neighbourhoods by investigating the cell-scale e↵ects of MDEs

on the fibres, i.e., the degradation/slicing of the fibres by the matrix metallo-

proteinases (MMPs) such as the freely moving MMP-2 and the membrane-bound

MT1-MMP molecules. The exploration of TACS (tumour associated collagen signa-

tures) could provide important information of the severity of the tumour. Biological

experiments have shown that TACS-3, which is characterised by bundles of straight-

ened and aligned collagen fibres that are orientated perpendicular to the tumour cells

provide the poorest prognosis for patients (Provenzano et al., 2008), whilst tumours

in a TACS-2 environment, where the angle between cells and the fibres are between

0° � 30°, have been shown to provide an environment in which tumour progression

is slower (Conklin et al., 2011).
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Chapter 5

Cell-scale degradation of

peritumoural extracellular matrix

fibre network and its role within

tissue-scale cancer invasion

Aims and novelty: In this Chapter we explore the interaction between the MDE

boundary micro-dynamics and the peritumoural mass distribution of micro-fibres.

To that end we investigate the link between underlying fibre distributions and the

source and di↵usion of MDEs at the tumour’s leading edge, while also considering

the resulting peritumoural degradation of micro-fibres by the MDEs. This Chapter

proposes a novel extension to the model introduced in Chapter 3 to consider firstly,

a homogeneous cancer cell population and secondly a heterogeneous cancer cell

population as described in Chapter 4.
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5.1 Introduction

The local invasion of cancer is, in the first instance, stimulated by the secretion of

matrix-degrading enzymes (MDEs) that degrade the surrounding extracellular ma-

trix. In particular, the subfamily of proteolytic enzymes, MMPs, are responsible for

the degradation and remodelling of the main constituent of the ECM, the structural

cross-linked collagen type I. The degradation of these dense fibres creates paths

through which the cancer cells can migrate and thus promote tumour progression.

During the MMP degradation cascade, the membrane tethered MMP, MT1-MMP,

is the first proteolytic enzyme to interact with the ECM. This MMP exhibits strong

collagenolytic capabilities in which they are able to cleave the cross-linked collagen

type I fibres and break them into shorter, soluble fibres. Additionally, MT1-MMPs

have the ability to cleave proMMP-2 molecules into active MMP-2 molecules which

are unbounded from the cell membrane allowing for proteolytic activity outside the

tumour region. This freely di↵usible MMP displays weak collagenolytic yet strong

gelatinolytic capabilities (Tam et al., 2004). Therefore MMP-2 molecules are able

to degrade the un-cross-linked variants of collagen type I, thus they are restricted to

only acting on the cleaved fibrils and cannot degrade cross-linked fibres. There are

some advantages and disadvantages to both types of MMPs. MT1-MMP molecules

can overcome high density regions of collagen type I, particularly the cross-linked fi-

bres, however it does not degrade the collagen, rather cleaving the fibres into smaller

fibrils. On the other hand, MMP-2 cannot degrade the dense cross-linked fibres, but

can degrade the smaller, soluble fibrils within the peritumoural region (Van Doren,

2015). Consequently, these two MMPs work in harmony with one another for suc-

cessful invasion of tissue.

Previously, we have considered the microscopic fibres to have influence over the

direction of migration by the introduction of a cell-fibre adhesion term, with the
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fibres subject to macroscopic degradation at a rate correlating to the distribution of

cancer cells. We now aim to include the microscopic fibre distributions within the

MDE moving boundary micro-dynamics by incorporating the behaviour and action

of the MMP molecules, MT1-MMP and MMP-2, with respect to the peritumoural

fibres. Since MT1-MMP are attached to the cell membrane, they do not di↵use into

the surrounding environment but instead travel in the direction of the cancer cells.

The level of MT1-MMP molecules present on the cell membrane is dependent on

both the distribution of cancer cells and the underlying collagen density (Zigrino

et al., 2001). This is turn gives the level of MMP-2 molecules present in the ECM,

and it is the dynamics of these molecules we are interested in. Thus, we can consider

the e↵ects of fibre rearrangement to be the activity of the membrane bound molecule

MT1-MMP, whilst the degradation of fibres occurs due to the travelling front of the

distribution of freely moving MMP-2 molecules.

In this chapter, we focus on the dynamics of the MMPs and their interaction with

the fibres at the tumour interface, firstly by considering the relationship between

the distribution of fibres and MMP migration and the resulting e↵ects on boundary

relocation within the moving boundary multiscale system, and secondly by incorpo-

rating the dynamics of matrix-degrading enzymes at the tumour boundary into the

microscopic degradation of fibres.

The content of this chapter has been fully explored in the article Shuttleworth

and Trucu (2019a).

5.2 The mathematical model

Here we will build upon the two-part multiscale model introduced and developed

in Chapter 3 that investigates cancer invasion within a heterogeneous ECM. We

will revisit the multi-component structure of the ECM and macroscopic tumour
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dynamics for one cancer cell population whilst adapting the model to include full

integration between both the MDE and fibre micro-scales.

Using the same terminology as in previous Chapters, let us denote the support

of the invading tumour region as ⌦(t
0

), and assume this evolves in the maximal

reference tissue cube Y 2 RN for N = 2, 3, centred at the origin of the space.

At any spatio-temporal node (x, t) 2 ⌦(t
0

) ⇥ [0, T ], we consider the tumour to

be comprised of a cancer cell population c(x, t), integrated within a multiphase

ECM density, v(x, t) = l(x, t) + F (x, t). Furthermore, since this chapter builds on

the modelling developed in Shuttleworth and Trucu (2019c) and Chapter 3, let us

start this section by recalling the key details of the framework terminology that we

introduced there. Specifically, the heterogeneous ECM is regarded as comprising of

a fibres component and non-fibres soluble component. We consider the non-fibres

ECM phase to include all non-fibre components of the ECM, i.e., elastin, laminins,

fibroblasts, etc., whilst the fibres ECM phase concerns all fibrous proteins such as

collagen and fibronectin within the matrix. For completion, the ECM multiscale

structure and functionality alongside the involved macro-dynamics will be detailed

in the following two subsections.

5.2.1 The heterogeneous ECM and its contribution to the

tissue dynamics

At any macro-position x 2 ⌦(t
0

), the ECM-fibre phase can be represented through

a macro-scale vector field ✓
f

(x, t) that captures not only the macroscopic distribu-

tion of fibres F (x, t), but also their naturally arising macroscopic orientation that

is induced by their mass distribution of micro-fibres f(z, t), previously defined in

Chapter 3, (3.4), distributed on the microscale domain Y (x) centred at the given

macroscopic point x. An example of the pattern of micro-fibres f(z, t), 8z 2 �Y (x)
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is shown schematically in Figure 5.1 and defined in Appendix D.1.

Figure 5.1: Schematic of the micro-fibres distribution on the micro-domain �Y (x),
centred at x, with the barycentral position vector �!x z := z � x pointing towards an
arbitrary micro-location z 2 �Y (x) illustrated by the green arrow and the naturally
arising macroscopic fibre orientation ✓

f

(x, t) is highlighted by the red arrow.

In brief, while referring to its full derivation presented in Chapter 3, the naturally

generated revolving barycentral orientation ✓
f,�Y (x)

(x, t) associated with �Y (x) is

given by the Bochner-mean-value of the position vectors function �Y (x) 3 z 7!

z � x 2 RN with respect to the density measure f(z, t)�(·), where �(·) is the usual

Lebesgue measure (see Yosida (1980)), and so this is expressed mathematically as:

✓
f,�Y (x)

(x, t) =

R

�Y (x)

f(z, t)(z � x)dz

R

�Y (x)

f(z, t)dz
. (5.1)

Following on, at any spatio-temporal node (x, t), this revolving barycentral orienta-

tion ✓
f,�Y (x)

(x, t) induces the naturally arising macroscopic fibre orientation vector

field representation that is defined as

✓
f

(x, t) =
1

�(�Y (x))

Z

�Y (x)

f(z, t) dz ·
✓
f,�Y (x)

(x, t)

||✓
f,�Y (x)

(x, t)||
2

. (5.2)

in which macroscopic mean-value fibre representation at any (x, t) is given by the
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Euclidean magnitude of ✓
f

(x, t), namely,

F (x, t) := ||✓
f

(x, t)||
2

. (5.3)

Thus, denoting the spatial distribution of the non-fibre ECM phase distribution

l(x, t), the total ECM distributed at any spatio-temporal node (x, t) is therefore

given by v(x, t) = l(x, t) + F (x, t).

5.2.2 Macro-scale dynamics

As in Chapter 3, we focus first on one cancer cell population. Thus, using the precise

terminology introduced in Chapter 3, let us recall here the mathematical model for

dynamics of the cancer cell population (3.14), the macroscopic fibres phase (3.20),

and the non-fibres phase (3.21), namely:

@c

@t
= r ·D

1

rc| {z }
random motility

�r · cA(x, t,u(·, t), ✓
f

(·, t))
| {z }

cell adhesion

+µ
1

c(1� ⇢(u))+| {z }
proliferation

(5.4)

dF

dt
= ��

1

cF| {z }
degradation

, (5.5)

dl

dt
= ��

2

cl| {z }
degradation

, (5.6)

which, besides the other usual terms, involves the non-local fluxA(x, t,u(·, t), ✓
f

(·, t))

describing the influence of the adhesion processes accounting for both cell-cell and

cell-matrix adhesion (with cell-matrix adhesion accounting for both cell-fibre and

cell-non-fibre adhesion) upon the spatial movement of the cancer cells defined in

(3.15).
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5.3 Microscopic fibre rearrangement on the topo-

logical closure of the invading tumour

During the macro-dynamics, as the cancer cells invade the surrounding tissue they

have the ability to push the fibres in the direction of invasion and rearrange the

micro-fibre mass distributions, thereby reorienting the macro-fibres direction, a pro-

cess that was introduced in Chapter 3 and will be briefly revisited here. In this

context, as described in full details in Chapter 3, under the influence of the re-

arrangement vector force r(�Y (x), t) induced by the cancer cell population spatial

flux, and given by (3.23), an appropriate level of micro-fibres mass f(z, t), given by

(3.4), distributed at any arbitrary point z 2 �Y (x) will undergo a spatial movement

towards a new position

z⇤ := z + ⌫
�Y (x)

(z, t),

where the relocation direction and magnitude is given by (3.26) and recalled here,

⌫
�Y (x)

(z, t) = (x
dir

(z) + r(�Y (x), t)) · f(z, t)(f
max

� f(z, t))

f ⇤ + ||r(�Y (x))� x
dir

(z)||
2

· �{f(·,t)>0} , (5.7)

Thus, the macroscopic cancer cell population flux causes significant changes in

the micro-structure distribution of the fibres, leading to on-the-fly changes to its

spatial distribution and orientation on the topological closure of the invading tu-

mour, and this way causing changes in their contribution to the macro-dynamics.

However, it is important to recall that, whether in the bulk of the tumour or at

the leading edge, a key part in the complex interactions of the cancer cells with the

surrounding fibre network is played by the cell-scale action of the MMP molecules

that remain attached to the surface of the cells. These membrane-tethered MMPs,

MT1-MMPs, are actually the ones that are responsible for the cleaving of type I
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collagen, splitting the collagen fibres into smaller, soluble fibrils (Wolf et al., 2013)

in an e↵ort to free space and create better paths of invasion for the cancer cells, an

aspect that has been so far implicitly captured in Chapters 3 and 4 only through

the macroscopic degradation of macro-scale fibre magnitudes formalised in equa-

tions (3.20) and (4.11) on the bulk of the invading tumour ⌦(t). In the following

we will complement this approach by addressing explicitly at micro-scale this com-

plicated cell-scale action of MMPs on the peritumoural fibres at the leading edge of

the tumour.

5.4 The micro-scale boundary dynamics and its

double feedback link to macro-dynamics

To incorporate the dynamics of peritumoural micro-scale fibres with the MDE micro-

dynamics at the tumour invasive edge, let us start by exploring the influence of the

macro-fibre distributions on the emergence of a cell-scale molecular source of MDEs

at the tumour interface. This will e↵ectively enhance the top-down macro-micro

link derived and introduced in Trucu et al. (2013) (and which we considered so far

in all the previous Chapters) for the boundary micro-dynamics and in return will

influence the bottom-up feedback link to macro-dynamics.

The top-down link As discussed previously, the expansion of the tumour bound-

ary is dependent on the peritumoural degradation of ECM by the matrix-degrading

enzymes (MDEs). However, the secretion of MDEs induced by the distribution of

cancer cells in the outer proliferating rim is dependent upon the structure of the

ECM and in particular upon the fibre distribution. Indeed, in the presence of a high

distribution of ECM fibres, the cancer cells exhibit a strong rate of MT1-MMP se-
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cretion, which in turn leads to an increase in the activation of proMMP-2 molecules

(Thomson et al., 1994; Ruangpanit et al., 2001; Zigrino et al., 2001). Thus, since

in this emerging MT1-MMP/MMP-2 cascade, the secretion rate of MT1-MMP cor-

relates directly to the amount of MMP-2 molecules, we obtain therefore that the

presence of the ECM fibres enhances the production of the MMP-2 molecules that

are then released at the tumour boundary.

Thus, the MMPs source at each y 2 ✏Y \⌦(t
0

) arises as a collective contribution

of the cancer cells within the outer proliferating rim which are further enhanced by

the presence of ECM fibres, and therefore this can be mathematically expressed as

1. g
✏Y

(y, ⌧) =

R

B(y,�)\⌦(t

0

)

↵c(x, t
0

+ ⌧) eF (x, t
0

+ ⌧) dx

eF · �(B(y, �) \ ⌦(t
0

))
, y 2 ✏Y \ ⌦(t

0

),

2. g
✏Y

(y, ⌧) = 0, y 2 ✏Y \
�
⌦(t

0

) + {y 2 Y | ||y||
2

< �}),

(5.8)

where � represents the maximum thickness of the outer proliferating rim, B(y, �) :=

{⇠ 2 Y | k y � ⇠ k1 �} and ↵ is an MMP secretion rate for the cancer cell

population. Furthermore, the function eF (x, t + ⌧) := 1 + F (x, t), 8 t > 0 explores

the spatially distributed enhancement of the source of MMPs produced by the cancer

cells that is enabled through the presence of fibres (Zigrino et al., 2001) (i.e., a higher

distribution of fibres inducing a greater number of MMP-2 molecules). Finally, eF ·�

represents the underlying fibre density measure that is defined by

eF · �(G) :=

Z

G

eF (x, t
0

+ ⌧) dx, G 2 ⌃(Y ),

where � is the standard Lebesgue measure on R2, and G is a nonempty Borel subset

set of Y , i.e., G 2 ⌃(Y ), with ⌃(Y ) representing the Borel �-algebra on Y .
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In the presence of this source, on any micro-domain ✏Y , a cross-interface MMP-

2 di↵usive transport takes place, and as the MMP-2 find it easier to exercise their

random movement in regions of lower micro-fibres density, the di↵usion rate is micro-

fibre density dependent, and therefore this spatio-temporal micro-dynamics can be

mathematically formulated as

@m

@⌧
= r · (D

m

(f)rm)| {z }
di↵usion

+ g
✏Y

(y, ⌧)| {z }
source term

, y 2 ✏Y, ⌧ 2 [0,�t] (5.9)

with the fibre-dependent di↵usion coe�cient

D
m

(f) =
D

1 + ↵
m

f̃(y, t
0

+ ⌧)
,

whereD is the baseline di↵usion rate and ↵
m

being a “slowing down” constant factor

induced by the presence of the micro-fibres density f̃(y, t
0

+ ⌧), which is defined

as follows. Considering first the micro-scale set-valued mapping that surveys the

number of points z corresponding to up to four fibres micro-domains �Y (x) that

represent the same micro-position y, namely

✏Y 3 y 7�! z(y) 2
S
x2Y

�Y (x)

is given by:

z(y) is the set of the micro-spatial points within up to four �Y (x)(y)

where

each selected �Y (x)(y) is a micro-cube within
S
x2Y

�Y (x)

with the property that this contains y 2 ✏Y

(please see Figure 5.2 for an illustration of this situation).

(5.10)
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we have that

f̃(y, t
0

+ ⌧) :=

8
><

>:

f(z(y), t
0

+ ⌧) if card(z(y)) = 1;

1

card(z(y))

P
⇣2z(y)

f(⇣, t
0

+ ⌧) if card(z(y)) > 1.
(5.11)

The bottom-up link During their micro-dynamics, the MMPs di↵use into the

surrounding ECM and it is the pattern of their advancing spatial distribution that

control the degradation of the peritumoural ECM captured within each micro-

domain ✏Y . This degradation ultimately leads to the movement of the tumour

boundary, whereby a movement direction ⌘
✏Y

and displacement magnitude ⇠
✏Y

, as

detailed in Chapter 2 are derived from the pattern of ECM degradation in each

micro-cube ✏Y (and for full derivation we refer the reader to Trucu et al. (2013)). The

microscopic movement of the boundary is represented at the macro-scale through

the movement from the boundary midpoint x⇤
✏Y

to a new spatial positiongx⇤
✏Y

. Thus,

although the bottom-up link of the model is much akin to previous Chapters, the spe-

cific context in which the presence of micro-fibres distribution enables on one hand

an enhanced source of MMPs and on the other hand acts as an impediment for their

random motility, the MMP micro-dynamics within the peritumoural region of the

tumour domain ⌦(t
0

) incorporates now these important aspects, ultimately result-

ing in an improved estimate for the macroscopic boundary movement characteristics

(i.e., encapsulated by the movement direction ⌘
✏Y

and displacement magnitude ⇠
✏Y

). This crucial micro-scale-induced boundary relocation is then translated back to

the macro-scale, resulting in an expanded tumour domain ⌦(t
0

+ �t) on which

the multiscale dynamics is continued (as detailed in Chapter 2 and in Trucu et al.

(2013)).
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5.4.1 Microscopic fibre degradation

Given the proteolytic properties of the MMPs, the cell-scale cross-interface MMP-2

micro-dynamics will result in a direct peritumoural ECM degradation, whose pat-

tern not only depends on the amount of MMP-2 transported at a given location y

within a given micro-domain ✏Y , but also on the existing ECM micro-fibres spa-

tial distribution at y. To address this micro-scales interaction that takes place

between the MMP-2 cross-interface transport and micro-fibres within any given

micro-domain ✏Y , we consider that the spatial patterns of micro-fibres distributions

that are aligned with the MMP-2 fluxrm(·, t
0

+⌧) su↵er less degradation than those

that are positioned orthogonal to it. Thus, for any fibre micro-domain �Y (x) that

has non-empty intersection with ✏Y , by denoting �
fm

(·, ·) : �Y (x)⇥ [0,�t] ! [0, ⇡]

the function that explores these emerging angles, given by

�
fm

(z, ⌧)=

8
><

>:

arccos
⇣

<rm(z,⌧),rf(z,t

0

+⌧)>

||rm(z,⌧)||
2

||rf(z,t
0

+⌧)||
2

⌘
�

�Y(x)\✏Y

(z), if krf(z, t
0

+⌧)k
2

>0,

⇡

2

�
�Y (x)\✏Y

(z), if krf(z, t
0

+⌧)k
2

=0.

(5.12)

where �
�Y (x)\✏Y

(·) is the usual characteristic function of �Y (x) \ ✏Y .

The strength of the micro-fibre degradation rate is influenced by their degree of

alignment with the flux of the MMPs, which is explored by the angle �
fm

(z, ⌧) at

which the flux of the MMP-2 molecules act upon the mass distribution of micro-fibres

f(z, t
0

+ ⌧) at each micro-position z, and so this can therefore be mathematically

formalised as

D
g

(z, ⌧) := d
f

· exp
✓
1� 1

1� (1� �(z, ⌧))2

◆
. (5.13)

where d
f

is a non-negative degradation constant, and the function �(·, ·)

�(z, ⌧) =

����
�

fm

(z, ⌧)

�
max

���� ,
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represents the influence of the collision angle relative to the maximum angle �
max

:=

⇡

2

where the highest rate of degradation will occur (i.e., when the flux of MMPs

is perpendicular upon the micro-fibres mass). Thus, the micro-fibre dynamics at

location z in the �-sized micro-scale can be mathematically represented as

@f

@⌧
= �D

g

(z, ⌧) · f(z, t
0

+⌧), z 2 �Y, ⌧ 2 [0,�t]. (5.14)

5.5 Summary of model

The tissue- and cell–scale dynamics of the new multiscale moving-boundary model

proposed here, can therefore be summarised as:

Macro-scale dynamics:

@c

@t
= r · [D

1

rc� cA(t, x,u(·, t), ✓
f

(·, t))] + µ
1

c(1� ⇢(u))+,

dF

dt
= ��

1

cF,

dl

dt
= ��

2

cl,

(5.15a)

Micro-scale boundary MMP-2-dynamics interacting with peritumoural micro-fibres:

@m

@⌧
= r · (D

m

(f)rm) + g
✏Y

(y, ⌧), y 2 ✏Y, ⌧ 2 [0,�t],

@f

@⌧
= �D

g

(z, ⌧) · f(z, t
0

+⌧), z 2 �Y, ⌧ 2 [0,�t].

(5.15b)

The macro- and micro-dynamics summarised in (5.15) aggregates two intercon-

nected multiscale frameworks that describe the interactions between two indepen-

dent micro-scale systems and share the same macro-scale tissue level dynamics (sum-

marised in (5.15a)) that is linked to the two micro-dynamics through two double
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feedback loops, as established and detailed in Chapter 3.

While the macro-scale tissue dynamics describe the evolution of the spatial dis-

tribution of cancer cells and both the non-fibres and macro-fibres ECM phase, the

micro-scale part of the first multiscale system governs the dynamic rearrangement of

fibres. Specifically, the rearrangement of the fibres emerges as a consequence of the

acting macro-scale flux of the cancer cells upon the mass distribution of micro-fibres

distributed within micro-domains �Y (x) which are centred at any given macroscopic

point x 2 Y . The redistributed micro-fibres naturally yield a new macroscopic vector

field representation of the newly oriented fibres that will have a cascade influence

upon adhesion processes the cancer cell population tissue-scale dynamics biasing

their migration, as detailed in Chapter 3 and Shuttleworth and Trucu (2019c).

The second multiscale system involved in this modelling brings into the picture

contribution of the micro-scale proteolytic dynamics occurring in a cell-scale neigh-

bourhood of the tumour interface. Here we take forward the multiscale moving

boundary approach initially introduced in Trucu et al. (2013) and recapitulated in

Chapter 3, by considering the influence that the oriented macro-scale ECM fibres

has upon the emergence of the micro-scale MMP-2 source and at the same time ex-

ploring the explicit cell-sale interaction that takes place between the MMP-2 spatial

flux and the mass distribution of micro-fibres at micro-scale which results in fibre

degradation, summarised in (5.15b), notably triggering changes in the macroscopic

fibres orientation. Consequently, these leading edge MMPs dynamics instigate a

change in the position of the tissue-scale tumour boundary that corresponds to the

pattern of peritumoural ECM degradation, this way allowing the macro-dynamics

to continue on the newly enlarged tumour region and thus the invasion process

continues.
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5.6 Numerical approaches and initial conditions

for computations

Expanding on the multiscale moving boundary framework developed in Chapter 3,

building on the model initially introduced in Trucu et al. (2013), we developed a

new modelling and computational approach to address specifically the cell-scale per-

itumoural interaction between the MDE and the micro-fibres mass distributions at

micro-scale. Specifically, we explore the link between fibre distribution and MMP

density at the tumour interface, in addition to the MMP induced micro-fibre degra-

dation at the cell-scale.

5.6.1 Brief description of the numerical approach

To address the tumour macro-dynamics, we use the novel predictor-corrector method

developed in Chapter 3, and fully defined in Shuttleworth and Trucu (2019c), that

accounts for the complexity of the cancer dynamics. For this, we consider a uniform

spatial mesh of size h = 0.03125, and we use a combination of central di↵erences

and mid-point methods to discretise the local spatial operators, while involving an

o↵-grid approach (introduced and detailed in Chapter 3) for the calculation of the

non-local adhesion terms (that enable the adhesive flux) at each spatio-temporal

node.

Furthermore, to obtain the microscopic boundary relocation described in Chap-

ter 2, we explore the top-down and bottom-up link, using a new finite di↵erence ap-

proach for computing the MMP micro-dynamics occurring on the bundle of bound-

ary micro-domains {✏Y }
✏Y 2P over the time interval [⌧

0

+ �t]. Hence, while con-

sidering a time discretisation into p uniformly distributed time steps, i.e., �t = �t

p

,

each micro-cube ✏Y is also discretised uniformly, using a spatial mesh of size h
✏

,
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i.e., �x
✏

= �y
✏

= h
✏

. Therefore, to discretise the reaction-di↵usion equation (5.9),

we start by addressing the spatially discretised source term induced by the cancer

cell and fibre distribution (5.8) in the way it was described in Trucu et al. (2013).

Then, to solve the spatio-temporal dynamics in (5.9), we develop a similar predictor-

corrector method using trapezoidal corrector for the time marching, while for the

spatial operators involved we use again a combination of mid-points and central

di↵erences, which in this context are given by

r · [rm]n
i,j

= div[rm]n
i,j

'
[m

x

]n
i+

1

2

,j

� [m
x

]n
i� 1

2

,j

�x
✏

+
[m

y

]n
i,j+

1

2

� [m
y

]n
i,j� 1

2

�y
✏

(5.16)

where 8
>>>>>>>>><

>>>>>>>>>:

[m
y

]n
i,j+

1

2

:=
m

n

i,j+1

�m

n

i,j

�y

✏

[m
y

]n
i,j� 1

2

:=
m

n

i,j

�m

n

i,j�1

�y

✏

[m
x

]n
i+

1

2

,j

:=
m

n

i+1,j

�m

n

i,j

�x

✏

[m
x

]n
i� 1

2

,j

:=
m

n

i,j

�m

n

i�1,j

�x

✏

with n = 0, . . . , p and i = 1, . . . , q, j = 1, . . . , q representing the indices for the y-

and x-directions, respectively. Finally, important for capturing the degradation of

the mass distribution of peritumoural micro-fibres at micro-scale, we use bilinear

shape functions on square elements (Hughes, 1987) to appropriately interpolate the

solutions and the associated fluxes of the MMP-2 micro-dynamics in the eventually

overlapping regions of their ✏Y s boundary micro-domains. This way the appropriate

MMP-2 flux information is obtained at any micro-position z in any given intersecting

�Y (x) fibres micro-domains, i.e., within those fibres micro-domains �Y (x) in the
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peritumoural region for which

there exists an ✏Y micro-domain such that �Y (x) \ ✏Y 6= ;.

as illustrated in Figure 5.2.

Figure 5.2: Schematic illustrating the boundary micro-scales computational setting
where the micro-dynamics is explored.

All of the following simulations of the model have been performed on MATLAB.

5.6.2 Initial conditions used in computational simulations

We consider the same initial conditions as in Chapter 3, whereby we consider the

initial cancer cell population c(x, 0) to occupy the region ⌦(0) = B((2, 2), 0.5) po-
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sitioned in the centre of the tissue cube Y , given by (3.45) and shown in Figure

5.3. Moreover, we consider two di↵erent compositions of the non-fibres ECM phase,

namely, a homogeneous distribution given by

l(x, 0) = min{0.5, 1� c(x, 0)} (5.17)

and a heterogeneous distribution previously explored and detailed in Chapter 3,

Figure 5.3: Initial condition for the cancer cell population c(x, 0), illustrating the
tumour boundary by the white contour.

given by (4.20). These initial conditions are shown in Figure 5.4.

Finally, the fibres ECM phase will be initialised with both a homogeneous and

heterogeneous macro-scale distribution. To this end, we first assume a random dis-

tribution of five pre-assigned micro-distributions containing patterns of five di↵erent

micro-fibres (introduced in Chapter 4 and detailed in Appendix D.1) that are then

randomly assigned onto �Y (x) := x+�Y . To calibrate the macro-fibre distributions,

we use the initial conditions for the non-fibres ECM phase, for either a homogeneous

or heterogeneous distribution, (5.17) and (4.20), respectively, taking a percentage p

of the density of the non-fibres ECM at each spatio-temporal position x. This allows

for the control of the maximal height of the micro-fibres in each �Y (x), centred at
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(a) initial cancer distribution (b) Initial ECM density

Figure 5.4: Initial conditions for the non-fibres ECM phase l(x, 0), illustrating
both a homogeneous (a) and heterogeneous (b) distribution.

macro-position x, so that the resulting macro-fibre distribution F (x, 0) represents

the percentage p, which here will be 15%, p = 0.15 or 20%, p = 0.2, with the latter

representing a denser collagen structure.

5.7 Results

We first explore tumour invasion in the presence of a homogeneous ECM, where

the non-fibres phase is the homogeneous distribution (5.17) with the fibres phase

taking the percentage p = 0.15 of l(x, 0). Using the parameter set ⌃
1

, Table 3.1,

and the microscopic fibre degradation rate d
f

= 1, we investigate the e↵ects of

micro-fibres degradation on tumour invasion. Figures 5.5, 5.6 and 5.7 display the

evolution of the tumour at stages �25t, �50t and �75t, respectively. Each figure

contains the subfigures: (a) cancer cell population; (b) non-fibres ECM density;

(c) macroscopic fibre distribution; vector fields of fibre orientations at two di↵erent

resolutions, namely: (d) coarsened two-fold; and (f) coarsened four fold; and finally

in (e) a 3D plot of the orientation of the complete ECM distribution v(x, t) =
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F (x, t) + l(x, t).

After 25�t macro-stages, Figure 5.5, the boundary of the tumour has remained

largely unchanged, subfigure 5.5a. Both the non-fibres and fibres ECM phase un-

dergo degradation where the cancer cell distribution is highest, subfigures 5.5b, 5.5c,

whilst minor degradation of the fibres has also occurred at the tumour boundary.

The masses of micro-fibres have been rearranged such that the macroscopic orien-

tation of fibres remains in line with the general fibre direction, subfigures 5.5d, 5.5f

which points towards the origin of the space. However, there are some irregularities,

particularly visible in subfigure 5.5f which has been magnified 4-fold, where the ori-

entation of the fibres is mixed with some fibres realigned to near perpendicular of

their original orientation. The cancer cells are pushing and rearranging the fibres

in a direction opposite that of the initial fibre orientation, subfigure 5.5c, where a

build up of fibre distributions occurs on the top right of the tumour region, situated

close to the bulk of the tumour mass. As the tumour expands in size, the fibres are

subsequently degraded during each stage of evolution, Figures 5.6 and 5.7, illustrat-

ing the simulations after 50�t and 75�t, respectively. At stage 50�t, some cells

have detached and formed a region encircling the initial bulk of tumour cells, sub-

figure 5.6a. The boundary of the tumour is expanding into the surrounding tissue,

subfigure 5.6b, exhibiting a “rippling” e↵ect along the proliferating edge caused by

the fibre mediated movement of the boundary. The macroscopic fibre distribution

becomes depressed as the cancer cells increase in distribution and thus increase in

their degradative behaviour, subfigure 5.6c. Moving on to final stage 75�t, the tu-

mour has largely increased in size and there are dense regions of cell distribution,

subfigure 5.7a. The cells are gathering at the tumour interface, pulled in this di-

rection by cell-fibre adhesion, following the direction of the fibres observed at the

previous interval in subfigures 5.6d, 5.6f. The source of MMPs induced by the cancer
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cells are very high in these dense areas, therefore the degradation of fibres is higher,

subfigure 5.7c, witnessed here by the absence of macroscopic fibre distribution.

To investigate the e↵ects of fibre distribution, whilst keeping the non-fibre ECM

phase initially homogeneous (5.17), we initialise the fibre distribution F (x, 0) with

15%, or p = 0.15, of the heterogeneous distribution (4.20). The simulations at

stage 25�t, Figure 5.8, indicates that the initial pattern of fibres distribution is

significant during the evolution of a tumour. The primary bulk of cancer cells have

dispersed within the boundary into regions of high cell distribution, subfigure 5.8a,

these coinciding with low density regions of the fibres ECM phase. The boundary

of the tumour is remaining circular with small defects in the direction of the fibre

orientation, subfigure 5.5f. The fibre magnitude density in subfigure 5.8c has small

regions of high fibre distributions, again pushed outwards towards the proliferating

edge. The fibre orientations are subject to an increased degree of realignment,

subfigures 5.8d, 5.8f, attributed to the initially di↵erent levels of density at each

macro-spatial position. Moreover, the fibres are realigned towards the higher density

regions, where “frenzied” groups of fibre orientations can be observed. Moving on to

simulations at stage 50�t, Figure 5.9, many of the behaviours previously observed

at stage 25�t are magnified. The cancer bundle has increased in size and notably

spread further into the areas of initially low fibre density, subfigure 5.9a with the

tumour boundary also increasing in size and irregularity. The fibres have been

rearranged and pushed further out towards the tumour boundary, subfigure 5.9c,

whilst simultaneously undergoing macroscopic degradation at the tissue scale (5.5),

thus resulting is areas of very low to no fibre density. Finally, the simulations

in Figure 5.10 show the evolution of the tumour at stage 75�t. The cancer cells

have formed patterns within the tumour boundary, subfigure 5.10a, in the areas

of low ECM density, where the cells have migrated towards the tumour boundary

175



collecting in high distribution bundles that more rapidly degrade the surrounding

ECM. Furthermore, the cells are flooding areas where there is very low to no fibre

density, subfigure 5.10c, and forming dense bundles of cells. This behaviour is in

accordance with the conclusions presented in Chapter 3 that cancer cells can more

freely invade areas of no ECM density and will progress upon these areas first before

engulfing the higher density regions.

5.7.1 Increased collagen density

We proceed by exploring the cancer dynamics within an initial 20% homogeneous

fibre distribution, taken as p = 0.2 of the non-fibres ECM phase l(x, 0), and in the

presence of the micro-fibre degradation rate d
f

= 0.5. At stage 25�t, Figure 5.11,

the non-fibres ECM phase has been degraded by the cancer cells, subfigure 5.11b,

with the highest degradation occurring in the regions of highest cell distribution.

The tumour boundary at this stage is larger than in previous simulations, this

correlating with results in Chapters 3 and 4 where an initially higher density fibre

ECM phase resulted in an accelerated spread of the tumour. Additionally, the

macroscopic fibre density, subfigure 5.11c, also exhibits di↵erent behaviour than

in previous simulations, where a similar pattern of fibres was noted in Chapter 3,

subfigure 3.20d. This pattern of fibres is witnessed because the tumour boundary is

expanding faster than the micro-fibres are being rearranged, thus the distributions

are not found to build on the proliferating edge. Moving on to stage 50�t, the cancer

cell distribution is increasing and spreading within the tumour region, subfigure

5.12a. There is significant non-fibres ECM degradation stretching the entire area

of the tumour, subfigure 5.12b, with this only becoming more pronounced at later

stages, subfigure 5.13b. The macroscopic fibre orientations, subfigures 5.12d, 5.12f,

display high levels of reorientation with a similar “frenzied” appearance to figures in
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Chapter 4. At the final stage 75�t, Figure 5.13, the cancer cells are dispersed further

into the matrix, subfigure 5.13a and noticeably in the pattern of degradation of the

non-fibres ECM phase, subfigure 5.13b. Overall, we conclude that in the presence of

a homogeneous ECM, with a high initial homogeneous fibre distribution, the cancer

cells have increased opportunity for adhesion and thus they are able to easier invade

the surrounding matrix, resulting in a larger tumour region and a higher level of

ECM degradation.

We continue our investigation of cancer invasion within a collagen dense envi-

ronment by exploring the multiscale model within an initially 20% heterogeneous

fibre ECM phase embedded in a homogeneous non-fibres ECM phase. Figures 5.14-

5.16 display simulation results at stages 25�t, 50�t and final stage 75�t. When

comparing with the results in Figures 5.11-5.13, the significant di↵erences between

cancer invasion within a homogeneous or heterogeneous fibre environment is the

shape and density of the main tumour bulk and the pattern of the proliferating

boundary. The tumour boundary in Figure 5.14 is spreading first to the low den-

sity regions of fibres, this behaviour consistent with results in Chapter 4, where the

cancer cells can more easily migrate to close-by areas of low fibre density due to

the physical space available, thus the boundary of the tumour becomes lobular as

the cells migrate outwards, subfigure 5.14c. The main bulk of tumour cells are also

exhibiting this behaviour as they have formed a high distribution region of cells in

the area of lowest fibre density, subfigure 5.14a. The macroscopic fibre orientations

have been rearranged to direct the movement of the tumour boundary, witnessed

in Figure 5.15 at the next time stage interval 50�t. The main body of the tumour

has distributed the cells into several small high distribution bundles, subfigure 5.15a

particularly in the low density regions of fibres, subfigure 5.15c. The microscopic

fibres are continuously rearranged and due to a higher rate of fibres degradation
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where the cancer cell distribution is highest, we observe a very low central region of

fibre density with them being both degraded and pushed outwards from the central

region of the tumour, subfigures 5.15d, 5.15f. The orientation of the fibres become

increasingly erratic in areas of higher fibre density, witnessed in the protrusions of

the tumour boundary, whereby they are orientated in opposing directions. This trait

is exaggerated at final stage 75�t, Figure 5.16, where the tumour has spread further

into the ECM and the protrusions have increased in size. Furthermore, the bulk of

cancer cells have become separated and formed distinct regions within the tumour

boundary. When comparing the cancer cell distribution and the macro-fibres den-

sity, subfigures 5.16a and 5.16c respectively, it can be noted that the cancer cells

have bypassed the higher regions of fibres and formed bundles of cells around these

areas. This behaviour can also be seen in the homogeneous case, however it is a

more prominent feature when in the presence of a heterogeneous fibre ECM phase.

In conclusion, in the presence of an initially high fibre ECM density, tumour progres-

sion is accelerated and encourages a more aggressively spreading tumour, in both

the case of either a homogeneous or heterogeneous fibre distribution. Additionally,

when the initial fibre density is high, the boundary of the tumour spreads further

away from the main body of the tumour at a rate which the cells cannot maintain.

Hence, the main body of the tumour stays centralised, compared to a lower initial

fibre density, whereby the cancer cells spread at a consistent rate within the tumour

region and stay close to the boundary.

5.7.2 Invasion patterns of a heterotypic cancer cell popula-

tion

To conclude our exploration of cancer invasion within a two-phase microenviron-

ment, we consider now the invasion patterns of a heterotypic cell population using
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the two cell sub-populations macro-dynamics first introduced in Chapter 2 and ex-

panded upon in Chapter 4. Restated here for completeness, the macro-dynamics of

the two cell sub-populations can be mathematically expressed as
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where the terms in these equations retain the exact definitions as laid out in Section

4.2.2, Chapter 4. We consider both cancer cells sub-populations to contribute to the

source of MMPs on the tumour boundary, hence the microscopic source term (5.8)

will be readdressed as
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where ↵
1

,↵
2

are the MMP secretion rates for cell sub-populations c
1

and c
2

, respec-

tively, eF (x, t
0

+ ⌧) := 1 + F (x, t) and eF · � are defined as in Section 5.4.

Using parameter set ⌃
2

, Table 4.1 and the micro-fibre degradation rate d
f

= 1, in

following Figures 5.17 - 5.22 we present the computational results for the evolution

of: (a) the primary cancer cell sub-population; (b) the secondary cell sub-population;

179



(c) the fibre magnitude density; (d) the non-fibres ECM distribution; and of the

vector field of orientated fibres at two di↵erent resolutions, namely: (e) coarsened

twice; and (f) coarsened fourfold. Considering an initially homogeneous fibre ECM

phase, when comparing these results directly with the results in Chapter 4, we

observe no di↵erences between simulations performed in the absence of micro-fibre

degradation at the tumour interface at the first interval 25�t, Figure 5.17, with

the fibre orientations in subfigures 5.17e and 5.17f consistent between the results

presented in Chapter 4. Proceeding to later stages, 50�t and 75�t, Figures 5.18 and

5.19, respectively, we begin to witness changes, whereby the boundary of the tumour

is visibly smaller than in previous results, thus implying a slower progression of the

tumour. The macroscopic fibre orientations are aligned di↵erently in subfigures

5.18e, 5.18f, where the fibres are directed inwards to the centre of the tumour,

confining the tumour to the centre of the domain, subfigure 5.17a. Moving on to

the final stage, Figure 5.19, the tumour region is smaller than in previous results,

Chapter 4, Figure 4.7. The bulk of the cancer cells stick closely to the tumour

boundary and both the fibre and non-fibre ECM phase have undergone a higher

level of degradation within the tumour region.

Finally, to further our understanding of the e↵ects of micro-fibre degradation

at the tumour interface, we explore the evolution of a heterotypic cell population

within a heterogeneous fibre ECM phase, whilst the non-fibre ECM phase remains

homogeneous, Figures 5.20-5.19. As with an initially homogeneous fibre density, at

stage 25�t, Figure 5.20, there is very little di↵erence when compared to simulations

presented in Chapter 4. Moving on to later stages it is obvious that the process of

boundary micro-fibre degradation causes a slower rate of tumour progression. The

tumour region is considerably smaller in Figures 5.21 and 5.22 when compared with

previous results in Figure 4.10. The bulk of tumour cells display a similar pattern,
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however much closer to the tumour boundary, particularly cancer cell population c
2

where the cells have formed high distribution bundles at the leading edge. Much like

in the presence of a homogeneous fibre density, both the fibre and non-fibre ECM

phase has been subject to a higher level of degradation in the tumour region. This

is attributed to the micro-fibre degradation at the tumour boundary, as degradation

continuously occurs as the boundary expands we witness a lower fibre density as the

tumour evolves. It can be concluded from these simulations and comparisons with

previous results that the process of micro-fibre degradation at the tumour interface

is disadvantageous to tumour progression, inhibiting the full invasive capabilities of

the tumour. This is due to the lower levels of fibre density at the tumour interface,

as degradation of the micro-fibres occurs both inside and within the peritumoural

region of the tumour, the cell-fibre adhesion rate is reduced in line with low fibre

levels, therefore the cancer cells do not have the same opportunities for adhesion

and thus their migration is greatly reduced.

5.8 Discussion

In this chapter we have presented an integrated two-part multiscale model of cancer

invasion, which builds on the approach introduced in Chapter 3 and Shuttleworth

and Trucu (2019c) and extends that to capture explicitly the dynamic cell-scale

interaction between the MDE boundary micro-dynamics and the peritumoural mass

distribution of micro-fibres.

Structured largely similar to the modelling framework introduced in Chapter 3

and Shuttleworth and Trucu (2019c), the model proposed here combines two mul-

tiscale systems that share the same tissue (macro-) scale dynamics while having

separate cell- (micro-) scale processes that are simultaneously connected via two

double feedback loops. Specifically, while this new modelling framework inherits

181



completely the multiscale dynamics of naturally oriented ECM fibres (induced by

the mass distribution of micro-fibres) occurring on the topological closure of the

invading tumour (and including the dynamic rearrangement of fibres under the in-

cidence of the macro-scale flux of cancer cells), this shares its macro-dynamics with

a significantly extended multiscale moving-boundary modelling for the proteolytic

dynamics at the tumour invasive edge that explicitly consider the interaction with

the peritumoural fibres.

This model expands and takes forward both the initial multiscale moving-boundary

framework introduced in Trucu et al. (2013) and its further development into the

two-part multiscale modelling introduced in Shuttleworth and Trucu (2019c) by

bringing in and exploring the cell-scale interaction between the cross-interface dif-

fusion of MMPs and the micro-fibre distributions in the peritumoural region, with

direct impact upon microscopic peritumoural degradation of micro-fibres that re-

sults in return in a continuously altered macroscopic vector field of oriented ECM

fibres at the tumour boundary. Moreover, these altered peritumoural ECM fibres

have major relevance within the macroscopic dynamics of the cancer cells as this

a↵ects the cell-fibres adhesion properties at the leading edge of the tumour, impact-

ing this way not only the tumour mechanics close to the tumour interface but the

entire tissue-scale dynamics of the tumour.

To that end, we first explore mathematically the positive feedback that of the

macroscopic distribution of ECM fibres close to the tumour interface has upon the

emerging cell-scale source of MMP-2 for the cross-interface micro-dynamics that

MMP-2 exercise at the invading edge of the tumour. Specifically, in this new formu-

lation we are able to capture the enhanced sources of MMP-2 in a relevant cell-scale

neighbourhood which are enabled non-locally by the presence of elevated distribu-

tions of ECM fibres within neighbouring active regions from within the outer pro-
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liferating rim of the tumour where cancer cells arrive during their macro-dynamics

and produce MMPs.

Further, in the presence of the cell-scale MMP-2 source induced by the macro-

dynamics, a cross-interface di↵usion of MMP-2 occurs at the invasive edge of the

tumour. However, as the MMP-2 find it easier to diverge along their gradient di-

rections in regions with lower micro-fibres levels, by accounting for the presence

micro-scale mass distribution, we finally obtain that the di↵usion rate of this dif-

fusive molecular transport process of MMP-2 naturally depend on the micro-fibres

density. Thus, this cell-scale MMP-2 dynamics focuses the cross-interface molecular

transport towards the regions of lower mass-distributions of micro-fibres, taking on-

the-fly advantage on the potential “micro-fibres valleys” created by the multiscale

dynamic rearrangement of fibres induced by the macro-scale flux of cancer cells,

which was derived and explored with full details in Chapter 3 and Shuttleworth

and Trucu (2019c). To accommodate this new fibre-dependent di↵usion of MMPs,

their micro-dynamics were computed using a finite di↵erence scheme, similar to the

method used in Chapter 2 for the spatial and time discretisation for the cancer

macro-dynamics, as described in Section 2.3.1.

Since the MMP-2 cross-interface molecular transport leads to peritumoural micro-

fibres degradation takes at the micro-scale, we explored this degradation explicitly

at the cell-scale, remarking here at the same time that this complements the previ-

ous modelling framework introduced and discussed in Chapter 3 and Shuttleworth

and Trucu (2019c) were the fibres degradation was only considered on the bulk of

the tumour at the macro-scale. To that end, we considered the correlation between

the micro-fibres degradation and the incidence angle that the MMP-2 molecular

flux makes with the regions of significant levels of micro-fibres distributed with any

given ✏Y from the covering bundle of {✏Y }
✏Y 2P boundary micro-domains. This en-
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abled us to derive mathematically a micro-fibres degradation law occurring on each

fibre micro-domain �Y (x) that has non-empty intersection with at least one of the

boundary micro-domains ✏Y , in which maximum fibre degradation occurs when the

angle between the fibres and MMPs flux is perpendicular, while the degradation

decreases with increasing alignment of the fibres with the direction of the MMP-2

molecular flux. This suggests that the highly aligned collagen fibrils will act as a

pathway for invasion rather than a barrier against it, this being consistent with the

biological evidence presented in Provenzano et al. (2006). Finally, this degradation

of peritumoural mass distribution micro-fibres at the cell-scale is continuously in

time translated back at macro-scale, having a natural and major impact upon on-

the-fly changes in the orientation and magnitudes of macro-scale ECM fibres from

the peritumoural region.

This new modelling framework has been explored in several scenarios, within

both a homogeneous and heterogeneous initial distribution of fibres, and varying the

initial ratio of macroscopic fibre distribution in relation to the non-fibres ECM phase.

The non-fibres ECM phase was kept as a homogeneous density throughout the

Chapter for the purpose of exploring only the influence of ECM fibres during cancer

invasion. These scenarios were explored through randomly allocated distributions

of micro-fibres over the fibres micro-domain, as considered already in Chapter 4 and

defined in Appendix D.1.

We explored the di↵erences between a homogeneous and heterogeneous initial

distribution of fibres where we varied the initial percentage of fibres density from

15% to 20%, as well as investigating the morphology of a heterotypic cancer cell

population whose macroscopic dynamics were developed in Chapter 4. We conclude

from these simulations that a heterogeneous distribution of fibres induces a more

lobular, fingering pattern of the tumour boundary, and an increase in initial fibre
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density promotes a more aggressive tumour spreading further into the surrounding

tissue, a behaviour which is mirrored in the biological experiments performed in

Provenzano et al. (2008). These remarks are in line with previous Chapters where the

same conclusions are drawn regarding the initial condition of the fibres ECM phase.

The simulations performed in this Chapter exhibit an overall larger tumour spread

than the simulations in Chapter 3, implying that the degradation of fibres at the

tumour interface promotes tumour invasion. The final simulations, which consider

the invasive behaviour of a heterotypic cell population, suggest that although the

cancer cells migrate more easily into low density regions of ECM, at the tumour

interface a lack of fibre density is detrimental to the progression of the tumour. The

low levels of fibre density inhibit the migration of cancer cells and thus the movement

of the tumour boundary by reducing the opportunities for cell-fibre adhesion. In

general, we conclude that the invasion of a heterotypic cancer cell population is

accelerated in the presence of a high fibres ECM density, however within a low

fibres ECM the tumour undergoes slower progression and the bulk of the cancer

cells remain closer to the gradually expanding tumour boundary.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.5: Simulations at stage 25�t with a homogeneous distribution of the
non-fibrous and fibres phase of the ECM and a micro-fibres degradation rate of
d
f

= 1.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.6: Simulations at stage 50�t with a homogeneous distribution of the
non-fibrous and fibres phase of the ECM and a micro-fibres degradation rate of
d
f

= 1.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.7: Simulations at stage 75�t with a homogeneous distribution of the
non-fibrous and fibres phase of the ECM and a micro-fibres degradation rate of
d
f

= 1.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.8: Simulations at stage 25�t with a homogeneous distribution of the non-
fibrous phase and 15% heterogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 1.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.9: Simulations at stage 50�t with a homogeneous distribution of the non-
fibrous phase and 15% heterogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 1.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.10: Simulations at stage 75�t with a homogeneous distribution of the
non-fibrous phase and 15% heterogeneous fibres phase of the ECM with a micro-
fibres degradation rate of d

f

= 1.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.11: Simulations at stage 25�t with a homogeneous distribution of the
non-fibrous phase and 20% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 0.5.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.12: Simulations at stage 50�t with a homogeneous distribution of the
non-fibrous phase and 20% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 0.5.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.13: Simulations at stage 75�t with a homogeneous distribution of the
non-fibrous phase and 20% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 0.5.

194



(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.14: Simulations at stage 25�t with a homogeneous distribution of the
non-fibrous phase and 20% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 0.5.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.15: Simulations at stage 50�t with a homogeneous distribution of the
non-fibrous phase and 20% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 0.5.
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(a) Cancer cell population (b) Non-fibres ECM distribution

(c) Fibre magnitude density (d) Fibre vector field - coarsened 2 fold

(e) 3D ECM vector field (f) Fibre vector field - coarsened 4 fold

Figure 5.16: Simulations at stage 75�t with a homogeneous distribution of the
non-fibrous phase and 20% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 0.5.
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(a) Cancer cell population 1 (b) Cancer cell population 2

(c) Fibre magnitude density (d) Non-fibres ECM distribution

(e) Fibre vector field - coarsened 2 fold (f) Fibre vector field - coarsened 4 fold

Figure 5.17: Simulations at stage 25�t with a homogeneous distribution of the
non-fibrous phase and 15% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 1.

198



(a) Cancer cell population (b) Cancer cell population 2

(c) Fibre magnitude density (d) Non-fibres ECM distribution

(e) Fibre vector field - coarsened 2 fold (f) Fibre vector field - coarsened 4 fold

Figure 5.18: Simulations at stage 50�t with a homogeneous distribution of the
non-fibrous phase and 15% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 1.
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(a) Cancer cell population (b) cancer cell population 2

(c) Fibre magnitude density (d) Non-fibres ECM distribution

(e) Fibre vector field - coarsened 2 fold (f) Fibre vector field - coarsened 4 fold

Figure 5.19: Simulations at stage 75�t with a homogeneous distribution of the
non-fibrous phase and 15% homogeneous fibres phase of the ECM with a micro-fibres
degradation rate of d

f

= 1.
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(a) Cancer cell population (b) Cancer cell population 2

(c) Fibre magnitude density (d) Non-fibres ECM distribution

(e) Fibre vector field - coarsened 2 fold (f) Fibre vector field - coarsened 4 fold

Figure 5.20: Simulations at stage 25�t with a homogeneous distribution of the
non-fibrous phase and 15% heterogeneous fibres phase of the ECM with a micro-
fibres degradation rate of d

f

= 1.
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(a) Cancer cell population (b) Cancer cell population 2

(c) Fibre magnitude density (d) Non-fibres ECM distribution

(e) Fibre vector field - coarsened 2 fold (f) Fibre vector field - coarsened 4 fold

Figure 5.21: Simulations at stage 50�t with a homogeneous distribution of the
non-fibrous phase and 15% heterogeneous fibres phase of the ECM with a micro-
fibres degradation rate of d

f

= 1.

202



(a) Cancer cell population (b) Cancer cell population 2

(c) Fibre magnitude density (d) Non-fibres ECM distribution

(e) Fibre vector field - coarsened 2 fold (f) Fibre vector field - coarsened 4 fold

Figure 5.22: Simulations at stage 75�t with a homogeneous distribution of the
non-fibrous phase and 15% heterogeneous fibres phase of the ECM with a micro-
fibres degradation rate of d

f

= 1.
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Chapter 6

Conclusions and Discussion

In this thesis we have presented a comprehensive mathematical modelling approach

for exploring cancer invasion. This considered several interlinked tissue- and cell-

scale processes, which are critically involved within cancer invasion, and addressed

them through a gradual development of the multiscale moving-boundary framework

first introduced in Trucu et al. (2013), which was advanced here to consider the

fibrous structure of the surrounding microenvironment and its role within the inva-

sion process of both a single and heterotypic cell population. We investigated the

local invasion of a tumour within a multi-phase ECM and explored the contribution

of a dynamic cancer cell-mediated fibre rearrangement process coupled with inter-

actions between matrix degrading enzymes, secreted by the cancer cells, and the

peritumoural fibres network.

For the multiscale model considered in Chapter 2 we built upon the multiscale

moving boundary framework introduced in Trucu et al. (2013) by exploring the

adhesive dynamics between a heterotypic cancer cell population and the surrounding

environment. To that end, we considered the dynamics of a tumour consisting

of two cell populations, with the second sub-population arising through cellular
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mutations from the primary cell population, and their influence on the micro-scale

MDEs boundary dynamics occurring at the cell-scale along the invasive edge of the

tumour. This macro-micro “top-down” link is given via the source of MDEs that

are secreted by the cancer cells from both cell sub-populations arriving within the

outer proliferating rim of the tumour. In turn, the MDEs micro-dynamics occurring

on the cell-scale enables a micro-macro feedback in the form of a “bottom-up” link

by providing the movement direction and displacement magnitude of the tumour

boundary.

During the macro-scale tumour dynamics, we investigated the e↵ects of cell ad-

hesion, in particular cell-cell and cell-matrix adhesion, and how these influenced the

movement of the cancer cells. For that, we considered a non-local adhesion term that

accounted for these interactions occurring within a certain radius from the macro-

mesh point and thus evaluated the adhesive qualities at each point within the tumour

region. The addition of cell adhesion and a secondary cell sub-population enhanced

the invasiveness of the tumour when compared to previous results in Trucu et al.

(2013), exhibiting increased movement of both the main bulk of cancer cells and

the tumour boundary. Furthermore, when sensitivity to the initial conditions of the

extracellular matrix were explored, it was noted that as heterogeneity of the ECM

was increased, the tumour boundary became increasingly lobular and fingering in

its pattern of invasion.

Building on the framework proposed in Chapter 2 and Trucu et al. (2013), in

Chapter 3 we proposed a novel two-part multiscale model to explore the adhesive

dynamics of a cancer cell population within a two-phase heterogeneous ECM and its

impact on the overall pattern of tumour invasion. The ECM was considered here to

be a mixture of densities of fibres and non-fibre phases, with the fibres representing

all the fibrous proteins such as collagen or fibronectin, and the non-fibres phase
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standing for the rest of the ECM constituents (including soluble components such

as calcium ions and other classes of ECM molecules such as laminin and elastin).

A special attention was paid to the ECM fibres phase, which was considered and

explored through its own multiscale dynamics integrated within the multiscale mov-

ing boundary framework initially introduced in Trucu et al. (2013). This gave rise

to a second multiscale system acting within the bulk of the tumour which was shar-

ing the macro-dynamics with the underlying multiscale moving boundary system,

while having its own specific micro-dynamics addressing the rearrangement of fibres

instigated by the macroscopic cell population flux, which established a new top-

down link between the macro-dynamics and now the fibres micro-dynamics. Notably

here, the rearrangement of the micro-structure of the ECM fibres, regarded here as

mass distribution of micro-fibres, yields a new naturally induced orientation for the

macro-fibres that will have critical influence within the tumour macro-dynamics.

This establishes a bottom-up link between now the fibre micro-dynamics and the

macro-scale, closing this way a double feedback loop that connects the macro- and

micro-dynamics in this new fibre focussed multiscale system.

Specifically, within the fibre focussed multiscale system, we developed a model

which on one hand explored the way the fibre micro-dynamics are up-taken on-the-

fly into the tissue-level tumour dynamics by providing at tissue-scale a spatially-

distributed macroscopic vector field of oriented ECM fibres (whose orientations are

naturally induced by the mass distribution of micro-fibres at micro-scale), these hav-

ing direct influence within the tumour progression thereby influencing cell migration

through their input within cell adhesion, and on the other hand, the way in which

the macro-scale cancer cell population dynamics influences both the macroscopic

degradation and the microscopic rearrangement of the fibres. Furthermore, medi-

ated by their macro-scale input, the role played by the fibres also have an influence
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on the proteolytic leading edge micro-dynamics of the MDEs which are part of the

moving boundary multiscale system that was initially formulated in Chapter 2 and

Trucu et al. (2013).

In order to integrate the fibre micro-scale into the macro-scale dynamics, we

explored the influence of the orientated ECM fibres within cell adhesion while ac-

counting for the continuous (in time) changes in fibres magnitudes and orientations

enabled by the fibres micro-dynamics. This enhances and takes further the cell ad-

hesion term introduced in Gerisch and Chaplain (2008); Domschke et al. (2014) and

explored in Chapter 2, where besides the cell-cell and cell-ECM-non-fibres adhesion,

we now account explicitly for the cell-fibres adhesion. The new type of adhesion,

cell-fibres adhesion, brings in the influence of the fibres macroscopic orientation and

magnitudes distribution, this way biasing the direction of cell adhesion within the

macro-dynamics.

Further, while the cancer cells degrade both the ECM fibres and non-fibres phases

at macro-scale, it is the flux of the cancer cells that cause the rearrangement of the

micro-fibres at macro-scale. To that end, the cancer cells redistribute and rear-

range the micro-fibres in a relocation direction obtained as the contribution of the

macroscopic cancer cell flux weighted in accordance with the amount of cancer cells

transported at the macro-position and the magnitude of micro-fibres they come into

contact with. Finally, this micro-fibres relocation was enabled through a movement

probability dependent on the level of micro-fibres at the new position.

Alongside the newly developed two-part multiscale model, we extended the com-

putational framework to address the complex cancer dynamics by formulating a

novel non-local predictor-corrector numerical scheme to address the challenging

macro-scale computational conditions created through the presence of a multi-phase

ECM. We accompanied the new two-part multiscale model with simulation results
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which have some similarities to previous work in Chapter 2 and Trucu et al. (2013)

where there is a generally fingering, lobular pattern of tumour progression, which is

here exacerbated as the cell-fibre adhesion rate is increased. These results suggest

that the fibres do indeed play a key role during cancer invasion when compared to

previous results in Trucu et al. (2013) where cell adhesion and the role of a fibrous

network within the ECM are not considered. We conclude from these results that

a fibres-ECM component embedded within a heterogeneous non-fibre ECM phase

facilitates a more significant tumour progression than in the case when this is em-

beded within a homogeneous non-fibre ECM distribution and the rearrangement of

the underlying micro-fibres allows the cancer cells to influence their own direction

of migration.

An extension to the two-part multiscale model described in Chapter 3 was pre-

sented in Chapter 4 to explore the invasion of a heterotypic cancer cell population,

consisting of two cell sub-populations, within a two-phase ECM. The behaviour

of the secondary cell sub-population is similar to the cancer cell macro-dynamics

presented in Chapter 2, however here the mutated population held more aggres-

sive invasion qualities, i.e., a lower cell-cell adhesion rate and a higher a�nity for

cell-fibre adhesion. Additionally, the secondary cell sub-population arose through

mutations from the primary cell population that were conditional on the underlying

combined ECM density.

Focussing next on the fibre ECM phase, having previously explored cancer inva-

sion on a network of identical initial distributions of micro-fibres among the micro-

domains, to create a “non-aligned” fibre ECM phase, in this Chapter we introduced

two families consisting each of five di↵erent micro-fibre distributions that were ran-

domly allocated to the all the fibres micro-domains (centred at the macro-mesh

positions). This form of the ECM fibres phase portrayed a di↵erent example of
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human tissue when compared to the highly aligned fibre ECM phase modelled in

Chapter 3. We again considered the macroscopic representations of the micro-fibres

and their resulting e↵ects on the macro-scale dynamics, as introduced in Chapter 3,

while, at the same time, allowing the distribution of both cancer cell sub-populations

to cause macroscopic fibre degradation. The results presented in Chapter 4 convey

much the same conclusions as previous results, namely that tumour progression is

enhanced as the heterogeneity of the ECM is increased. Additionally, as the initial

fibre density is increased, the spread of the tumour area is largely increased. These

results suggest that the cancer cells are more invasive when in the presence of a high

fibre ECM phase, in line with biological experiments performed in Provenzano et al.

(2008), with this behaviour due to the increased opportunity for cell-fibre adhesion

which drives the migration of the cells. Comparing these results with the simula-

tions in Chapter 2, the cells in sub-population c
2

exhibit much greater movement

towards the tumour boundary, and the boundary of the tumour is much more irreg-

ular due to the heterogeneity of the ECM and the arrangement of the underlying

micro-fibres.

Lastly, the model proposed in Chapter 5 expands upon the model developed

in Chapter 3 by extending the exploration of the proteolytic dynamics at the tu-

mour invasive edge to the more natural context where this MDEs boundary micro-

dynamics takes place in direct interaction with the underlying fibre network. In

particular, this model focussed on the peritumoural processes of the freely di↵using

matrix degrading enzyme MMP-2, which are sourced from the macro-scale cancer

cell population arriving during their migration within the outer proliferation rim

within a given sensing distance to the tumour boundary. A particularly important

aspect in this context is the enhancement enabled by the underlying macroscopic

ECM fibre magnitudes upon the source of MMPs secreted by the macro-scale cancer
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cell distributions, whereby a higher source of MMPs is secreted within dense fibres

regions. Finally, in the presence of this source, a cross-interface fibre-dependent dif-

fusion of the MMP-2 takes place within the peritumoural boundary micro-domains,

which takes advantage of the potential “fibre valleys” created by the micro-fibres

rearrangements (instigated by the macro-scale cell-population flux), exploring these

as preferred transport routes at the expense of dense micro-fibres regions.

The model proposed here incorporated the biological activities of two particular

MMPs, namely the membrane-tethered MT1-MMPs and the MMP-2. On one hand,

the membrane-tethered MT1-MMPs indirectly play a role within the topological clo-

sure of the tumour, being responsible for cleaving and breaking down the strong col-

lagen fibres, thus bringing its contribution to facilitating appropriate cell-scale con-

ditions for the dynamic rearrangement of micro-fibres, a process that was already

addressed starting with Chapter 3. On the other hand, the membrane-tethered

MT1-MMPs also plays an important role in activating MMP-2, and this way, again

indirectly, contributing to the cell-scale MMP-2 boundary micro-dynamics that ul-

timately leads to peritumoural ECM fibres degradation. The degradation of micro-

fibres, captured here within each boundary micro-domain ✏Y , accounts for the angle

at which the flux of the MMPs collides with the micro-fibres mass at each micro-

spatial position. Indeed, maximum fibre degradation occurrs when the angle be-

tween the fibres and MMPs flux is ⇡/2, while increased alignment of the micro-fibres

masses with the direction of the MMP-2 molecular flux leads to a decrease in the

fibres degradation rate. Finally, this degradation of peritumoural mass distribution

micro-fibres at the cell-scale is continuously in time translated back at macro-scale,

having a natural and major impact upon on-the-fly changes in the orientations and

magnitudes of macro-scale ECM fibres from the peritumoural region.

This model was accompanied by a new computational framework whereby a
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finite di↵erence approach was developed to compute the MMPs micro-dynamics,

using a trapezoidal predictor-corrector method for time integration. Simulation re-

sults from this model were performed to explore this new multiscale framework un-

der varying densities of homogeneous and heterogeneous initial fibres ECM phases.

When considering a single cell population, the process of micro-fibre degradation

at the boundary was found to promote tumour progression and resulted in larger,

denser tumours than previous results in Chapter 3. However when we considered

a heterotypic cell population, the micro-fibre degradation at the tumour interface

was found to be detrimental to cancer invasion and slowed the progression of the

tumour when compared to results from Chapter 4.

Looking forward, this model would benefit from biological experiments specif-

ically tailored to explore the relevance of both the composition of the ECM and

the peritumoural MDE processes during tumour invasion, this way providing more

accurate parameter values and giving a more comprehensive characterisation of the

micro-structures and processes that can then be conveyed into the mathematical

model. Although some of the results in this thesis are already implied and correlate

to current biological findings, for example, experiments performed by Provenzano

et al. (2008) influenced the development of the fibres dynamics and our simulations

corroborate these experimental results, more e↵orts should be made to increase

the biological relevance of these models and enable the validation of the simulation

results.

The main aim of this thesis was to understand the process of cancer invasion

within a multi-component extracellular matrix and explore the crucial interactions

between cancer cells and their environment to better predict tumour morphology.

Due to deficiencies in current imaging techniques, which only capture between 65%

and 90% of the true size of a tumour, it is crucial to develop new models to predict
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the true extent of a tumour. Our model simulations suggest that for an aggressive

cancer, while having the bulk of cancer cells localised to the central region of the

tumour, the tumour itself will in fact be much larger with the boundary expanding

far into the surrounding tissue. Thus, information about the true boundary would

be invaluable to surgeons during the resection of a tumour to ensure the entire mass

was removed, including the regions that are not visible with the current imaging

techniques. The results obtained in this thesis are significant, however the model

would benefit from biological validation through the use of clinical data and exper-

iments and through the appropriate model development to allow for the modelling

of any type of cancer.
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Appendix A

Appendix

A.1 Derivation of adhesive flux term

The motion of the cells due to adhesion occurs as a result of the forces produced

when adhesion bonds are both produced and broken. The derivation of this term

can be seen when the adhesive flux is written as

J
a

=
�

R
uF,

where � is a constant of proportionality related to viscosity of ECM, R is the sensing

radius and F is the total force acting on all cells, (Armstrong et al., 2006). Thus,

F can be expressed as the sum of all forces on f , created by cells at position x with

cells a distance y away. The magnitude of local forces will depend on the local cell

density whilst the direction of local forces will depend on the position of the cells at

y with respect to x. Hence

f = ↵g(u(x+ y)) · K(y),
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where g(u(x+y)) describes the forces and their dependence on the local cell density,

K(y) is the kernel describing how the direction and magnitude of the force alters

and ↵ is a positive parameter reflecting the strength of adhesive force between the

cells. The total force F is then

F =

Z
R

�R

↵g(u(x+ y)) · K(y) dy,

and when substituting this in to our previous equation for the adhesive flux we have

J
a

=
�

R
u

Z
R

�R

↵g(u(x+ y)) · K(y) dy.

Figure A.1: Schematic describing the force of cells with respect to a point x. The
sign of y will determine the direction of force. Here, (a) gives the force exerted by
cells at x�y and (b) gives the force exerted by cells at x+y. On either side is x�R
and x+R (the sensing radius) which is the maximum distance from x that we can
evaluate force.
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Appendix B

Appendix

B.1 The computational microscopic scheme and

its relation to the macro-scale

We describe here the computational scheme for the microscale dynamics first intro-

duced in Trucu et al. (2013) and its relation to the macroscopic level. We begin

by recalling the ✏-sized cubes, ✏Y 2 P , covering the entire boundary @⌦(t
0

) and

described in section 2.2.2. The uniform mesh size h = ✏

2

is used to discretise the

entire macro-domain with each micro-domain ✏Y centred at a boundary point from

the macroscopic mesh. Thus, because the ✏-cubes are half-way shifted copies on the

entire boundary, the neighbouring ✏-cubes start from the centre of the current one,

with the centre of the micro-domains corresponds to the midpoint x⇤
✏Y

induced by

✏Y on [@⌦(t
0

)]
✏Y

.

To compute the integrals in the source term (2.7), Trucu et al. (2013) proposed

a specially developed midpoint rule that approximates the integral of a function f

over a generic element domain K, with K being in a finite subdivision with either

triangular or square elements of a given region A ⇢ R2, as the product between the
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value of f at the center of mass K, K
center

, and the Lebesgue measure of K denoted

Z

K

f = f(K
center

)�(K).

For an arbitrarily chosen ✏Y 2 P , we consider a finite element approach involving

triangular elements on a uniform micro-mesh which is maintained with identical

structure for all the micro-domains. We consider the time constant approximation

f̃
✏Y

of f
✏Y

on the time interval [0,�t]. Using the final-time computed values of both

cell populations c
1

(·, t
0

+�t), c
2

(·, t
0

+�t) at the micro-mesh points, x
1

, x
2

, ...x
p

✏

2

✏Y \ ⌦(t
0

), we take

f̃
✏Y

=
1

�(B(x
s

, �) \ ⌦(t
0

))

Z

B(x

s

,�)\⌦(t

0

)

↵
1

c
1

(x
s

, t
0

+ ⌧) + ↵
2

c
2

(x
s

, t
0

+ ⌧) dx

where s = 1, ..., p
✏

and the integrals are computed using the midpoint rule (Trucu

et al., 2013). For the remaining points y 2 ✏Y , the values of f̃
✏Y

are calculated via the

set of finite element basis functions considered at the contact points {�
s

|s = 1, ..., p
✏

}.

We consider two scenarios for any micro-mesh point y 2 ✏Y :

Case 1: If there exists three overlapping points x
i

1

, x
i

2

, x
i

3

2 {x
1

, x
2

, ...x
p

✏

}, which

belongs to the same connected component of @⌦(t
0

)\ ✏Y such that y belongs

to the convex closure of the set y 2 Conv{x
i

1

, x
i

2

, x
i

3

}, then the finite element

approximation of f̃
✏Y

at y is

f̃
✏Y

(y) = f̃
✏Y

(x
i

1

)�
x

i

1

(y) + f̃
✏Y

(x
i

2

)�
x

i

2

(y) + f̃
✏Y

(x
i

3

)�
x

i

3

(y)

Case 2: If y does not satisfy Case 1, then

f̃
✏Y

(y) = 0.
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On each micro-domain ✏Y 2 P , under the presence of zero Neumann boundary

conditions and using the computed source terms f̃
✏Y

, we use the finite element

method to solve the reaction-di↵usion equation (2.8) over the time interval [0,�t].

We then use bilinear elements on a square mesh to obtain the numerical scheme for

the MDE micro-processes occurring within each boundary micro-domain ✏Y using a

trapezoidal predictor-corrector method for the time integration (Trucu et al., 2013).

Figure B.1: Plots showing the macro- and micro-domains used in the numerical
scheme. The right figure shows the macro-domain with the cancer region ⌦(t

0

) in
purple, with the expanded tumour region ⌦(t

0

+�t) shown in pink. The left figure
is an example of an ✏Y (x) boundary micro-domain, with the central boundary point
x⇤
✏Y

. The pattern of the MDE invading front is illustrated in green, whilst the new
boundary position gx⇤

✏Y

and its closest macro-mesh position (shown here in dark
blue) in Euclidean distance are both highlighted in red with appropriately pointing
arrows.

For each ✏Y 2 P , we use the midpoint rule to find the transitional probability

q⇤
✏

described in Section 2.2.2, and fully defined in Trucu et al. (2013). Thus, pro-
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vided that the transitional probability exceeds a certain threshold !
✏Y

2 (0, 1), the

boundary mesh point x⇤
✏Y

will be moved in direction ⌘
✏Y

from the macro-mesh point

from the @⌦(t
0

) \ [⌦(t
0

)]
✏Y

to the closest (in Euclidean distance) togx⇤
✏Y

, Figure B.1.

If the threshold is not satisfied, then x⇤
✏Y

will remain at the same spatial position.

Therefore, the new boundary @⌦(t
0

+ �t) is an interpolation of the set of points

that have been moved and the set of points that have remained in the same spatial

position, namely,

{x⇤
✏Y

|✏Y 2 P and q⇤
✏

(x⇤
✏Y

) < !
✏Y

} \ {gx⇤
✏Y

|✏Y 2 P and q⇤
✏

(x⇤
✏Y

) � !
✏Y

},

and the computational process continues on the new domain ⌦(t
0

+ �t), using a

discretised version of (2.9) and hence a new initial condition for the macroscopic

stage, i.e.,

vnew(x
i,j

, t
0

+�t) = vk
i,j

,

cnew
n

(x
i,j

, t
0

+�t) =

8
>>>>>>>><

>>>>>>>>:

ck
n

i,j

, x
i,j

2 ⌦(t
0

),

1

8
(ck

n

i,j+1

+ck
n

i+1,j+1

+ck
n

i+1,j

+ck
n

i+1,j�1

x
i,j

2 B(⌦(t
0

), h) \ ⌦(t
0

),

+ck
n

i,j�1

+ck
n

i�1,j�1

+ck
n

i�1,j

+ck
n

i�1,j+1

),

0, x
i,j

/2 B(⌦(t
0

), h),

where {x
i,j

, i, j = 1, ..., q} are the macro-mesh points in Y , k is the final time-step

index and as defined in Trucu et al. (2013), ⌦(t
0

) is the topological closure of the

tumour region ⌦(t
0

) and B(⌦(t
0

), h) is the topological closure of the h-bundle of

⌦(t
0

), i.e.,

B(⌦(t
0

), h) := {x 2 Y |9z
x

2 ⌦(t
0

) such that ||x� z
x

||
2

 h}.
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Figure B.2: Schematic representation of the new initial condition for the tumour
domain. The purple region represents the topologically closed tumour region ⌦(t

0

),
with the green region representing the interpolation of tumour boundary positions

within B(⌦(t
0

), h) \ ⌦(t
0

).
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Appendix C

Appendix

C.1 The mollifier  �

The standard mollifier  
�

: RN ! R
+

(which was used also in Trucu et al. (2013))

is defined as usual, namely

 
�

(x) :=
1

�N
 
�x
�

�
,

where  is the smooth compact support function given by

 (x) :=

8
>><

>>:

exp

1

kxk2
2

�1

R

B(0,1)

exp

1

kzk2
2

�1

dz

, if x 2 B(0, 1),

0, if x 62 B(0, 1)

C.2 The radial kernel K(·)

To explore the influence on adhesion-driven migration decreases as the distance from

x + y to x within the sensing region B(x, r) increases, the expression of the radial

dependent spatial kernel K(·) appearing in (4.6) is taken here to be:

K(r) :=
2⇡R2

3

⇣
1� r

2R

⌘
.
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Appendix D

Appendix

D.1 Microscopic fibre domains

For the fibres initial conditions in Chapter 4, on the micro-domains �Y (x), we

consider two families of five distinctive micro-fibres patterns, {P 1

i

}
i2J and {P 2

i

}
i=1..5

,

which are defined by the union of paths P l

i

=
S

j=1..5

hl

i,j

, l = 1, 2, which are given as

follows.

For the first family of fibre paths P 1, we have:
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For the second family of fibre paths P 2, we have:
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For each of these families of fibre paths P l, l = 1, 2, as described in Shuttleworth

and Trucu (2019c), the micro-scale fibres pattern within each micro-domain �Y (x)

is given as

f(z, t) :=
5X

j=1

 
h

l

i,j

(z)(�
(��2�

0

)Y (x)

⇤  
�

0

)(z) (D.1)

222



where { 
h

l

i,j

}
i,j=1..5

are smooth compact support functions of the form
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defined as follows:
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Case 2 : if hl
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is parallel to z
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is identified as the graph of a constant function of z
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)

we have:
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(D.2)

Here r > 0 is the width of the micro-fibres and C
h

l

i,j

are constants that determine

the maximum height of  
h

l

i,j

along the smooth paths {hl

i,j

}
i,j=1..5

in �Y (x). Finally,

 
�

is the standard mollifier defined in Appendix C.1, with �
0

= h/16.

Finally, the initial spatial configuration of the pattern of macroscopic ECM fibre

phase is selected according to a randomly generated matrix of labels A = (a
i,j

)
i,j=1..n

corresponding to the entire n ⇥ n grid discretising Y , in which the entries a
i,j

are

allocated values randomly selected from the set of configuration labels {1, 2, 3, 4, 5}
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that will dictate the choice of micro-fibres pattern among those described above that

will be assigned to the micro-domains �Y (j�x, i�y), for all i, j = 1..n.
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Szymańska, Z., Morales-Rodrigo, C., Lachowicz, M., Chaplain, M.A.J., 2009. Math-

ematical modelling of cancer invasion of tissue: the role and e↵ect of nonlocal

interactions. Math. Model. Meth. Appl. Sci. 19(2), 257–281.

Tam, E.M., Moore, T.R., Butler, G.S., Overall, C.M., 2004. Characterization of

the distint collagen binding, helicase and cleavage mechanisms of matrix metal-

loproteinases 2 and 14 (gelatinase a and mt1-mmp). J. Biol. Chem. 279(41),

43336–43344.

Tao, L., Huang, G., Song, H., Chen, Y., Chen, L., 2017. Cancer associated fibrob-

lasts: an essential role in the tumour microenvironment. Oncol. Letters 14(3),

2611–2620. doi:10.3892/ol.2017.6497.

Thomson, E.W., Yu, M., Bueno, J., Jin, L., Maiti, S.N., Palao-Marco, F.L.,

Pulyaeva, H., Tamborlane, J.W., Tirgari, R., et al., I.W., 1994. Collagen induced

mmp-2 activation in human breast cancer. Breast Cancer Res. Treat. 31(2-3),

357–370.

Todd, J.R., Ryall, K.A., Vyse, S., Wong, J.P., Natrajan, R.C., Yuan, Y., Tan,

A., Huang, P.H., 2016. Systematic analysis of tumour cell-extracellular matrix

adhesion identifies independent prognostic factors in breast cancer. Oncotarget

7(39), 62939–62953. doi:10.18632/oncotarget.11307.

Trucu, D., Lin, P., Chaplain, M.A.J., Wang, Y., 2013. A multiscale moving boundary

model arising in cancer invasion. Multiscale Model. Simul. 11(1), 309–335.

Turner, S., Sherratt, J.A., 2002. Intercellular adhesion and cancer invasion: A

discrete simulation using the extended potts model. J. Theorl. Biol. 216(1), 85–

100. doi:10.1006/jtbi.2001.2522.

234

http://dx.doi.org/10.3892/ol.2017.6497
http://dx.doi.org/10.18632/oncotarget.11307
http://dx.doi.org/10.1006/jtbi.2001.2522


Van Doren, S.R., 2015. Matrix metallopreinase interactions with collagen and

elastin. Matrix Biol. 44-46, 224–231. doi:10.1016/j.matbio.2015.01.005.

Visse, R., Nagase, H., 2003. Matrix metalloproteinases and tissue inhibitors of

metalloproteinases: structure function and biochemistry. Circ. Res. 92, 827–839.

doi:10.1161/01.RES.0000070112.80711.3D.

Wallace, D.I., Guo, X., 2013. Properties of tumour spheroid growth exhibited by sim-

ple mathematical models. Front. Oncol. 3(51). doi:10.3389/fonc.2013.00051.

Wang, Z., Hillen, T., Li, M., 2008. Mesenchymal motion models in one dimension.

J. Appl. Math. 69(2), 375–397.

Wijnhoven, B.J., Dinjens, W.N., Pignatelli, M., 2000. E-cadherin-catenin cell-cell

adhesion complex and human cancer. Brit. J. Surg. 87(8), 992–1005.

Wolf, K., te Lindert, M., Krause, M., Alexander, S., te Riet, J., Willis, A.L., Ho↵-

man, R.M., Figdor, C.G., Weiss, S.J., Friedl, P., 2013. Physical limits of cell mi-

gration: Control by ECM space and nuclear deformation and tuning by proteolysis

and traction force. J. Cell. Biol. 201(7), 1069–1084. doi:10.1083/jcb.201210152.

Xue, M., Jackson, C.J., 2015. Extracellular matrix reorganization during wound

healing and its impact on abnormal scarring. Adv. Wound Care 4(3), 119–136.

doi:10.1089/wound.2013.0485.

Yamaguchi, H., Wycko↵, J., Condeelis, J., 2005. Cell migration in tumors. Curr.

Opin. Cell. Biol. 17(5), 559–564. doi:10.1016/j.ceb.2005.08.002.

Yosida, K., 1980. Functional Analysis. 6th ed., Springer-Verlag.

Zigrino, P., Drescher, C., Mauch, C., 2001. Collagen-induced proMMP-2 activation

235

http://dx.doi.org/10.1016/j.matbio.2015.01.005
http://dx.doi.org/10.1161/01.RES.0000070112.80711.3D
http://dx.doi.org/10.3389/fonc.2013.00051
http://dx.doi.org/10.1083/jcb.201210152
http://dx.doi.org/10.1089/wound.2013.0485
http://dx.doi.org/10.1016/j.ceb.2005.08.002


by MT1-MMP in human dermal fibroblasts and the possible role of ↵2�1 integrins.

Euro. J. Cell. Biol. 80, 68–77.

236


	Acknowledgements
	Dedication
	Declaration
	Certification
	Publications
	Abstract
	Introduction
	General Considerations
	Biological Background
	Introduction
	Basic properties of a tumour and surrounding tissue
	Local Invasion of Tissue

	Mathematical Modelling of Cancer Invasion
	Introduction
	Continuum and Individual-Based Models
	Multiscale Models

	Thesis Outline

	Heterotypic cell populations evolution in heterogeneous ECM
	Introduction
	The Multiscale Modelling Approach
	Macro-scale Dynamics
	Top-down tissue- to cell-scale link and the resulting microscopic dynamics.
	Summary of the Global Multiscale Model

	Numerical approaches and simulations
	Brief description of the discretisation of the right hand side spatial operator in the macro-solver
	Simulations in two spatial dimensions
	Sensitivity to Initial Conditions

	Discussion

	Dynamic fibre redistribution and cell adhesion
	Introduction
	The Novel Multiscale Modelling Framework
	The multiscale moving boundary perspective

	The multiscale and multi-component structure of the ECM
	Macroscale fibres orientation and magnitude induced by the ECM micro-fibres spatial distribution at microscale: derivation and well-posedness
	Tumour macro-dynamics
	Microscopic fibre rearrangement induced by the macro-dynamics
	Schematic summary of global multi-scale model

	Numerical Approach: Key Points of the Implementation
	Macro-scale computations on the expanding tumour domain
	Adhesive flux computation
	Time-marching: the predictor-corrector step

	Computational Simulations and Results
	Homogeneous non-fibre ECM component
	Heterogeneous non-fibrous ECM component
	Increased cell-fibre adhesion within the heterogeneous non-fibre ECM phase scenario

	Sensitivity to initial fibre distributions
	Discussion

	Multiscale dynamics of a heterotypic cancer cell population within a fibrous extracellular matrix
	Introduction
	The mathematical model
	Multiscale fibre structure and their dynamic contribution in tumour progression
	Macro-scale dynamics
	Microscopic fibre rearrangement
	The multiscale moving boundary approach
	Summary of model

	Numerical approaches and initial conditions for computations
	Computational simulation results
	Homogeneous non-fibre ECM component
	Heterogeneous non-fibre ECM component
	New family of pre-determined micro-fibre domains
	Heterogeneous two-phase ECM

	Discussion

	Cell-scale degradation of peritumoural extracellular matrix fibre network and its role within tissue-scale cancer invasion
	Introduction
	The mathematical model
	The heterogeneous ECM and its contribution to the tissue dynamics
	Macro-scale dynamics

	Microscopic fibre rearrangement on the topological closure of the invading tumour
	The micro-scale boundary dynamics and its double feedback link to macro-dynamics
	Microscopic fibre degradation

	Summary of model
	Numerical approaches and initial conditions for computations
	Brief description of the numerical approach
	Initial conditions used in computational simulations

	Results
	Increased collagen density
	Invasion patterns of a heterotypic cancer cell population

	Discussion

	Conclusions and Discussion
	Appendix
	Derivation of adhesive flux term

	Appendix
	The computational microscopic scheme and its relation to the macro-scale

	Appendix
	The mollifier 
	The radial kernel K()

	Appendix
	Microscopic fibre domains




