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Abstract This work presents a robust and mesh-independent implementation of an 
elasto-plastic constitutive model at large strains, appropriate for structured soils, into a 
Particle Finite Element code specially developed for geotechnical simulations. The con-
stitutive response of structured soils is characterized by softening and, thus, leading to 
strain localization. Strain localization poses two numerical challenges: mesh depend-
ence of the solution and computability of the solution. The former is mitigated by em-
ploying a non-local integral type regularization whereas an Implicit-Explicit integration 
scheme is used to enhance the computability. The good performance of these techniques 
is highlighted in the simulation of the cone penetration test in undrained conditions. 

Keywords: PFEM, Structured soils, Nonlocal elasto-plasticity, Constitutive modeling. 

1   Introduction 

Several elasto-plastic constitutive models have been proposed incorporating structure; 
these models are suitable to describe the behavior of soft rocks, natural clays or even 
artificially cemented soils (Gens Nova, 1993; Rouainia & Muir Wood, 2000; Wheeler 
et al, 2003; Rios et al, 2006, Ciantia, 2018). Structure results in an enhanced brittleness 
of the response along compression-dominated paths. Therefore, adding this realistic fea-
ture to constitutive descriptions is beneficial for more accurate predictions of structural 
response.  
The simulation of brittle materials is conductive to strain localization (Zienkiewicz et 
al, 1995), which poses two numerical challenges, namely mesh dependency of the solu-
tion (Galavi and Schweiger, 2010) and the computability of the solution (Oliver et al, 
2008).  

This is a post-peer-review, pre-copyedit version of an article published in Lecture Notes in Civil Engineering, vol. 126. The final 
authenticated version is available online at: https://doi.org/10.1007/978-3-030-64518-2_64.
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In the context of Finite Elements, strain localization is highly influenced by the mesh: 
the width of the shear band is typically related to the element size whereas its direction 
is sometimes controlled by preferential alignment of the elements. Therefore, as the 
mesh is further refined, the thickness of the shear band decreases and the energy dissi-
pated in the shear band tends to zero.  
This pathological mesh dependence may be mitigated using regularization techniques, 
which incorporate a length scale to the constitutive model thereby enforcing the width 
of the localized region. Among regularization techniques, the nonlocal integral type has 
the advantage of not changing the field equations, which in turn results in a quite 
straight-forward implementation (Galavi and Schweiger, 2010; Mánica et al, 2018). In 
this approach the constitutive model is evaluated replacing some variables with its non-
local counterpart, which is a spatial average in a neighborhood. Therefore, the constitu-
tive response of a Gauss point is influenced by all the other integration points within a 
neighborhood, the size of which is determined with a characteristic length. Importantly, 
numerical simulations show that by using this approach, the thickness of the shear band 
is related to this characteristic length (Mánica et al, 2018). 
In this work, an elasto-plastic model for structured materials at large strains is first de-
scribed. Special attention is paid to its robust and mesh-independent implementation 
into a Finite Element code. The performance of the model is shown in a number of 
elementary tests. Finally, a representative simulation, namely a Cone Penetration test in 
undrained conditions, is presented to showcase the reliability of the numerical approach.  

2   Constitutive equations 

The constitutive model has been formulated in the framework of large strains elasto-
plasticity with a multiplicative decomposition of the deformation gradient into elastic 
and plastic parts (Simo and Hughes, 1998). This framework ensures that rigid body mo-
tion of the deformable body do not produce spurious stress variations (frame indiffer-
ence) and also that energy is preserved since a hyper-elastic model is employed. 
The constitutive model for structured materials is built around the Modified Cam Clay 
model. The yield surface is defined as: 

𝑓𝑓(𝝉𝝉′,𝑝𝑝𝑠𝑠,𝑝𝑝𝑡𝑡 ,𝑝𝑝𝑚𝑚) = �
𝑞𝑞
𝑀𝑀�

2
+ 𝑝𝑝∗(𝑝𝑝∗ − 𝑝𝑝𝑐𝑐∗) 

(1) 

where 𝑞𝑞 = �3𝐽𝐽2  and 𝐽𝐽2 is the second invariant of the effective Kirchoff stress tensor, 
𝝉𝝉′. 𝑀𝑀 is the slope of the Critical state line in the 𝑝𝑝′ − 𝑞𝑞 plane whereas: 

𝑝𝑝∗ = 𝑝𝑝′ + 𝑝𝑝𝑡𝑡 (2) 

𝑝𝑝𝑐𝑐∗ = 𝑝𝑝𝑡𝑡 + 𝑝𝑝𝑠𝑠 + 𝑝𝑝𝑚𝑚 (3) 

where 𝑝𝑝′ =  𝑡𝑡𝑡𝑡(𝝉𝝉′) /3 is the first invariant of the Kirchoff stress tensor.  
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Fig. 1  Yield surface in the p’-q plane for axisymmetric compression 

 
The yield locus in the triaxial plane is depicted in Figure 1; that also graphically defines 
the plastic stress-like variables 𝑝𝑝𝑐𝑐∗, 𝑝𝑝𝑡𝑡 , 𝑝𝑝𝑠𝑠 and 𝑝𝑝𝑚𝑚. On the one hand, 𝑝𝑝𝑠𝑠 is the preconsol-
idation pressure of the reference, unstructured soil. On the other hand, 𝑝𝑝𝑡𝑡 and 𝑝𝑝𝑚𝑚 account 
for the effect of structure: 𝑝𝑝𝑚𝑚 corresponds to the increase in the yield stress along iso-
tropic compression paths whereas 𝑝𝑝𝑡𝑡 is the tensile strength. Generally, these two hard-
ening variables are considered to be proportional (Ciantia and di Prisco, 2016), being c 
the proportionality factor: 

𝑝𝑝𝑡𝑡 = 𝑐𝑐 𝑝𝑝𝑚𝑚 (4) 

The evolution of the hardening variables is related to the plastic volumetric and distor-
tional flow: 

𝑝𝑝�̇�𝑠 = 𝜌𝜌𝑠𝑠 𝑝𝑝𝑠𝑠  � tr(𝒍𝒍𝑝𝑝) + 𝜒𝜒𝑠𝑠 �
2
3

 ‖dev(𝒍𝒍𝑝𝑝)‖� 
(5) 

𝑝𝑝�̇�𝑡 = 𝜌𝜌𝑡𝑡 𝑝𝑝𝑡𝑡  �|tr(𝒍𝒍𝑝𝑝)| + 𝜒𝜒𝑠𝑠 �
2
3

 ‖dev(𝒍𝒍𝑝𝑝)‖� 
(6) 

 
where 𝜌𝜌𝑠𝑠,   𝜒𝜒𝑠𝑠,   𝜌𝜌𝑡𝑡  and 𝜒𝜒𝑠𝑠 are constitutive parameters and 𝒍𝒍𝑝𝑝 is the spatial plastic veloc-
ity gradient. 
The elastic response is characterized by means of an hyperelastic model incorporating a 
tensile range (Tamagnini et al, 2002), which is formulated in terms of the Hencky strain 
and the Kirchhoff stress tensor. Finally, associative plasticity is assumed. 
This elasto-plastic model is integrated with an explicit stress integration technique 
(Monforte et al, 2014, 2019) based on Sloan et al (2001). The algorithm includes adap-
tive substepping and a yield surface drift correction algorithm.  
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An alternative stress integration technique is employed in this work, the so-called 
IMPLEX technique (Oliver et al, 2008). The strong nonlinearities of the constitutive 
model and strain localization may lead to numerical difficulties when an implicit time-
marching scheme is used for the global problem: the numerical convergence rate may 
be seriously affected. The Finite Element stiffness matrix used in the Newton-Raphson 
scheme of the global problem may become so ill-conditioned that no convergence might 
be achieved even using very small time-steps (Alfano and Crisfield, 2001). The 
IMPLEX technique provides extra robustness and computability with respect to usual 
methods (Oliver et al, 2008). The interested reader is referred to Monforte et al (2019) 
for further details on the application of the IMPLEX technique to this constitutive 
model. 

3   Nonlocal integration 

A nonlocal integral type regularization technique is used to mitigate the pathological 
mesh-dependence that exhibit numerical simulations where softening is encountered. 
As such, the expression of a nonlocal variable 𝛽𝛽� is: 

𝛽𝛽�(𝒙𝒙) =  
∫ 𝑤𝑤( 𝒙𝒙, ‖𝒙𝒙 − 𝒚𝒚‖)𝛽𝛽(𝒚𝒚) 𝑑𝑑ΩΩ

∫ 𝑤𝑤( 𝒙𝒙, ‖𝒙𝒙 − 𝒚𝒚‖) 𝑑𝑑ΩΩ

  
(7) 

where 𝑤𝑤( 𝒙𝒙, ‖𝒙𝒙 − 𝒚𝒚‖) is the weighting function for point 𝒙𝒙 controlling the influence of 
its neighbors in terms of their relative distance. 
In this work, plastic strains are considered as nonlocal variables; from these values 
𝑝𝑝𝑠𝑠 and  𝑝𝑝𝑡𝑡 may be obtained by integrating analytically Equations (5) and (6). The 
weighting function proposed by Galavi and Schweiger (2010) is employed here as it has 
been found to outperform other weighting functions in removing mesh bias. 

4   Representative numerical simulations 

The performance of the developed numerical model is demonstrated in a challenging 
numerical computation: the simulation of the cone penetration test in undrained condi-
tions. The Particle Finite Element (Oñate et al, 2004) is used to tackle this large defor-
mation problem. Further details on the numerical method may be found in Monforte et 
al (2017,2018). 
The constitutive parameters have been chosen to represent a normally consolidated clay 
with a rigidity index of 150 (unstructured case). Three different cases have been consid-
ered with different level of structure: the initial value of pt is changed from 0, 10 to 20 
kPa. The values of the constitutive parameters are reported in Table 1. The initial stress 
state is characterized by 𝑝𝑝′ = 66.6 kPa and 𝑞𝑞 = 50 kPa, (𝐾𝐾𝑜𝑜 = 0.5). 
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Prior to analyze the response on the boundary value problem, Figure 2 reports the results 
of an anisotropically consolidated undrained triaxial (the effective stress path and the 
load-displacement curve). The case without structure exhibit the typical response of a 
Modified Cam Clay soil. On the other hand, the two cases in which structure is consid-
ered, first the material is loaded elastically until it reaches the yield surface; once the 
stress path reaches the yield surface, destructuration begins and deviatoric stresses de-
crease until the critical state is reached. The three cases have the same residual undrained 
shear strength. By increasing the degree of structure, the material becomes stronger and 
more brittle. Table 2 reports the peak and residual undrained shear strength. 

Table 1 Constitutive parameter adopted in this work 

E 𝜈𝜈 𝑀𝑀 𝑝𝑝𝑠𝑠 
(kPa) 

𝜌𝜌𝑠𝑠  𝜌𝜌𝑡𝑡 𝜒𝜒𝑠𝑠 𝜒𝜒𝑡𝑡 c 𝑘𝑘 (m/s) 𝐾𝐾0 

8400 0.15 1 105 12 -12 0 0.5 5 10−12 0.5 

 
 

  
Fig. 2  Undrained triaxial response in the p-q plane (a) and evolution of deviatoric stresses in terms of 
the axial deformation. The cases are denoted by the amount of the initial structure. Subfigure (a) also 
depicts the initial yield surface. 

 
Once the material has been characterized by means of the undrained triaxial, a CPTu in 
has been simulated. The cone of radius R=0.01784 m, is assumed rigid and smooth. The 
same initial stress state than in the triaxial tests has been assumed.  
The net cone resistance and excess water pressure at the apex of the shaft and the cone 
(u2 position) and in the midface of the cone (u1 position) are reported in Figure 3. The 
mean value during penetration of the net cone resistance is 270 (kPa) for the case with-
out structure and 321 and 359 kPa for the two cases with structure.  
The cone factors (the net cone resistance divided by the undrained shear strength) are 
reported in Table 2; two different values have been calculated: one using the peak un-
drained shear strength, and another based on the residual. The shear strength corre-
sponds to that of an anisotropically consolidated undrained triaxial test.  For the case 
without structure the cone factor is around Nkt = 9.9, in good agreement with previous 
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numerical simulations. Meanwhile, the case with the most structure has a cone factor of 
13.1 considering the residual strength and it drops to 6.6 if the peak strength is used to 
normalize the cone resistance.   
Figure 3 also depicts the evolution of the excess water pressure at the u1 and u2 position. 
The water pressure is larger in the u1 position with respect the u2. The numerical results 
suggest that the excess water pressure increase with the brittleness of the soil. 
 

 
Fig.3  Evolution of the net cone resistance and excess water pressure at the u2 and u1 position in terms 
of the normalized penetration. 

   
 

Fig.4  Excess water pressure after a penetration of 20R for the case unstructurated (left), pt = 10kPa 
(middle) and pt = 20 kPa (right). 
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Table 2 Cone factors and undrained shear strength (peak and residual) in terms of the initial value of pt 

pt (kPa) 𝑆𝑆𝑢𝑢
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 (kPa) 𝑆𝑆𝑢𝑢𝑟𝑟𝑝𝑝𝑠𝑠 (kPa) 𝑁𝑁𝑝𝑝𝑡𝑡

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑞𝑞𝑛𝑛/𝑆𝑆𝑢𝑢
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  𝑁𝑁𝑝𝑝𝑡𝑡𝑟𝑟𝑝𝑝𝑠𝑠 = 𝑞𝑞𝑛𝑛/𝑆𝑆𝑢𝑢𝑟𝑟𝑝𝑝𝑠𝑠  

0 27.5 27.5 9.8 9.8 
10 41 27.5 7.8 11.7 
20 54.5 27.5 6.6 13.1 

 
 
Figure 4 reports the excess water pressure after a penetration of 20R. In all the three 
cases, the maximum water pressure is found beneath of the cone, and high values of 
water pressure are also found close to the shaft of the tube. As more brittle materials are 
considered, larger excess water pressures are found.  

 

5   Conclusions 

This work has presented a large-strain elasto-plastic constitutive model for structured 
materials. The model has been reformulated employing a nonlocal integral type tech-
nique to avoid the pathological mesh-dependence that accompany strain localization 
whereas an IMPLEX integration scheme has been used to enhance the computability. 
The good performance has been demonstrated by the numerical simulation of the cone 
penetration test using the Particle Finite Element method. 

Acknowledgements The financial support of the Ministry of Science and Innovation of 
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