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ABSTRACT
During planet formation gravitational interaction between a planetary embryo and the
protoplanetary gas disc causes orbital migration of the planetary embryo, which plays
an important role in shaping the final planetary system. While migration sometimes
occurs in the supersonic regime, wherein the relative velocity between the planetary
embryo and the gas is higher than the sound speed, migration prescriptions proposed
thus far describing the planet-disc interaction force and the timescales of orbital change
in the supersonic regime are inconsistent with one another. Here we discuss the details
of existing prescriptions in the literature and derive a new simple and intuitive formu-
lation for planet-disc interactions based on dynamical friction that can be applied in
both supersonic and subsonic cases. While the existing prescriptions assume particu-
lar disc models, ours include the explicit dependence on the disc parameters; hence it
can be applied to discs with any radial surface density and temperature dependence
(except for the local variations with radial scales less than the disc scale height). Our
prescription will reduce the uncertainty originating from different literature formu-
lations of planet migration and will be an important tool to study planet accretion
processes, especially when studying the formation of close-in low-mass planets that
are commonly found in exoplanetary systems.

Key words: planet-disc interactions – planets and satellites: formation – planets and
satellites: dynamical evolution and stability – celestial mechanics

semimajor axis generally decreases for a circular orbit in the
isothermal disc case, which is called “type I migration” (e.g.
Tanaka et al. 2002). The literature is filled with analytical
and fitting formulae for the eccentricity damping and rate of
migration as a function of eccentricity (Papaloizou & Lar-
wood 2000, hereafter referred to as PL00; TW04; Muto et
al. 2011, hereafter referred to as MTI11: Cresswel & Nel-
son 2008, hereafter referred to as CN08; Coleman & Nelson
(2014)). The formulae are complicated and have different
forms from one another. We review these in section 2.

N-body simulations are often used to study the forma-
tion of close-in low-mass planets, taking the effects of the
planet-disc interactions into account. Because the migration
and coagulation timescales are much longer than available
timescales by hydrodynamical simulations, coupled N-body
and hydrodynamical simulations are not realistic. Instead,
the N-body simulations have included these effects by ad-
dition of the force term of the interactions to the equations
of motion, according to one of the several established pre-

1 INTRODUCTION

Kepler transit surveys and ground-based radial velocity sur-
veys have discovered hundreds of exoplanetary systems that 
have multiple close-in low-mass planets. One formation sce-
nario for these systems is through the local accretion of plan-
etary embryos in the systems’ outer regions followed by their 
inward migration and late mutual collisions (e.g. Ogihara 
& Ida 2009; Ida & Lin 2010; Morbidelli & Raymond 2016). 
During these processes, the orbital eccentricities of the plan-
etary embryos are pumped up. As we will show, when the 
eccentricity e exceeds the disc gas aspect ratio h, which is as 
small as ∼ 0.02−0.03 in the proximity of the host star, the 
planet-disc interactions are often in the supersonic regime.

For a planetary embryo embedded in the disc gas, the 
planet-disc interactions always damp the orbital eccentricity 
(Tanaka & Ward 2004, hereafter referred to as TW04). The
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scriptions listed above (e.g. Terquem & Papaloizou 2007;
Ogihara & Ida 2009; Coleman & Nelson 2014; Cossou et al.
2014; Matsumura et al. 2017; Izidoro et al. 2019).

Some formulae clearly show that the net torque from
the disc changes sign near the subsonic-supersonic boundary
(PL00; CN08; Coleman & Nelson 2014). Several works have
called the orbital angular momentum damping timescale due
to the disc torque as the “migration timescale,” so that the
sign change looks to imply that outward migration occurs
in the supersonic case. However, the torque reversal does
not necessarily mean outward migration actually happens
in the supersonic case, as we will discuss in section 2 (also
see, Baruteau et al. 2014; Grishin & Perets 2015; Matsumura
et al. 2017). Brasser et al. (2018) demonstrated through N-
body simulations that the resonant trapping and collisions
between the planetary embryos near the disc inner edge sen-
sitively depend on the adopted migration and damping pre-
scription. Because e is excited to a value near the subsonic-
supersonic boundary due to the resonances, the choice of the
prescriptions affects whether the innermost planetary em-
bryos are pushed into the inner cavity or not, and whether
the resonant chain remains stable. Thus, the uncertainty
and confusion in the planet-disc interaction formulae across
the subsonic and supersonic regimes results in uncertainty
in the results of N-body simulations.

In this paper, we discuss the formulae of planet-disc
interactions that cover both subsonic and supersonic cases.
We further propose a new prescription for type I migration
based on dynamical friction, and we make clear what should
be investigated in the prescription to further understand
the formation and migration of multiple close-in planets in
exoplanetary systems.

2 FORMULAE OF ECCENTRICITY
DAMPING AND MIGRATION IN
PREVIOUS STUDIES

In this section, we summarize the existing formulae of
planet-disc interactions for finite eccentricity orbits. While
we also consider the supersonic case, e>∼h, we assume that

e2 � 1. In this paper, we also assume i � e to neglect the
inclination damping in most of the parts for simplicity, al-
though we consider 3D interactions. We briefly comment on
the inclination damping in Appendix D.

2.1 Supersonic/subsonic interactions

We first make clear the relation between the orbital eccen-
tricity of a planetary embryo and supersonic/subsonic inter-
actions.

The relative velocity between the disc gas and a plan-
etary embryo in an orbit with the eccentricity e is approxi-
mately ∆v ∼ evK = erΩK , where vK and ΩK are the Kep-
lerian velocity and frequency at the radius r from the host
star. The sound velocity is given by cs = HΩK , where H is
the disc scale height. Therefore, e ∼ h ≡ H/r is equivalent
to ∆v ∼ cs, The supersonic interaction, defined by ∆v > cs,
is equivalent to e > h.

Because the aspect ratio is usually as small as h ∼
0.02−0.03 in inner regions of the disc, supersonic interac-
tions are easily realized. During orbital migration, the plan-

etary embryos are often trapped in mutual mean-motion res-
onances to form a resonant chain, in particular, near the disc
inner edge at which the innermost planetary embryo’s mi-
gration significantly slows down (e.g. Ogihara & Ida 2009;
Matsumura et al. 2017). In this resonant chain, resonant per-
turbations excite e, while the planet-disc interactions damp
e. The equilibrium value is e ∼ h (Goldreich & Schlichting
2014). Secular perturbations from giant planet(s) in outer
disc regions may also pump up e over 0.02−0.03. During
close scattering between the planetary embryos, their eccen-
tricities are excited up to eesc ∼ vesc/vK where vesc is the
surface escape velocity of the planetary embryos. For Earth-
mass planetary embryos at∼ 0.1 au around a solar-type star,
eesc ∼ 0.1. After the scattering, e must be in the supersonic
regime, although it is damped by the planet-disc interaction
afterward.

We need to be careful about the case of e < h. In this
case, disc shear motion determines ∆v and the torque den-
sity is the largest for shear flow at the semimajor axis differ-
ence ∆a ∼ H (e.g. Artymowicz 1993; Ward 1997; Miyoshi
et al. 1999). While the dominant interaction is not caused by
close encounters, the relative velocity in that case is given by
the shear velocity, ∆v ∼ (3/2)∆aΩK ∼ (3/2)HΩK ∼ 3cs/2,
which is near the supersonic/subsonic boundary.

Although the complexity exists in the case of e < h, in
this paper, we call the cases of e < h and e > h as “subsonic”
and “supersonic” cases, respectively.

2.2 Migration, Eccentricity Damping, and
Angular Momentum Transfer

The specific angular momentum of a planetary embryo in
an orbit with eccentricity e and semi-major axis a is given
by

` =
√
GM∗a(1− e2), (1)

where G is the gravitational constant and M∗ is the host
star mass. The rate of change of ` is split into two parts:

1

`

d`

dt
=

1

2a

da

dt
− e

1− e2
de

dt
. (2)

In the past papers of the linear analysis, the “type I
migration rate” often referred to (1/`)(d`/dt) but not
(1/a)(da/dt). However, (1/`)(d`/dt) represents orbital mi-
gration only for zero eccentricity. Equation (2) can be rewrit-
ten as

τ−1
m =

1

2
τ−1
a − e2

1− e2 τ
−1
e , (3)

where we define the rate of decrease (inverse of timescales)
of angular momentum, semimajor axis, and eccentricity as

τ−1
m = −d`/dt

`
, τ−1

a = −da/dt
a

, τ−1
e = −de/dt

e
. (4)

With these definitions, migration is inward when τa > 0,
the eccentricity is damped when τe > 0 and the planetary
embryo loses angular momentum when τm > 0. When e �
h, τ−1

a ' 2τ−1
m and τ−1

m is identified as the semimajor axis
change rate (“migration rate”) except for the factor of 2.

For e � h in a locally isothermal disc we have τ−1
a ∼

h2τ−1
e (e.g. Tanaka et al. 2002; TW04). With this relation,
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Eq. (3) can be rewritten as

τ−1
m ' 1

2
τ−1
a − e2τ−1

e ∼ (h2 − e2)τ−1
e . (5)

As we will show, in the supersonic regime (e > h), both ec-
centricity and semimajor axis are damped, when the plan-
etary embryo is embedded in the disc, i.e. τ−1

e > 0 and
τ−1
a > 0, except for PL00’s formulae. Although Eq. (5) is

guaranteed only when e � h, it suggests that τ−1
m changes

sign when e ∼ h. We will show that the sign change actually
occurs at e ∼ h with all the proposed formulae.

2.3 Various Formulae in Previous Studies

Goldreich & Tremaine (1979) derived the “migration” rate
of a planetary embryo through linear calculation. Tanaka
et al. (2002) performed a more detailed analysis taking both
the corotation and Lindblad resonances into account, and
calculated the “migration” rate as

τ−1
m,e=0 =

CT

2
h2t−1

wave, (6)

where

t−1
wave =

(
Mp

M∗

)(
Σr2

M∗

)
h−4ΩK , (7)

CT = (2.73 + 1.08 p+ 0.87 q), (8)

and where Σ is the disc surface density, M∗ is the host star
mass, p = −d ln Σ/d ln r, and we also included temperature
radial dependence q = −d lnT/d ln r through pressure (P )
and scale height (H). Both Goldreich & Tremaine (1979)
and Tanaka et al. (2002) assumed circular orbits, so that
the semimajor axis decrease rate is τ−1

a = 2τ−1
m .

When we consider eccentric orbits, the radial position
of the planetary embryo, r, changes during one orbit and
t−1
wave also changes with time. Hereafter in this paper, we

denote the instantaneous value at r as t−1
wave,r and the value

at the planetary embryo’s semimajor axis as t−1
wave without

the subscript “r.”
TW04 derived the eccentricity damping timescale and

the (specific) damping forces in the locally isothermal disc
through a 3D linear calculation,

τ−1
e = 0.780 t−1

wave, (9)

and

F damp =
fr,TW

twave
er +

fθ,TW

twave
eθ. (10)

fr,TW = 0.114(vθ − rΩK) + 0.176 vr, (11)

fθ,TW = −1.736(vθ − rΩK) + 0.325 vr, (12)

where er and eθ are the unit vectors in radial and azimuthal
directions. In their derivations, e < h was assumed, and they
included the effects from density spiral waves that develop
only for e < h (see the discussion in section 3.1). Because
they considered the case of e < h, they identified t−1

wave,r as
t−1
wave.

PL00 derived τ−1
e and τ−1

m for eccentric orbits in a 2D
disc model, using a similar Fourier expansion as Goldre-
ich & Tremaine (1979). The 3D effect was considered by
incorporating a softening parameter (ε) for the planetary
embryo’s gravitational potential. They considered the tem-
perature variation of q = 1 so that h = cs/vK is constant

with r (cs ∝
√
T ∝ r−q/2), and neglected the corotation

torque by assuming that p = 3/2. (In Tanaka et al. (2002)
and TW04, both e � h and a locally constant T were as-
sumed, while they allowed any radial power-law dependence
of Σ, P , and H). Although their disc parameters were fixed,
PL00 were the first to derive a formulation of τ−1

e and τ−1
m

that is applicable in both the subsonic and the supersonic
cases. Because the supersonic correction factors are given by
functions of e/h, we define ê = e/h. PL00’s results are given
by (see Appendix A)

τ−1
e ' 4.26

( ε

0.5H

)−2.5
(

1 +
1

4
ê3
)−1

t−1
wave, (13)

τ−1
m ' 7.33

( ε

0.5H

)−1.75

h2 1−
(
ê

1.1

)4
1 +

(
ê

1.3

)5 t−1
wave, (14)

where ε ∼ (0.4−1)H is often adopted to mimic 3D results.
As shown in Appendix A, we used MGD =

∫ r
2πrΣdr =

4πΣr2 in the original formulae by PL00, considering their
model with Σ ∝ r−3/2, although PL00 did not provide an
explicit expression of MGD. If a simpler expression, MGD ∼
πΣr2 is used, the above rates of changes of PL00 decrease
by a factor of 4.

PL00 also proposed a force formula for combined mi-
gration and eccentricity damping,

dv

dt
= − v

τm
− 2

(v · r)r

r2τe
= − v

τm
− 2

vr
τe

er. (15)

where v is the planetary embryo velocity in the inertial
frame and the 1st and the 2nd terms represent “migra-
tion” and e-damping. The former reduces the orbital en-
ergy and the latter damps the deviation of orbital motion
from the circular Keplerian motion. While the force formula
for the eccentricity damping derived by TW04 has both ra-
dial and tangential components1, the above e-damping force,
−2(vr/τe)er, has only a radial component. Because PL00
did not give the derivation of the force formula, we will give
a potential derivation in section 4.

In the formulation of PL00 (Eq. (14)), τm becomes neg-
ative when e > 1.1h, which appears to imply outward mi-
gration in the supersonic regime, even in the isothermal case.
Figure 1 shows Eqs. (13) and (14) and τ−1

a calculated using
Eq. (3) by the green curves. In PL00’s formulation, τ−1

a < 0
for e > 1.3h. However, this sign change is very delicate.
Equations (13) and (14) show that τ−1

a for ẽ � 1 (where
e2 � 1 is still assumed) is

τ−1
a ' 2 τ−1

m + 2 e2τ−1
e

' −37.2

[
1− 0.92

( ε

0.5H

)−0.75
]

×
( ε

0.5H

)−1.75

h2ẽ−1 t−1
wave. (16)

The value of ε has an uncertainty. With slightly smaller ε
than 0.5H, the effect of the e-damping on the angular mo-
mentum transfer is more important and τ−1

a can be positive
for e � h. As mentioned in the above, τ−1

m < 0 does not
necessarily imply outward migration in the supersonic case
because of the coupled eccentricity damping. As we will show

1 Note that TW04 gave a force formula only for eccentricity

damping.
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Figure 1. The e-damping rate (τ−1
e ), the angular momentum

transfer rate (τ−1
m ), and the a-change rate (τ−1

a ) in the unit of
t−1
wave, predicted by the three different expressions are plotted as

functions of e/h for h = 0.05. The dashed lines represent negative
values. The green and blue curves are formulae by PL00 (Eqs. (13)

and (14)) for p = 1.5 and q = 1 and CN08 (Eqs. (17) and (18))

for p = 0.5 and q = 1, respectively. The red and magenta curves
represent the simple formulae we derive in this paper (Eqs. (34),
(38), (39); “This work”) for the nominal disc parameters p = 1

and q = 0.5 and those for CN08’s disc model with p = 0.5 and
q = 1, respectively. In the top panel, the red and magenta curves

overlap. The dependences on p and q of our formulae are explicitly

shown in Eqs. (38), and (39). We adopt the softening parameters,
ε = 0.5H.

below, τ−1
a is always positive, both in CN08’s formulae and

our formulae that are proposed in this paper.
CN08 adopted different finite eccentricity corrections by

fitting the results of their 3D hydrodynamical simulations.
Their disc had p = 1/2 and q = 1, while PL00 assumed a disc
with p = 3/2 and q = 1. The power index of q ∼ 1 is appro-
priate for the disk regions where the viscous heating domi-
nates, while q ∼ 0.5 is appropriate for irradition-dominated
regions (e.g. Ida et al. 2016). CN08’s fitting formulae are

τ−1
e ' 0.78

(
1− 0.14ê2 + 0.06ê3

)−1
t−1
wave, (17)

τ−1
m ' 2.7 + 1.1 p

2
h2 1−

(
ê

2.02

)4
1 +

(
ê

2.25

)1/2
+
(

ê
2.84

)6 t−1
wave, (18)

where they added the factor (2.7 + 1.1 p) corresponding to
Eq. (8) with q = 0 to τ−1

m , although the disc model they used
for the fitting had p = 1/2 and q = 1. Figure 1 shows the

results of Eqs. (17) and (18) with p = 1/2. In the supersonic
regime in CN08’s result, in contrast to PL00, τ−1

a is always
positive, which is in agreement with hydrodynamical simula-
tions (Cresswell et al. 2007; Bitsch & Kley 2010), while τ−1

e

is similar for both CN08 and PL00. Because Figure 1 shows
that τe � τa as long as e2 � 1, e is generally reduced before
a planetary embryo significantly migrates. However, when e
is continuously excited by planet-planet resonant perturba-
tions or secular perturbations by a giant planet, the different
values of τa for e>∼h should make a difference in dynamics
of planetary embryos and the formation of planets.

While CN08 used the force formula by PL00 (Eq. (15)),
Coleman & Nelson (2014) used the following formulae:

dv

dt
= − v

τm
− vr
τe

er −
0.5(vθ − vK,a)

τe
eθ, (19)

where vK,a is Keplerian velocity at the semimajor axis a.
They still adopted the finite e corrections listed in Eqs. (17)
and (18).

Kominami et al. (2005), Daisaka et al. (2006), and Ogi-
hara et al. (2007) adopted a different form of the equations
of motion as

dv

dt
= − vK

τm,e=0
eθ −

fr,TW

0.780 τe
er −

fθ,TW

0.780 τe
eθ, (20)

where fr,TW and fθ,TW are given by Eqs. (11) and (12), and
vK is defined at instantaneous radius r. Because TW04 did
not give a force formula for a damping, they added the first
term as a force for orbital migration.

We will discuss the different forms of equations of mo-
tion, Eqs. (15), (19), and Eq. (20), in section 4.

3 MIGRATION AND ECCENTRICITY
DAMPING PRESCRIPTIONS BASED ON
DYNAMICAL FRICTION

3.1 Derivation of simple formulas based on
dynamical friction

Hydrodynamical simulations (e.g. Bitsch & Kley 2010) show
that, in the subsonic case, planet-disc interactions occur
mostly through spiral density waves, whereas in the super-
sonic case it is through dynamical friction. In the supersonic
case, the relative velocity for dynamical friction is mainly
caused by the eccentricity of the planetary orbit. However,
even in the subsonic case, dynamical friction contributes to
planet-disc interactions in addition to the torques from the
density waves.

MTI11 analytically derived the specific force of 2D dy-
namical friction from uniform gas flow to a planetary em-
bryo, which is given by

FDF,MTI '


−π ∆v

twave,r
ε̃−2α [for ∆v � cs]

−2π
∆v

twave,r

(
∆v

cs

)−3

ε̃−1 [for ∆v � cs],

(21)
where ε̃ = ε/0.5H, twave,r is defined by Eq. (7) at instan-
taneous r, and the effective “viscosity” parameter α is dis-
cussed below. Recently, ? showed through hydrodynamical
simulations that MTI11’s formula in the supersonic case is
valid for 0.1 < e < 0.6 (also see Vicente et al. (2019)).

MNRAS 000, 1–10 (0000)
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MTI11’s subsonic formula needs careful treatment, be-
cause it depends on the uncertain parameter α. Rephaeli &
Salpeter (1980) showed that the dynamical friction from in-
viscid gas flow is zero, because the flow on frontside of the
body and that on the backside are symmetric in steady state.
MTI11 introduced the viscosity of the gas flow, resulting in
asymmetry and non-zero dynamical friction. Another effect
to produce the asymmetry is non-steadiness of the gas flow.
Because the timescale for the steady state of the inviscid
gas flow to be established is infinite, Ostriker (1999) found
that the gas flow established on finite timescale is asymmet-
ric and the net dynamical friction exists. In the planet-disc
interactions, the gas flow around the planetary embryo is
not steady because of the epicyclic motion of the planetary
embryo. In this paper, we determine the value of α in the
subsonic formula in Eq. (21) by TW04’s formula; in other
words, for the subsonic formula, we use the part of TW04’s
force formula that contributes to secular decrease of e, as
explained below. Here, we infer that α represents the degree
of non-steadiness of the gas flow interacting with the plan-
etary embryo due to the epicyclic motion of the planetary
embryo, rather than the strength of turbulence of disc gas
flow, although the derived subsonic formula does not depend
on the physical interpretation of α.

TW04 derived the e-damping rate and force for a plan-
etary embryo in epicycle motion with e < h in the disc flow
with the shearing-sheet approximation, through 3D linear
calculation (Eqs. (11) and (12)). Since the numerical factor
obtained by TW04 is rigorous, we will adopt the equivalent
force formula to TW04’s one in the subsonic case. As we
will show below, the force formula is equivalent to MTI11’s
formula in the subsonic case, with α ' (0.78/π)ε̃2, which
represents the non-steady gas flow due to the epicycle mo-
tion but not a real turbulent viscosity. Interestingly, with
the estimated value of α, MTI11’s formula is consistent with
Chandrasekhar’s dynamical friction formula for stellar dy-
namics both in supersonic and subsonic cases (Appendix B),
despite the interactions with disc gas are different from those
with particles (field stars) because of gas pressure in the sub-
sonic case. We will also show below that the contribution to
the e-damping due to density waves that are linked to gas
pressure vanishes on an orbit average.

TW04’s formulas (Eqs. (11) and (12)) are rewritten as

fr,TW ' {−0.780vr + [0.114vy + 0.956vr]} , (22)

fθ,TW ' {−0.780vy + [−0.956vy + 0.325vr]} , (23)

where vy = (vθ−rΩ), and we split their formula into the dy-
namical friction parts (the first terms in the r.h.s.) that are
anti-parallel to ∆v, and the residual parts (the second and
third terms). The dynamical friction force is always anti-
parallel to ∆v in MTI11’s formula (Eq. (21)). In the sub-
sonic case, density waves are excited. The non-parallel com-
ponents would correspond to the forces from density waves,
and they vanish on the orbit average as shown below.

In the local limit (Hill approximation), vr = evK sin(Ωt)
and vy = (e/2)vK cos(Ωt) (e.g. Henon & Petit 1986), respec-
tively, so that the “energy” of velocity dispersion is given by

Ee =
1

2
e2v2K =

1

2
(v2r + (2vy)2). (24)

The power dEe/dt is

dEe
dt

= vr
dvr
dt

+ 4vy
dvy
dt

= t−1
wave(vr fr,TW + 4vy fθ,TW)

' t−1
wave

[
−0.780 v2r + 0.956 v2r − 0.780× 4 v2y − 0.956× 4 v2y

]
+ t−1

wave [0.114 vyvr + 0.325× 4 vrvy] . (25)

Performing an orbit average, the cross terms with vyvr van-
ish and we obtain

〈dEe
dt
〉 ∼ −t−1

wave

{
0.780× 2Ee − 0.956[〈v2r〉 − 〈4v2y〉]

}
.

(26)

Because the orbit averages of vr = evK sin(Ωt) and vy =
(e/2)vK cos(Ωt) satisfy

〈v2r〉 ' 〈4v2y〉, (27)

the term in the square brackets in Eq. (26) vanishes.
Thus, the eccentricity is damped by the density wakes

associated with dynamical friction, which are the first terms
in the right hand side of Eqs. (22) and (23). Note that

1

e

de

dt
=

1

2Ee

dEe
dt
' −0.780 t−1

wave, (28)

which perfectly agrees with the e-damping rate that TW04
derived in a different way. The non-parallel parts just raise
oscillation of e and do not produce net change in e. We
adopt the secular change parts in TW04’s force formulae as
the e-damping force in subsonic limit,

FDF,TW = −0.780
∆v

twave
. (29)

This force formula is equivalent to MTI11’s subsonic dynam-
ical friction formula (Eq. (21)) with α ' (0.78/π)ε̃2.

The relative velocity of close encounters between a plan-
etary embryo and gas that is defined by

∆v = v − vgas = vrer + [vθ − r(1− η)ΩK ] eθ, (30)

where we included the factor of η ≡ −(h2/2)(d lnP/d ln r)
that represents the deviation of disc gas velocity from Ke-
plerian velocity; for discs with smooth surface density ra-
dial distribution, η ∼ 1.3h2 � 1. When e > η, the de-
viation from local circular Keplerian velocity is given by
∆v ∼ evK = erΩK . In this case, the e-damping rate is

τ−1
e,sub ' −

FDF,TW

∆v
' 0.780 t−1

wave. (31)

In the supersonic regime, the uncertain parameter α is
not included in Eq. (21). We use Eq. (21) for supersonic
regime,

FDF,MTI,sup ' −2π
∆v

twave,r

(
∆v

cs

)−3

ε̃−1. (32)

We used the asymptotic function for e/h� 1 in the super-
sonic case, but kept e2 � 1.

In this relatively high e regime, the relation between the
eccentricity damping rate τ−1

e and FDF,MTI,sup is not simple,
because the change in r within one orbit is not negligible.
MTI11 integrated FDF,MTI,sup in one orbit to obtain τ−1

e .
They showed results for Mp/M∗ = 10−6, Σr2/M∗ = 10−4,
ε̃ = 1, and h = 0.05 at 1 au (twave ' 104 yr) in their Figure
9, which are fitted for e<∼ 0.5 as

τ−1
e,sup ' 12 ê−3 t−1

wave, (33)
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where t−1
wave is defined at the semimajor axis. In this regime,

τ−1
e depends on the disc parameters only through local val-

ues, twave, but is almost independent of their radial gradi-
ents, p and q. The numerical factor is increased by a factor
of 2 by the variation of r, compared to Eq. (21) in the su-
personic case.

Now we combine FDF,MTI,sup in the supersonic limit
(Eq. 21) and FDF,TW in the subsonic limit (Eq. 29). Al-
though there are many ways to combine the two limits, we
here adopt a simple summation of the timescales. We will
discuss on this issue again in section 3.2.

The timescale summation of the two limits of the damp-
ing rates and forces (Eqs. (31), (33), (29), and (32)), we
obtain

τ−1
e ' 0.780

(
1 +

1

15
ê3
)−1

t−1
wave, (34)

and

FDF ' −0.780
∆v

twave,r

[
1 +

1

8

(
∆v

cs

)3
]−1

, (35)

where we adopted ε̃ = 1 in Eq. (32) and twave,r is defined at
instantaneous radius r. In the limits of ẽ � 1 and ẽ � 1,
τ−1
e is reduced to Eq. (31) and Eq. (33), respectively. In the

limits of ∆v � cs and ∆v � cs, FDF is reduced to Eq. (29)
and Eq. (32), respectively. The difference in the numerical
factor for the high e-limit (supersonic limit) in τ−1

e from that
in FDF comes from the variation in r in during one orbit.

MTI11 showed that τ−1
a determined by the dynamical

friction formula is positive in the supersonic regime. To pro-
ceed, we also use the same connection of the supersonic and
subsonic limit expressions of τ−1

a (Because τm changes a sign
at e ∼ h, the same connection of the two limits for this quan-
tity does not make sense). MTI11 showed that τ−1

a depends
on the gradients of the disc parameters, p and q, while the
p, q-dependences of τ−1

e are negligible.
In the supersonic limit, their results of a numeri-

cally integrated analytical equation with Mp/M∗ = 10−6,
Σr2/M∗ = 10−4, ε = 0.5H, and h = 0.05 at 1 au (their
Figure 9) are fitted as

τ−1
a = CMê

−1 h2 t−1
wave, (36)

where CM = 6(2p−q+2). The values of CM in different disc
models are listed in Table 1.

In the subsonic limit, we here adopt the isothermal mi-
gration rate by Tanaka et al. (2002),

τ−1
a = CTh

2 t−1
wave. (37)

The formulae with the non-isothermal migration by
Paardekooper et al. (2011) is discussed in Appendix C. As
we will show in section 4, the dynamical friction argument
can evaluate τ−1

a in the subsonic case, but only by order
of magnitude. Furthermore, in the subsonic case, the con-
tribution by density waves to τ−1

a does not cancel through
orbit average and it dominates in the non-isothermal case
(Appendix C), while the contribution to τ−1

e cancels as we
showed before. As such, we adopt Eq. (36) for the subsonic
limit.

We combine these two limits to obtain

τ−1
a ' CTh

2

(
1 +

CT

CM
ê

)−1

t−1
wave. (38)

Numerical factors Nominal PL00 CN08

CM =

6(2 p− q + 2) 21 24 12

CT =

2.73 + 1.08 p+ 0.87 q 4.25 5.22 4.14

CP =

2.50 − 0.1 p+ 1.7 q 3.25 4.05 4.15

Table 1. Numerical coefficients. Here p = −d ln Σ/d ln r and

q = −d lnT/d ln r. Numerical values are given for the nominal
steady disc (p = 1, q = 0.5), which is close to an irradiation dom-

inated disc (Ida et al. 2016), PL00’s disc with (p, q) = (1.5, 1),
and CN08’s disc with (p, q) = (0.5, 1), respectively. Note that the

PL00’s and CN08’s discs are not steady accretion ones.

From Eqs. (34) and (38),

τ−1
m =

1

2
τ−1
a − e2

1− e2 τ
−1
e ' 1

2
τ−1
a − e2τ−1

e

' h2

(
CT

2

1

1 + CT
CM

ê
− 0.78 ê2

1

1 + 1
15
ê3

)
t−1
wave. (39)

In the subsonic limit the first term in the bracket dominates
and τ−1

m > 0. In the supersonic limit we have

τ−1
m ' h2 ê−1

(
CM

2
− 12

)
t−1
wave

' −3(2− 2 p+ q)h2ê−1t−1
wave. (40)

In the steady accretion discs, 3πΣν ∝ r−p−q+3/2 is a con-
stant of r, so that p + q = 3/2. In this case, the numerical
factor in the above equation, −3(2−2 p+q) = −3(7/2−3 p),
is negative both for irradiation dominated (p = 15/14) and
viscous-heating dominated (p = 3/5) regimes (Ida et al.
2016). Therefore, in the supersonic case, τ−1

m < 0 (caus-
ing an increase in the angular momentum), while e and a
are always damped (τ−1

e , τ−1
a > 0), as long as the locally

isothermal case is considered.

3.2 Comparison with PL00 and CN08

In Figure 1, our new formulae given above based on dynam-
ical friction are compared with the formulae by PL00 and
CN08 for h = 0.05 and ε = 0.5H. PL00 and CN08 used
fixed discs (p, q) = (1.5, 1.0) and (0.5, 1.0), while we plot our
results for the nominal irradiative steady accretion disc 2

with (p, q) = (1.0, 0.5) and CN08’s disc with (0.5, 1.0). As
shown in Table 1, the differences in CM and CT (and also
CP in the next subsection) for the different (p, q) are within
a factor of 2.

Our formulation with both the nominal disc and CN08’s
disc is similar to that of CN08 that was obtained by a fit-
ting of hydrodynamical simulations. The migration is al-
ways inward (τ−1

a > 0). The derivation of our formulae is

2 Although Ida et al. (2016) showed for the irradiative regime
(p, q) = (15/14, 3/7), we used a more simple values, (p, q) =
(1.0, 0.5).
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much simpler and more intuitive than the gravitational po-
tential expansion done by PL00 and the fitting of hydro-
dynamical simulation results done by CN08. Our formulae
also for the first time explicitly show the dependence on the
disc parameters through CT (= 2.73 + 1.08 p + 0.87 q) and
CM (= 6(2p− q + 2)).

The small peaks at e/h ∼ a few in τ−1
e and τ−1

a in
the CN08’s formulae reflect the results of hydrodynamical
simulations (CN08; Bitsch & Kley 2010). We note that the
dynamical friction formulae by MTI11 include a divergence
at ∆v = cs, which corresponds to e ∼ h. Because the diver-
gence is so sharp that it should be smoothed out by non-
linear effects and orbit averaging where ∆v changes a factor
of a few in one orbit, τ−1

e and τ−1
a should have some peak

at e ∼ h. If we take this effect into account, our formulae
become more similar to those of CN08. However, because it
may make our simple, intuitive formulae more complicated
and requires additional manipulation, we decided not to do
so in the present paper.

4 EQUATIONS OF MOTION

So far, we have mainly discussed the rates of change (the
inverse of the timescales) in e, a, and `. In addition to the
timescales, how to implement them in the equations of mo-
tion for N-body simulations have been proposed in different
ways.

The proposed implementation to the equations of mo-
tion by PL00 (Eq. 15), Coleman & Nelson (2014) (Eq. 19),
and Daisaka et al. (2006) (Eq. 20) are given respectively by

dv

dt
= − v

τm
− 2

vr
τe

er, (41)

dv

dt
= − v

τm
− vr
τe

er −
0.5(vθ − vK,a)

τe
eθ, (42)

dv

dt
= − vK

τm,e=0
eθ +

fr,TW

0.78 τe
er +

fθ,TW

0.78 τe
eθ, (43)

where vK,a is Keplerian velocity at the planetary semimajor
axis a, while vK represents Keplerian velocity at instanta-
neous radius r in this paper. Except for TW04’s eccentricity
damping force, all of these equations of motion were given a
priori by using the timescales without their derivation. Here
we discuss the consistency of these force formulae.

In the dynamical friction formulation the form of the
equations of motion is straightforward:

dv

dt
= −∆v

τe
= −vr

τe
er −

vθ − r(1− η)ΩK
τe

eθ. (44)

We can split the second term proportional to eθ into the
migration and the eccentricity damping parts as

dv

dt
= − vK

τe η−1
eθ −

vr
τe

er −
vθ − vK
τe

eθ. (45)

In this paper, we consider discs with smooth surface
density distribution (The discussion here cannot be applied
for the discs with gaps and rings). In this case, η ∼ h2

and τe η
−1 ∼ τm,e=0 in the subsonic case. As we discussed

in section 3.1, only the parts related to dynamical friction
actually contribute to the eccentricity damping. Therefore,
the equations of motion by Daisaka et al. (2006) (Eq. (43))
are justified for the subsonic case. However, Eq. (43) can-
not be applied for the supersonic regime. Furthermore, as

we pointed out in section 3.2, the contribution by density
waves to migration is also important in the subsonic case,
in particular, in the non-isothermal discs (Appendix C).

Therefore, as the equations of motion that can be ap-
plied in both subsonic and supersonic regimes, we propose

dv

dt
= − vK

2τa
eθ −

vr
τe

er −
vθ − vK
τe

eθ. (46)

If inclination is considered, −(vz/τi)ez is added, where τi is
given in Appendix D.

Next we consider the form for equations of motion
shown in Eqs. (41) and (42). We assume the following form,

dv

dt
= −v

τ
−Ar

vr
τe

er −Aθ
vθ − vK
τe

eθ, (47)

where τ is an unknown timescale and Ar and Aθ are un-
known factors of ∼ O(1). In the below, we derive τ , Ar, and
Aθ. By the definition of τm,

−r × v

τm
=
d(r × v)

dt
= r × dv

dt
. (48)

Taking the cross product of both sides of Eq. (47), we have

r × dv

dt
= −r × v

τ
−Aθ

vθ − vK
τe

r × eθ

= −r × v

τ
−Aθ

vθ − vK
vθτe

r × v, (49)

because v = vrer+vθeθ. From Eqs. (48) and (49) we obtain

− 1

τm
= − 1

τ
−Aθ

(vθ − vK)

vθ

1

τe
. (50)

Substituting this into Eq. (47), we arrive at

dv

dt
= − v

τm
+Aθ

(vθ − vK)

vθ

v

τe
−Aθ

vθ − vK
τe

eθ −Ar
vr
τe

er

= − v

τm
−
(
−Aθ

vθ − vK
vθ

+Ar

)
vr
τe

er. (51)

Taking the dot product of both sides of this equation with
v, we obtain the change rate of the orbital energy (E =
v2/2−GM∗/r),

dE

dt
=
d(v2/2)

dt
= − v2

τm
−
(
−Aθ

vθ − vK
vθ

+Ar

)
v2r
τe
. (52)

Because E is given by the semimajor axis a as E =
−GM∗/2a, we have dE/dt = −v2K/(2τa), so that Eq. (52)
becomes

v2K
2τa

=
v2

τm
+

(
−Aθ

vθ − vK
vθ

+Ar

)
v2r
τe
. (53)

From Eq. (3), we can write in the case of e2 � 1,

v2K
2τa
' v2K
τm

+
e2v2K
τe
' v2

τm
+

2v2r
τe
, (54)

where we used Eqs. (24) and (27) in the last equation. Com-
paring Eq. (53) and Eq. (54), (−Aθ(vθ − vK)/vθ) +Ar) ' 2
and Eq. (51) is approximated as

dv

dt
= − v

τm
− 2

vr
τe

er, (55)

which is identical to the formulation of PL00’s equations
of motion, Eq. (41). Note that the azimuthal component
of eccentricity damping is included in the fist term, v/τm,
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which is not visible in Eq. (55). In the supersonic case, the
1st term of Eq. (55) changes the sign. However, due to the
effect of the 2nd term, the orbital migration is still inward
as we discussed.

It is not clear if the form of Eq. (42), in which the
azimuthal component of eccentricity damping is explicitly
applied, is justified. Note that Coleman & Nelson (2016a)
and Coleman & Nelson (2016b) adopted Eq. (55) rather than
Eq. (42) used in Coleman & Nelson (2014).

In summary, in our opinion the safest equation of mo-
tion to use is Eq. (46), because it is most consistent with
the simple argument based on dynamical friction. We can
reproduce the equations of motion (Eq. (55)) adopted by
PL00 under the condition of e2 � 1 as in Eq. (54), but we
are unable to reproduce Eq. (42), the equations of motion
adopted by Coleman & Nelson (2014).

5 CONCLUSIONS

Disc-planet interactions often occur in supersonic regime in
the planet accretion processes in the protoplanetary disc, as
discussed in section 2.1. Although the planet-disc interac-
tion in the supersonic regime is important, the prescriptions
proposed so far (PL00; TW04; Daisaka et al. 2006; Cresswell
et al. 2007; Coleman & Nelson 2014) seem inconsistent with
one another and are sometimes confusing.

In this paper, after comparing the existing prescriptions
in detail, we have proposed a simple prescription for the
planet-disc interactions that is applicable for both super-
sonic and subsonic cases. Because our derivation is based
on dynamical friction formulae, the derivation is intuitively
understood.

Our prescription is summarized as follows. The safest
equations of motion are (Eqs. (46)):

dv

dt
= − vK

2τa
eθ −

vr
τe

er −
vθ − vK
τe

eθ. (56)

The damping timescales of the orbital eccentricity, semima-
jor axis, and angular momentum are given by (Eqs. (34),
(38), and (5))

τ−1
e ' 0.780

(
1 +

1

15

( e
h

)3)−1

t−1
wave, (57)

τ−1
a ' CTh

2

(
1 +

CT

CM

e

h

)−1

t−1
wave, (58)

τ−1
m ' 1

2
τ−1
a − e2τ−1

e , (59)

where CT = 2.73 + 1.08 p + 0.87 q, CM = 6(2 p − q + 2),
p = −d ln Σ/d ln r, q = −d lnT/d ln r,

t−1
wave =

(
Mp

M∗

)(
Σr2

M∗

)
h−4ΩK , (60)

and t−1
wave is evaluated at the semimajor axis a. In the non-

isothermal case, Eqs. (C1), (C2), and (C3) in Appendix C
should be used, instead of Eqs. (57), and (58), and (59).
The formulae with non-zero inclination i (< h) are given in
Appendix D.

The formula by Cresswell et al. (2007) is obtained by a
fitting with hydrodynamical simulations and takes detailed
features into account, such as an enhancement of the interac-
tions near e ∼ 2−3h. However, because only one disc model

was used for the hydrodynamical simulations, it is not clear
how the detailed features depend on the disc parameters.
Although our formulae do not reproduce the enhancement
near the subsonic-supersonic boundary, they have explicit
dependences on the disc parameters, p and q. Note, how-
ever, that we need to be careful when we apply this to the
disc structure with local variations that have radial scales
less than the disc scale height (H), because all of Tanaka
et al. (2002), TW04, and MTI11, which we used to derive
the dependences on p and q, assumed that local uniformity
on the scale of H.

N-body simulation is one of the most powerful tools
to study formation of close-in multiple super-Earths that
are observed commonly in exoplanetary discs. As Brasser
et al. (2018) demonstrated, the resonant trapping and col-
lisions between the planetary embryos near the disc inner
edge sensitively depend on the adopted prescription of the
planet-disc interactions, because e of the planetary embryos
in the resonant chains are excited to ∼ h, which is near the
subsonic-supersonic boundary. 3 Our new prescription will
reduce the uncertainty due to the different prescriptions and
it may become an important tool to study planet formation
processes.
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APPENDIX A: DERIVATION OF EQS. (13)
AND (14)

The original formulae by PL00 are

τ−1
e ' 1

2.5× 103

( ε

0.4H

)−2.5
[
1 +

1

4
ê3
]−1

×
(

h

0.07

)−4(
MGD

2MJ

)(
Mp

M⊕

)( r

1 au

)−1

yr−1 (A1)

τ−1
m ' 1

3.5× 105

( ε

0.4H

)−1.75
[

1−
(
ê

1.1

)4
1 +

(
ê

1.3

)5
]

×
(

h

0.07

)−2(
MGD

2MJ

)(
Mp

M⊕

)( r

1 au

)−1

yr−1 (A2)

3 Note that at e ∼ a few h, all the prescriptions show that
the planet-disc interactions increases the angular momentum

(
√
GM∗a(1 − e2)). On the other hand, our and CN08’s prescrip-

tions show the inward migration (decrease in a). For the inward
migration to actually occur, e must be reduced by the planet-

disc interactions and it must be continuously excited by the same
mechanism such as the resonant perturbations between the plan-

etary embryos or secular perturbations from a giant planet.
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where MGD is the gas mass within 5 au in their model with
q = 3/2,

MGD '
∫ 5 au

2πrΣdr =

∫ 5 au

2πrΣ1 au

( r

1 au

)−3/2

dr

= 4
√

5πΣ1 au(1 au)2 = 4
√

5πΣr2
( r

1 au

)−1/2

. (A3)

For comparison with other formulae, we scale these
timescales by twave (Eq. (7)),

t−1
wave =

(
Mp

M∗

)(
Σr2

M∗

)
h−4ΩK . (A4)

From this equation,(
h

0.07

)−4(
MGD

2MJ

)(
Mp

M⊕

)( r

1 au

)−1

yr−1

= 0.074 × 4
√

5π

(
M∗

2MJ

)(
Σr2

M∗

)
×
(
M∗

M⊕

)(
Mp

M∗

)( r

1 au

)−3/2

yr−1

= 0.074 × 2
√

5× 524× (3.33× 105)

(
M∗

M�

)3/2

t−1
wave

' 1.86× 104

(
M∗

M�

)3/2

t−1
wave. (A5)

Substituting this relation into Eqs. (A1) and (A2) adopting
the ε by 0.5H, we obtain

τ−1
e ' 4.26

( ε

0.5H

)−2.5

t−1
wave

[
1 +

1

4
ê3
]−1

, (A6)

τ−1
m ' 7.33

( ε

0.5H

)−1.75

h2 t−1
wave

1−
(
ê

1.1

)4
1 +

(
ê

1.3

)5 . (A7)

APPENDIX B: CHANDRASEKHAR’S
DYNAMICAL FRICTION FORMULA

The well-known Chandrasekhar’s dynamical friction formula
for stellar dynamics is (Chandrasekhar 1943),

FDF,Ch ' −4π ln Λ
G2ρMp

(∆v)3

[
erf(X)− 2X√

π
e−X

2
]

∆v,

(B1)

where X = ∆v/
√

2σ, σ is the velocity dispersion of the
field stars with a Maxwellian velocity distribution, and
ln Λ is the 3D log-divergence term, which cannot be a
large value in a disc with finite thickness. Using ρ =
Σ/(
√

2πσ/Ω), G2 = Ω4r6/M2
∗ , erf(X) ∼ 1 for X >∼ 2, and

[erf(X)−2Xe−X
2

/
√
π] ∼ (2/

√
π)[X−X3/3−X(1−X2)] ∼

(4X3/3
√
π) for X < 1, the subsonic and supersonic limits

are

FDF,Ch '


−4

3
ln(Λ)

∆v

tdf
[for ∆v � σ]

−2
√

2π ln(Λ)
∆v

tdf

(
∆v

σ

)−3

[for ∆v � σ],

(B2)
where

t−1
df =

(
Mp

M∗

)(
Σr2

M∗

)(
σ

vK

)−4

ΩK . (B3)

The ln(Λ) term for planetesimals is ∼ O(1) (Ohtsuki et al.
2002). The velocity dispersion of the field stars in this for-
mula can be identified as the sound velocity of planet-disc
interactions. In this case, Eq. (B2) agrees with Eq. (21) in
both supersonic and subsonic regimes, except a small differ-
ence in the numerical factor, if ε̃ = ε/0.5H and α are ∼ O(1)
in Eq. (21).

APPENDIX C: EFFECTS OF
NON-ISOTHERMAL MIGRATION

Because type I migration in the subsonic regime is caused
by a residual between the torque exerted from the inner disc
and that from the outer disc, the migration speed and even
the migration direction (inward or outward) are affected by
the disc structure (Paardekooper et al. 2011).

Following the prescription by Coleman & Nelson (2014),
we incorporate the finite eccentricity correction factors into
τ−1
e and the Lindblad parts of τ−1

m and τ−1
a . The corota-

tion part does not exist in the supersonic regime, so we
follow Fendyke & Nelson (2014) and introduce the factor
of exp(−e/ef ) where ef = 0.01 + h/2 for the corotation
part. The formulae for the non-isothermal disc, instead of
Eqs. (57), and (58), and (59), are:

τ−1
e ' 0.780 t−1

wave

(
1 +

1

15
ê3
)−1

, (C1)

τ−1
a ' 2h2t−1

wave

[
CP

(
1 +

CP

CM
ê

)−1

− ΓC
Γ0

exp

(
− e

ef

)]
,

(C2)

τ−1
m ' 1

2
τ−1
a − e2τ−1

e

' h2t−1
wave

[
CP

1 + CP
CM

ê
− ΓC

Γ0
exp

(
− e

ef

)
− 0.780 ê2

1 + 1
15
ê3

]
,

(C3)

where ΓC is the corotation torque and CP = 2.5 + 1.7q −
0.1p. Detailed form of the scaled corotation torque, ΓC/Γ0,
is described by Paardekooper et al. (2011).

APPENDIX D: INCLINATION DAMPING

In this paper, we neglect orbital inclinations, assuming that
i is much smaller than e, although we considered three di-
mensional interactions. However, in a similar way to the e-
damping formula, the i-damping formula can be derived, as
long as i < h. For i > h, the planetary orbit is not within
the disc in most of time and the disc-planet interactions are
weak (Rein 2012). Here we consider the case of i < h.

The inclinations also contributed to the relative veloc-
ity, while the contribution is less than that by e. The formu-
lae with i should be as follows:

τ−1
e ' 0.780 t−1

wave

[
1 +

1

15
(ê2 + î2)3/2

]−1

, (D1)

τ−1
i ' 0.544 t−1

wave

[
1 +

1

21.5
(ê2 + î2)3/2

]−1

, (D2)

τ−1
m ' 1

2
τ−1
a − e2τ−1

e − i2τ−1
i . (D3)
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10 S. Ida et al.

The migration rate for the isothermal case is

τ−1
a ' CTh

2

(
1 +

CT

CM
(ê2 + î2)1/2

)−1

t−1
wave, (D4)

and for the non-isothermal case,

τ−1
a ' 2h2t−1

wave

×

[
CP

(
1 +

CP

CM

√
ê2 + î2

)−1

− ΓC
Γ0

exp

(
−
√
e2 + i2

ef

)]
.

(D5)
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