
                                                                    

University of Dundee

A finite deformation multiplicative plasticity model with non–local hardening for bonded
geomaterials
Oliynyk, Kateryna; Ciantia, Matteo O.; Tamagnini, Claudio

Published in:
Computers and Geotechnics

DOI:
10.1016/j.compgeo.2021.104209

Publication date:
2021

Licence:
CC BY-NC-ND

Document Version
Peer reviewed version

Link to publication in Discovery Research Portal

Citation for published version (APA):
Oliynyk, K., Ciantia, M. O., & Tamagnini, C. (2021). A finite deformation multiplicative plasticity model with
non–local hardening for bonded geomaterials. Computers and Geotechnics, 137, [104209].
https://doi.org/10.1016/j.compgeo.2021.104209

General rights
Copyright and moral rights for the publications made accessible in Discovery Research Portal are retained by the authors and/or other
copyright owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with
these rights.

 • Users may download and print one copy of any publication from Discovery Research Portal for the purpose of private study or research.
 • You may not further distribute the material or use it for any profit-making activity or commercial gain.
 • You may freely distribute the URL identifying the publication in the public portal.
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

Download date: 22. May. 2023

https://doi.org/10.1016/j.compgeo.2021.104209
https://discovery.dundee.ac.uk/en/publications/4b33c7d8-f946-4234-8f47-6dc527634c4a
https://doi.org/10.1016/j.compgeo.2021.104209


A finite deformation multiplicative plasticity model
with non–local hardening for bonded geomaterials?

Kateryna Oliynyka,b, Matteo O. Ciantiaa, Claudio Tamagninib

aUniversity of Dundee, Dundee, United Kingdom
bDept. of Civil and Environmental Engineering, University of Perugia, Perugia, Italy

Abstract

The paper presents a finite deformation, isotropic hardening, non–associative
elastic–plastic constitutive model (FD Milan model) for describing the me-
chanical behavior of a wide range of bonded natural geomaterials such as stiff
overconsonsolidated clays, porous soft rocks or bio–improved soils. The formula-
tion of the model is based on the multiplicative split of the deformation gradient
and on the assumption of hyperelastic behavior. To deal with the occurrence
of strain localization, typically observed in this class of geomaterials, the model
has been equipped with a non–local version of the hardening laws. This ap-
proach is capable of regularizing the pathological mesh dependence occurring in
the post–localization regime when adopting classical plasticity models.

In view of its application to practical geotechnical problems characterized
by large displacements and deformations within a hydro-mechanical coupled
environment, the model has been implemented in the recently developed Particle
Finite Element code G–PFEM for geomechanics applications.

To demonstrate the effectiveness of the numerical implementation, a series
of numerical simulations has been performed considering two representative
boundary value problems: the modeling of shear localization in plane strain
biaxial tests and the simulation of CPTu tests in a saturated porous soil. The
results of biaxial test simulations have highlighted the role of the characteristic
length in controlling the thickness of the localized zone and the effect of the
confining pressure in determining the pattern of shear band formation. An in-
teresting feature emerging from the partially drained CPTu simulation results
is the progressive formation of persistent shear bands, which originate from the
cone tip and propagate outwards along the entire penetration depth.

Keywords: Constitutive modeling, Bonded soils, Nonlocal plasticity, Finite
deformations, Strain localization, PFEM
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1. Introduction

Starting from the pioneering works of Leroueil and Vaughan (1990) and Bur-
land (1990), a significant amount of experimental, theoretical and numerical
research activities has been devoted to the study of a wide class of natural geo-
materials, ranging from stiff, heavily overconsolidated clays to weak rocks such
as calcarenites or sandstones. These materials are characterized by a common
micromechanical feature: the presence of various kinds of interparticle bonds.

Bonding in natural soil deposits might occur mainly due to the following two
broad factors (Kavvadas et al., 1993; Kavvadas, 1994; Clayton and Serratrice,
1997):

i) concurrent or post–depositional diagenesis of sedimentary deposits, asso-
ciated to gravitational compaction;

ii) weathering and chemical degradation of initially intact parent rocks, lead-
ing to the formation of residual soil deposits.

In the first case, the development of intergranular bonds is typically associated
to various phenomena such as chemical precipitation of carbonates, gypsum,
iron or aluminium oxides and hydroxides; cold welding due to pressure solution
and re–deposition of silicates at intergranular contacts; tixotropy/ageing effects
in fine–grained soils. In the second case, physical and chemical processes can
be responsible for the progressive modification of the parent rock microstruc-
ture. This includes the chemical transformation – over geological times – of
less chemically–stable silicate minerals (felspar, plagioclase) to more stable clay
minerals in igneous crystalline rocks. Chemical dissolution is responsible for
weathering effects in highly soluble geomaterials such as calcarenites and gyp-
siferous rocks (Lumb, 1962; Chigira and Oyama, 2000; Castellanza and Nova,
2004; Ciantia and Hueckel, 2013; Ciantia et al., 2014, 2015).

Regardless of the geological processes which originate them, the presence of
intergranular bonds has a substantial impact on the mechanical behavior of the
granular material at the macroscopic scale. Indeed, all “bonded” geomaterials
presents some characteristic features – induced by the presence and the progres-
sive deterioration of interparticle bonds due to mechanical or non–mechanical
processes – among which we mention (Leroueil and Vaughan, 1990; Nova, 1992;
Gens and Nova, 1993):

i) a net increase in shear strength and an expansion of the domain of admis-
sible stress states (yield surface), as compared to similar unbonded soils,
as well as the development of a non–negligible (sometimes high) tensile
strength;

ii) the presence of quite marked yield phenomena, both in compression and
shear, as compared to what is commonly observed in uncemented or arti-
ficially reconstituted soils;

iii) a clear transition from brittle/dilatant to ductile/contractant behavior
with increasing mean stress, under deviatoric loading conditions.
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This has suggested the adoption of a common theoretical approach for the con-
stitutive modeling of such materials, rooted in the mathematical theory of plas-
ticity (see, e.g., Nova, 1992; Gens and Nova, 1993; Kavvadas et al., 1993; Kav-
vadas, 1994).

Within this framework, bonding effects on the observed material response
are modeled by the introduction of an additional set of internal variables quanti-
fying the effects of bond strength. Purely mechanical degradation processes are
described by linking the evolution of the bonding–related internal variables to
some suitable measure of the plastic strain rate. We refer to the works of Gens
and Nova (1993); Lagioia and Nova (1995); Rouainia and Wood (2000); Gajo
and Wood (2001); Liu and Carter (2002); Tamagnini et al. (2002); Nova et al.
(2003); Yu et al. (2007); Taiebat et al. (2010); Seidalinov and Taiebat (2014) for
an account of the work done in this field.

As shown by Tamagnini et al. (2002); Nova et al. (2003); Ciantia and di Prisco
(2016); Ciantia and Castellanza (2016); Tamagnini and Ciantia (2016), the
same conceptual framework can be adapted to the modeling of non–mechanical
degradation effects (e.g., weathering). This can be done by including a non–
mechanical contribution in the evolution laws for the bonding–related internal
variables, linked to the time rate of change of an appropriate (scalar) measure of
degradation. Micromechanical foundations for such extended hardening terms
have been presented by Ciantia and di Prisco (2016).

Recently, Tengattini et al. (2014) and Das et al. (2014) adopted the principles
of breakage mechanics (Einav, 2007a,b) to develop a micromechanically–inspired
plasticity model for cemented granular materials with crushable grains. In their
approach, the mechanical effects of grain crushing and bond degradation are
related to the changes of a micromechanically–inspired internal variable derived
from the microscale via statistical homogenization. The extension of this ap-
proach to incorporate chemical bond and grain degradation has been proposed
by Buscarnera and Das (2016).

All the aforementioned constitutive models have been developed under the
assumption of infinitesimal deformations. However, given the high deformability
typically observed in bonded soils when affected by mechanical and/or chemical
bond degradation, geometric non–linearity may play an important role in some
practical applications. These applications include: the evaluation of pile bearing
capacity of offshore platforms (McLelland, 1988; King and Lodge, 1988); the
modeling of subsidence phenomena associated to hydrocarbon extraction (Potts
et al., 1988) and sinkhole formation (Mánica et al., 2020); the study of the effects
of pile driving (Jardine et al., 2018); the interpretation of cone penetration
tests under undrained or partially drained conditions (Ceccato and Simonini,
2017; Monforte et al., 2018; Martinelli and Galavi, 2021); the modeling of slow
slope deformations in presence of significant modifications of the slope geometry
(Conte et al., 2019). Notable exceptions are the recent works of Monforte et al.
(2019) who have extended to finite deformations the Gens–Nova model (Gens
and Nova, 1993), and of Oliynyk and Tamagnini (2020), who presented a finite
deformation version of the theory of hyperplasticity (Houlsby and Puzrin, 2007)
and applied it to the micromechanically inspired plasticity model for bonded,
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crushable granular materials of Tengattini et al. (2014).
When the solution of practical geotechnical problems involving natural bonded

soils or soft rocks by means of numerical methods is of concern, an important
aspect to be considered is that the deformations tend to concentrate into lo-
calized shear or compaction bands, due to the softening response induced by
mechanical and non–mechanical bond degradation processes. In this respect,
another important localization triggering factor could be the non–associative
nature of the plastic flow, typically observed in these materials. Although the
classical theory of plasticity can provide reasonable predictions of the conditions
at which strain localization may occur (see, e.g., Vardoulakis and Sulem, 1995;
Bigoni, 2000), the lack of any internal length scale in the constitutive equa-
tion makes it impossible to determine the thickness of the shear band and to
accurately describe the post–localization behavior.

From a computational point of view, as the size of the localized zone goes
to zero, a pathological dependence of the finite element solution on the adopted
mesh size is typically observed in the post–localization regime (see, e.g., Ortiz
et al., 1987; De Borst, 1989). This has a strong impact in the finite element
modeling of failure and post–failure conditions of geotechnical structures. Many
different strategies have been proposed in the past to solve this problem. In
particular, three main approaches have been followed in computational geome-
chanics with varying degree of success.

The first approach consists in treating the shear band as a displacement
discontinuity forming in the soil mass (strong discontinuity), and involves a
modification of the classical FE method consisting in introducing discontinuous
shape functions in those elements where localization occurs (see, e.g., Oliver
et al., 1999; Armero and Callari, 1999; Regueiro and Borja, 2001; Borja, 2008)
and providing an appropriate constitutive equation for the resulting discontinu-
ity.

The second approach involves the modification of the constitutive equation
for the soil to introduce a suitable length scale in the material response. Among
the strategies adopted to enrich the classical theory of plasticity, we mention:
i) the use of a yield function and, possibly, a flow rule depending on the Lapla-
cian of a suitable scalar measure of the accumulated plastic strain, (see, e.g.,
Vardoulakis and Aifantis, 1991; De Borst and Mühlhaus, 1992; Zervos et al.,
2001; Kolo and de Borst, 2018); and, ii) the adoption of generalized continuum
theories (continua with microstructure) – among which we mention the Cosserat
continua (Steinmann, 1994; Ehlers and Volk, 1998; Manzari, 2004; Rattez et al.,
2018; Vardoulakis, 2019), the micromorphic continua (Eringen, 2012; Isbuga
and Regueiro, 2017; Ehlers and Bidier, 2020), and the second gradient continua
(Hutchinson and Fleck, 1997; Chambon et al., 2001, 2004; Plúa et al., 2018).

Finally, in the third approach, the constitutive equations are reformulated by
incorporating non–local, spatially averaged variables in place of the local ones
(non–local continua of the integral type). These approaches are physically moti-
vated by the heterogeneity of microstructure. When the smaller wave lengths of
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the deformation field1 is not very large with respect to the size of the REV over
which the material properties are evaluated – as in the case of strain localization
– what matters for determining the macroscopic stress is not the deformation
at the REV centroid but its average value within the REV, which can be quite
different (Bažant and Jirásek, 2002). For granular materials, the length scale
over which the averages are to be evaluated is mostly dictated by the grain size
distribution.

Different formulations may be obtained by averaging strains, plastic strains,
or internal state variables (see, e.g., Bažant and Jirásek, 2002). Bažant and Lin
(1988) observed that a sufficient localization limiter for strain–softening mate-
rials may be obtained if the non-local averaging is applied only to the internal
variables, thus circumventing the complications associated with the adoption
of a non–local strain measure in the variational derivation of the differential
equations of motion and of the boundary conditions. In computational geome-
chanics, this approach has been adopted, for example, by Galavi and Schweiger
(2010); Mánica et al. (2018) and Monforte et al. (2019). In this work, we follow
the same path and assume that the only spatially averaged variables entering
in the constitutive equations are the internal variables.

The first objective of the present work is to extend to the finite deformation
regime the class of constitutive models for bonded geomaterials developed over
the last 20 years at the Technical University of Milan, by Roberto Nova and his
coworkers (Nova, 1992; Lagioia and Nova, 1995; Nova et al., 2003; Tamagnini
et al., 2002; Ciantia and di Prisco, 2016), in order to address practical situations
which require to take into account geometric non–linearity. This includes the
accurate description of post–localization behavior, when significant levels of
strains are mobilized within the band and the geometry of the failure mechanism
might be affected by significant modification of the spatial configuration of the
soil body. In doing so, we follow the previous works on finite deformation
plasticity for geomaterials by Simo and Meschke (1993); Borja and Tamagnini
(1998); Jeremić et al. (2001) and Borja (2013) in adopting a multiplicative split
of the deformation gradient into elastic and plastic parts.

Consistent with the previous works of Nova and coworkers, in the derivation
of the theory we will restrict ourselves to the case of isotropic materials, for
which all the internal variables are scalar quantities. This choice may appear
rather restrictive in some cases. For example, in soft rocks with a clearly ori-
ented microstructure, such as shales or slates, the intrinsic anisotropy plays an
important role in controlling the orientation of the shear bands in presence of
strain localization (see, e.g., Zhao et al., 2018; Borja et al., 2020). In other types
of bonded geomaterials, such as calcarenites or sandstones, the assumption of
isotropy can be justified by the rather non–directional character of the inter-
granular bonds distribution (see Kavvadas et al., 1993; Kavvadas, 1994). In

1Here, the term “wave length” applies not only to dynamics, where its meaning is clear,
but also to statics, where it applies to the minimum size of the region into which the strain
can localize.
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addition, isotropy allows to keep the mathematical structure of the constitutive
equations to an acceptable level of complexity, while preserving its ability of
reproducing most of the relevant features of the materials under study.

In view of the application–oriented character of the proposed constitutive
model, the second objective of this work is to implement it in an efficient and
robust computational platform, capable of dealing with strong material and
geometric non–linearities, and implementing a suitable regularization technique
to address the problem of objectivity of post–localization results in presence of
shear or compaction bands.

For the first issue, the choice has been made to adopt the Particle Finite Ele-
ment Method (PFEM), in place of the classical FEM, for its capability of dealing
with mechanical problems characterized by large displacements/rotations and
large deformations. The PFEM was originally proposed to solve fluid dynamics
problems (Idelsohn et al., 2004; Oñate et al., 2004) and then extended to single
phase deformable solids (see, e.g., Oliver et al., 2007; Carbonell et al., 2013).
Applications of PFEM to geotechnical engineering problems such as bearing ca-
pacity of footings, slope stability and soil–pipeline interaction are reported by
Zhang et al. (2015); Wang et al. (2021) and Yuan et al. (2021). In these works,
the soil is modeled under fully undrained or perfectly drained conditions, adopt-
ing either Tresca or Mohr–Coulomb elastic–perfectly plastic models. Applica-
tions to porous saturated soils, described with the Modified Cam–Clay model
or the Gens–Nova model are reported by Monforte et al. (2017b, 2018, 2019).

As for the shear band regularization technique, we adopted the non–local
approach of the integral type adopted by Monforte et al. (2019), which has
the advantage of leaving the governing equations of the problem unaffected and
requiring only minimal changes to the mathematical structure of the model,
while resulting quite effective in eliminating the mesh–dependence issue also in
the finite deformation regime.

An outline of the remainder of the paper is as follows. In Sect. 2, we present
in detail the theoretical background on which the constitutive model is con-
structed. The treatment in this section follows the principles of the theory of
hyperplasticity, albeit with a specific choice for the free energy function leading
to associative flow rules and hardening laws. The ad–hoc extension to non–
associative behavior is presented in Sect. 3. Sect. 4 provides the details of the
constitutive functions adopted, while Sect. 5 discusses the implementational as-
pects related to the numerical integration of the constitutive equations and their
generalization to the non–local setting. Some representative numerical simula-
tions of two boundary value problems (a series of plane–strain compression tests
and three partially drained CPTu tests performed in a calibration chamber) are
discussed in Sect. 6, to demonstrate the reliability of the model implementa-
tion and its applicability to practical geotechnical problems. Finally, Sect. 7
provides some concluding remarks and suggestions for the prosecution of the
research activities.
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Notation

In the following, all stresses and stress–related quantities are effective, un-
less otherwise stated. The sign convention of continuum mechanics (traction
and extension positive) is adopted throughout. Consistent with this choice,
pore water pressure is assumed negative in compression. Both direct and index
notations will be used to represent vector and tensor quantities according to
convenience. In direct notation, vectors and second–order tensors will be repre-
sented by boldface italic characters; upper– and lowercase blackboard bold fonts
– as for example Ce and ce – will be used for fourth–order tensors. Following
standard practice, for any two vectors v,w ∈ R3, the dot product is defined as:
v ·w := viwi, and the dyadic product as: [v⊗w]ij := viwj . Accordingly, for any
two second–order tensors X,Y ∈ L, X ·Y := XijYij and [X⊗Y ]ijkl := XijYkl.

The quantity ‖X‖ :=
√
X ·X denotes the Euclidean norm of the second order

tensor X.
In the representation of Kirchhoff stress τ , use will be made of the following

invariant quantities:

P :=
1

3
tr(τ ) Q :=

√
3

2
‖s‖ S := sin(3θ) = −

√
6

tr(s3)

[tr(s2)]3/2

where s := τ −P1 is the deviatoric part of τ ; s2 and s3 are the square and the
cube of s, whose components are given by:

(s2)ij := sikskj (s3)ij := siksklslj

and θ is the Lode angle.

2. Finite deformation multiplicative hyperplasticity

2.1. Kinematics

Let X be the position of a macroscopic material point in the reference con-
figuration B of the body at time t = 0 and let:

x(X, t) = φ(X, t) (1)

be its position in the spatial configuration St occupied by the body at time t > 0.
The key point in finite deformation multiplicative plasticity is the assumption
of a product decomposition of the deformation gradient:

F := ∇Xφ(X, t) =
∂φ

∂X
(2)

into a reversible (elastic) part, F e, and an irreversible (plastic) part, F p, in the
form:

F = F eF p (3)

(see, e.g., Lee, 1968; Simo and Hughes, 1998; Borja, 2013).
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Figure 1: Multiplicative decomposition and intermediate configuration.

An essential feature of the product decomposition is the introduction of a
local intermediate configuration, relative to which the elastic response of the
material is defined, see Fig. 1. From a phenomenological point of view, (F e)−1

can be interpreted as the local deformation which brings the neighborhood Ox
of x to the neighborhood Oξ of ξ when the material is unloaded back to the
reference stress state. The local configurations for each material point of B are,
in general, not compatible.

The decomposition (3) is not unique, as an arbitrary rigid body rotation
can be superposed on the intermediate configuration without altering the total
deformation gradient. However, as in the following we will restrict our develop-
ments to the case of isotropic hardening materials, the orientation of the local
intermediate configuration will not be relevant.

The following symmetric strain tensors for elastic and plastic deformations
can be defined from F e and F p:

be := F eF eT Cp := F pTF p (4)

The first tensor is the (spatial) left elastic Cauchy–Green tensor, while the
second is the (material) right plastic Cauchy–Green tensor. These two tensors
are linked by the following relation:

be = FCp−1F T = φ∗(C
p−1) (5)

i.e., be is the push–forward to the spatial configuration of the inverse of Cp.
Let the elastic and plastic velocity gradients be defined as:

le := Ḟ
e
F e−1 L

p
:= Ḟ

p
F p−1 (6)

and let the spatial plastic velocity gradient lp be the push–forward to the spatial
configuration of the tensor L

p
, defined on the intermediate configuration:

lp = F eL
p
F e−1 = l− le (7)
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The definitions of le and lp in eqs. (6) and (7) yields the following notions of
elastic and plastic rates of deformation and spins:

de := sym (le) we := skw (le) (8)

dp := sym (lp) wp := skw (lp) (9)

In order to construct a plasticity theory, both components of the plastic velocity
gradient, dp and wp, need to be specified by suitable flow rules. In view of the
isotropic nature of the material behavior, we will assume in the following that
the plastic spin is always equal to zero, and lp = dp.

2.2. Hyperelastic behavior

The isotropic hyperelastic response of the material is defined by assuming
the existence of a free energy function per unit reference volume, ψ, of the form:

ψ(be,α) = ψe(be) + ψp(α) (10)

where α = {α1, α2, . . . , αm} is a vector containing m scalar, strain–like internal
variables accounting for the effects of deformation history. As a consequence
of the principle of material frame indifference, the function ψe must depend on
be only through its invariants (for example, the principal elastic stretches λeA,
eigenvalues of F e).

Based on the second principle of thermodynamics, from eq. (10) it is possible
to derive the following hyperelastic constitutive equation for the Kirchhoff stress
tensor τ := Jσ:

τ = 2
∂ψ

∂be
be (11)

see, e.g., Simo (1998) or Borja (2013). By a pull–back/push–forward operation
to the intermediate configuration, the constitutive equation (11) can be recast
in the alternative format:

τ = 2F e
∂ψ̄e

∂C
eF

eT (12)

where C
e

:= F eTF e is the elastic right Cauchy–Green tensor, and ψ̄e(C
e
) =

ψe(be) = ψ̂e(λeA) due to material isotropy.
Eq. (10) also provides the following definition for the generalized stress vec-

tor:

χ := −∂ψ
p

∂α
(13)

work–conjugated to α in the sense that the energy dissipation rate per unit
reference volume due to a change of the internal variables is given by χ · α̇.
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2.3. Yield function and evolution equations

Under the assumption of rate–independence for the material response, the
homogeneity of degree one of the dissipation function D of the material with
respect to the plastic fluxes dp and α̇ implies the existence of a yield function
in stresses space, obtained from a (degenerate) Legendre transform of D:

γ̇f(τ ,χ) = τ · dp + χ · α̇−D = 0 (14)

see Houlsby and Puzrin (2007). The scalar quantity γ̇ ≥ 0 appearing in eq. (14)
is known as plastic multiplier. The set:

E :=
{

(τ ,χ)
∣∣ f(τ ,χ) < 0

}
is the elastic domain of the material, in which the plastic multiplier is zero and
all the processes are non–dissipative (dp = 0, α̇ = 0). The boundary of E:

∂E :=
{

(τ ,χ)
∣∣ f(τ ,χ) = 0

}
is the yield surface, on which γ̇ may be positive and irreversible processes may
occur. From eq. (14), a standard argument (Houlsby and Puzrin, 2007) provides
the associative flow rules for dp and α̇:

dp = γ̇
∂f

∂τ
(15a)

α̇ = γ̇
∂f

∂χ
(15b)

Inserting eq. (15a) in eq. (7) we obtain the following expression for the plastic
velocity gradient:

L
p

= γ̇F e−1 ∂f

∂τ
F e (16)

which will be useful for the following developments.

2.4. Constitutive equations in rate–form

Taking the material time derivative of the Kirchhoff stress τ as provided by
eq. (12) we obtain, after some algebra, the following constitutive equation in
rate–form:

τ̇ = leτ + τ leT + cede (17)

where:

c
e
ijkl = C

e
ABCDF

e
iAF

e
jBF

e
kCF

e
lD C

e
ABCD = 4

∂2ψ̄e

∂C
e

AB∂C
e

CD

(18)

are the elastic tangent stiffness tensors in the spatial and intermediate configu-
rations, respectively.

Noting that le = de +we = de +w and recalling that:

∇
τ= τ̇ −wτ + τw (19)

10



is the Jaumann objective rate of Kirchhoff stress, eq. (17) transforms into:

∇
τ= ae (d− dp) = ae

(
d− γ̇ ∂f

∂τ

)
(20)

where:
a
e
ijkl = c

e
ijkl + τikδjl + τilδjk (21)

For the stress–like internal variables χ, eq. (13) and the associative hardening
law (15b) provide the following evolution equation:

χ̇ = −γ̇Hp ∂f

∂χ
with H

p :=
∂2ψp

∂α⊗ ∂α (22)

Enforcing the consistency condition γ̇ḟ = 0 for plastic processes, we finally
obtain the expression for the plastic multiplier:

γ̇ =
1

Kp

∂f

∂τ
· aed ≥ 0 (23)

in which:

Kp :=
∂f

∂τ
· ae ∂f

∂τ
+
∂f

∂χ
·Hp ∂f

∂χ
> 0 (24)

The elastoplastic constitutive equation in rate–form then reads:

∇
τ = aepd where: a

ep = ae − 1

Kp

(
a
e ∂f

∂τ

)
⊗
(
a
e ∂f

∂τ

)
(25)

The fourth order tensor aep is the elastoplastic, continuum tangent stiffness.
This results coincides with the one provided by Simo (1998), Ch. III, Sect. 38, for
multiplicative associative plasticity, generalized to multiple plastic mechanisms.

3. Extension to non–associativity

In many circumstances the assumption of associative plastic flow for both
the plastic rate of deformation and the stress–like internal variables can be too
restrictive and not suited to reproduce some important aspects of the mechanical
response of granular materials.

In such circumstances, a phenomenological extension of the results presented
in Sect. 2 can be obtained by introducing ad–hoc, non–associative flow rules for
the plastic flow variables. Their evolution equations then take the form:

dp = γ̇
∂g

∂τ
(26a)

χ̇ = γ̇ h (τ ,χ) (26b)

11



where χ is a vector collecting the internal variables, the scalar function g is the
plastic potential and the function h defines the so–called hardening law of the
material. The plastic velocity gradient is now given by:

L
p

= γ̇F e−1 ∂g

∂τ
F e (27)

As in the associative case, the consistency condition yields the following expres-
sion for the plastic multiplier:

γ̇ =
1

K̂p

∂f

∂τ
· aed ≥ 0 (28)

in which:

K̂p :=
∂f

∂τ
· ae ∂g

∂τ
− ∂f

∂χ
· h > 0 (29)

The rate form of the constitutive equation in the spatial setting is still given by
eq. (23) but the elastoplastic tangent stiffness now reads:

a
ep = ae − 1

K̂p

(
a
e ∂g

∂τ

)
⊗
(
a
e ∂f

∂τ

)
(30)

4. Application to isotropic hardening plasticity for bonded geomate-
rials

The general framework of Sects. 2 and 3 can be used to extend to the finite
deformation regime the well–known isotropic hardening elastoplastic model for
bonded granular materials introduced by Tamagnini et al. (2002); Nova et al.
(2003) and further refined by Ciantia and di Prisco (2016); Tamagnini and
Ciantia (2016). This model represents the synthesis of the research work carried
out at the Technical University of Milan over the past two decades on the
constitutive modeling of natural cemented soils and weak rocks, and from now
on will be referred to as FD Milan model.

In the following, we will restrict our attention to purely mechanical processes,
including mechanical bond damage, leaving the treatment of the “environmen-
tal” softening effects due to chemomechanical interactions between the solid
skeleton and the pore fluid to a forthcoming development of this work.

4.1. Free energy function

The free energy function adopted by Tamagnini et al. (2002) and Nova et al.
(2003) is extended to the finite deformation regime by replacing the infinitesimal
elastic strain invariants with the elastic logarithmic volumetric and deviatoric
strains defined as follows:

εev := ε̂e1 + ε̂e2 + ε̂e3 εes =

√
2

3
{(ee1)2 + (ee2)2 + (ee3)2} (31)
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where ε̂eA = ln(λeA) is the A–th elastic logarithmic principal strain (A = 1, 2, 3)
and eA = ε̂eA − εev/3 its deviatoric part.

With such definitions, the adopted elastic free energy function ψ̂e is given
by:

ψ̂e(εev, ε
e
s) = ψ̃(εev) +

3

2

{
G0 +

α

κ̂
ψ̃(εev)

}
(εes)

2 (32)

where:

ψ̃(εev) :=

{
κ̂Pr exp {− (εev/κ̂+ 1)} (εev ≤ −κ̂)

−Prεev + Pr (εev + κ̂)
2
/(2κ̂) (εev > −κ̂)

(33)

In eqs. (32) and (33), κ̂, G0 and α are material constants, while Pr is a reference
Kirchhoff mean stress, marking the transition from linear (εev > −κ̂) to non–
linear (εev ≤ −κ̂) elastic behavior.

4.2. Yield surface, plastic potential and internal variables

Due to isotropy, the internal state variables collected in χ are all scalar
quantities and both the yield function f and the plastic potential g depend on
τ through its invariants (P,Q, θ). The expressions provided by Lagioia et al.
(1996) have been adopted here for the yield function and the plastic potential
in Kirchhoff stress space, for their flexibility in reproducing a wide range of
experimental data:

f(P,Q, θ, Ps, Pt) = A
−K1f/Cf

f B
K2f/Cf

f P ∗c − P ∗ = 0 (34)

g(P,Q, θ, Pt) = A−K1g/Cg
g BK2g/Cg

g P̃ ∗c − P ∗ (35)

where, for either a = f or g:

K1a :=
µa(1− αa)

2(1− µa)

{
1 +

√
1− 4αa(1− µa)

µa(1− αa)2

}
(36)

K2a :=
µa(1− αa)

2(1− µa)

{
1−

√
1− 4αa(1− µa)

µa(1− αa)2

}
(37)

Aa := 1− 1

K1aMa

Q

P ∗
(38)

Ba := 1− 1

K2aMa

Q

P ∗
(39)

Ca := (1− µa)(K1a −K2a) (40)

and:

P ∗ := P + Pt P ∗c := Ps + (1 + k)Pt P̃ ∗c := P̃c + Pt (41)

13



In the above expressions: {Ps, Pt} ∈ χ, both defined in the range (−∞, 0] to
account for the sign convention adopted, are the internal variables adopted to
describe the macroscopic effects of microstructural changes experienced during
the loading history of the material; P̃c is a dummy parameter function of the
current state, determined by setting g = 0; the quantities αf , µf , αg, µg and k
are material constants controlling the shape of the yield locus and of the plastic
potential in the meridian plane (Q : P , at constant θ) of Kirchhoff stress space.

In eqs. (38) and (39), the functions Ma = Ma(θ), controlling the shape of the
yield surface and plastic potential in the deviatoric plane, are chosen in order
to reproduce the regularized Mohr–Coulomb surface proposed by Abbo et al.
(2011).

Associative plastic flow is recovered when the constants αg, µg and the func-
tion Mg(θ) are set equal to the corresponding quantities for the yield function
f . The shape of the yield surface and plastic potential in the meridian Q:P
plane is shown in Fig. 2.

As it appears in Fig. 2a, the internal variable Ps plays the role of the pre-
consolidation pressure in classical critical–state models and controls the size of
the yield surface of the ideally unbonded soil (plotted with a dashed red line
in the figure). It is assumed to depend on soil microstructure in terms of grain
arrangement and interactions (fabric) only. The internal variable Pt, measuring
macroscopically the effects of the intergranular bond strength, is responsible for
a net increase of the isotropic yield stress (by a quantity kPt, with k a material
constant) and for the presence of a nonzero tensile strength, quantified by the
intercept of the yield surface with the positive P axis at P = −Pt.

4.3. Hardening laws

Following the original hardening laws adopted by Tamagnini et al. (2002)
and Nova et al. (2003) for the preconsolidation pressure and the bond strength,
the evolution equations for Ps and Pt under purely mechanical processes can be
extended as follows to finite deformation processes:

Ṗs = ρsPs

(
− trdp + ξs

√
2

3
‖dev(dp)‖

)
= γ̇ρsPs

(
−V̂ + ξsD̂

)
(42)

Ṗt = −ρtPt
(
|trdp|+ ξt

√
2

3
‖dev(dp)‖

)
= −γ̇ρtPt

(
|V̂ |+ ξmD̂

)
(43)

where:

V̂ := tr

(
∂g

∂τ

)
D̂ :=

√
2

3

∥∥∥∥dev

(
∂g

∂τ

)∥∥∥∥ (44)

Eq. (42) is a generalization of the hardening law originally proposed for the
preconsolidation pressure of a finite deformation Modified Cam–Clay model
of Borja and Tamagnini (1998), recovered for ξs = 0. Eq. (43) describes the
debonding process with a monotonic increase (decrease in absolute value) of the
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Figure 2: Yield surface and plastic potential in Q : P plane for axisymmetric compression: a)
yield surface for bonded and unbonded (Pt = 0) material; b) plastic potential surfaces and
flow direction vectors for selected states on the yield surface (plotted with dashed red line).
Note: plots drawn for Ps = -1000 kPa; Pt = -300 kPa; material constants from Set 2 of Tab. 1.

bond strength Pt with accumulated volumetric and distortional plastic defor-
mations.

Following Monforte et al. (2019), for the subsequent developments the evo-
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lution equations (42) and (43) can be recast in the alternative format:

Ps = Ps0 exp {ρs (−Epv + ξsE
p
s )} (45)

Pt = Pt0 exp {−ρt (Np
v + ξtE

p
s )} (46)

where Epv , Eps and Np
s are three strain–like internal variables, whose evolution

equations are provided by:

Ėpv = γ̇V̂ Ėps = γ̇D̂ Ṅp
v = γ̇|V̂ | (47)

Based on eqs. (45) and (46), the preconsolidation pressure Ps and the bond
strength Pt can be evaluated at each material point and at each time t once the
time evolution of the strain–like internal variables is known.

5. Implementational aspects

In view of its application to practical engineering problems requiring a fully
non–linear kinematic description, the FD Milan model has been implemented
in the Particle Finite Element code G–PFEM (Monforte et al., 2017a), developed
as an application module of the Kratos Multiphysics computational environment
(Mataix Ferrándiz et al., 2020).

5.1. Governing equations

Considering the soil as a water saturated porous medium deforming under
quasi–static conditions, the local balance equations of mass and linear momen-
tum in the spatial setting, with the appropriate initial and boundary conditions,
are given by:

∇ · σ +∇pw + ρb = 0 in Bt × [0, T ] (48a)

1

Kw
ṗw +∇ · v +∇ · vd = 0 in Bt × [0, T ] (48b)

u(X, 0) = u0 in B (48c)

pw(X, 0) = 0 in B0 (48d)

u(X, t) = û in Su × [0, T ] (48e)

σ(X, t)n+ pwn = t̂ in St × [0, T ] (48f)

pw(X, t) = p̂w in Sp × [0, T ] (48g)

− n · v = q̂ in Sq × [0, T ] (48h)

where: Bt is the current spatial configuration of the soil body, whose reference
configuration is B0; Su and St are the disjoint portions of the boundary S (=
Su∪St) in which displacements û and boundary tractions t̂ are assigned; Sp and
Sq are the disjoint portions of the boundary S (= Sp ∪ Sq) in which pore water
pressuers p̂w and inward water flux per unit area q̂ are assigned; σ = (1/J)τ is
the Cauchy effective stress; pw is the pore water pressure; Kw = n/κw, κw are
the bulk modulus of water and n the soil porosity; ρ = (1 − n)ρs + nρw is the
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soil mass per unit volume; ρs and ρw are the densities of solid grains and water,
respectively; b is the body force per unit soil mass; v is the spatial velocity of the
solid skeleton; vd is Darcy’s seepage velocity, linked to the hydraulic pressure
gradient by Darcy’s law:

vd =
1

ρwg
k (∇pw + ρwb) (49)

in which k is the soil permeabilitqy tensor. Note that eq. (49) is written with
pw negative in compression, consistent with the continuum mechanics sign con-
vention adopted.

5.2. Overview of PFEM

In the application of G–PFEM to fully saturated soils, the balance equations
of mass and (quasi–static) linear momentum are cast in an updated Lagrangian
description, i.e., all variables are assumed to be known in the current config-
uration at time t. A domain discretization is required in order to solve the
governing equations with the standard FE method. As the quality of the nu-
merical solution depends on the chosen spatial discretization, in PFEM the
mesh is refined by performing a re–triangulation of the domain when needed,
typically in regions with high deformation gradients.

Let C be the set collecting all nodes, or cloud of nodes, B the volume occupied
by the soil body under study and M the corresponding spatial discretization.
A typical PFEM simulation proceeds as shown in Fig. 3 (see, e.g., Oñate et al.,
2011; Monforte et al., 2017b). At the beginning of a generic time step [tn, tn+1],
it is assumed that the cloud of nodes Cn is known. Each node in Cn is a material
point which carries all the relevant information. Then, the boundaries of the
domain Bn are identified, taking into account the possibility that some of them
might be severely distorted during the solution and nodes might separate or
re–enter into the domain. The domain Bn is now discretized with a FE mesh
Mn, and the Lagrangian equations of motion and mass balance are solved using
the FE method to update the displacements, pore water pressures, deformations
and stresses at the end of the step (t = tn+1). A new cloud of nodes, Cn+1 is
thus generated, and a new time step is started, repeating the same procedure.

Central to the method is the possibility of performing very efficient mesh
re–triangulation and refinement using h–adaptive techniques based on extended
Delaunay tesselation and mesh smoothing (Oñate et al., 2011; Rodriguez et al.,
2016, 2017). Low order elements – linear triangles in 2d and linear tetrahe-
dra in 3d – are used in G–PFEM due to their simplicity, as particles usually
define exclusively the mesh nodes and no extra interpolations are needed after
remeshing, and their superior performance with respect to high order elements
in terms of computational cost.

To avoid locking problems typically observed in low–order elements and in-
stabilities associated to the equal order of approximation for both displacement
and pore pressure fields, different mixed formulations have been proposed in the
literature, introducing additional unknown fields, namely the mean total stress
p or the determinant of the deformation gradient J , see Monforte et al. (2017b).
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Figure 3: Sequence of PFEM steps for the update of a cloud of nodes representing a porous
two–phase material from time station tn to time station tn+2, from Oñate et al. (2011).
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5.3. Mixed u−Θ− pw formulation for coupled hydromechanical problems

In this work, the mixed u−Θ−pw formulation of Monforte et al. (2017b) for
coupled deformation and flow problems in porous media has been adopted. In
this approach, an additional scalar field variable Θ is introduced to replace the
Jacobian J = detF in the volumetric–deviatoric decomposition of the defor-
mation gradient, thus producing the following assumed deformation gradient :

F̃ =

(
Θ

J

)1/3

F (50)

The additional equation:
J −Θ = 0 (51)

is then added to eqs. (48) to obtain the corresponding mixed formulation in
strong form. In deriving the weak forms of the balance equations, a stabiliza-
tion term is added to the weak form of eq. (51) according to the Polynomial
Pressure Projection (PPP) method (Dohrmann and Bochev, 2004), while the
Fluid Pressure Laplacian stabilization technique (FPL, Truty and Zimmermann,
2006) is used to address the stability problems associated to the failure to meet
the Inf–Sup conditions of standard linear triangles or tetrahedra with equal
order of approximation for displacements and pore water pressures.

After introducing the spatial discretization for the unknown fields:

uh = Nū Θh = NΘ̄ phw = Np̄w

in which ū, Θ̄ and p̄w are the vectors of nodal displacements, Jacobians and pore
water pressures, the following semidiscrete governing equations are obtained for
the mixed u−Θ− pw formulation:

f int(ū) +Gp̄w − f ext = 0 (52a)(
M +

αΘ
s

G0
M s

)
Θ̄− fΘ = 0 (52b)

M∗ ˙̄Θ−
(
Hs +

1

Kw
M

)
˙̄pw −Hp̄w − qw = 0 (52c)

where f int is the effective internal force vector; G is the coupling matrix; f ext

is the external force vector; M and M∗ are the mass matrices; fΘ is the
nodal volume vector; H is the flow matrix; qw is the nodal fluxes vector; M s

and Hs are the PPP and FPL stabilization matrices, respectively, and αΘ
s is

a stabilization coefficient. The expression of the different matrices and vectors
are provided in Appendix A.

Equations (52) are integrated in time using a fully implicit Backward Euler
scheme, and solved with a monolithic approach. Further details can be found
in Monforte et al. (2017b).
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5.4. Stress point algorithm

For the implementation of the model, we have adopted the version of the
IMPLEX algorithm proposed by Monforte et al. (2019), which will be briefly
recalled here. The basic structure of the IMPLEX algorithm, first developed in
Oliver et al. (2008) to increase the robustness and efficiency of classical fully–
implicit return mapping algorithms, consists in a two–step solver:

1. Extrapolation step: the BVP is computed using an extrapolated value of
the plastic multiplier increment.

2. Correction step: the final converged state is computed at each integration
point using the displacement field obtained in Step 1. The resulting final
plastic multiplier is then used for the next extrapolation step.

In a typical time step [tn, tn + 1] ∈ [0, T ], the extrapolation step updates the

state variables to their so–called IMPLEX values (b̃
e

n+1, Ẽ
p
v,n+1, Ẽ

p
s,n+1, Ñ

p
v,n+1),

obtained through explicit integration of the evolution equations by assuming a
constant plastic multiplier increment

∆̃γn+1 =
∆tn+1

∆tn
∆γn

Adopting an explicit exponential update to integrate the evolution equation for
F p given by eq. (6)2 and using the known extrapolated plastic multiplier ∆̃γn+1,
we obtain, after some algebra:

b̃
e

n+1 = fn+1 exp

{
−∆̃γn+1

(
∂g

∂τ

)
n

}
ben exp

{
−∆̃γn+1

(
∂g

∂τ

)
n

}T
fTn+1 (53)

where fn+1 = F n+1F
−1
n = 1 + ∇nun+1 is the relative deformation gradient.

The details of the derivation of eq. (53) are provided in Appendix B. Using the

elastic constitutive equation (11), the derived Kirchhoff stress τ̃n+1 = τ̃ (b̃
e

n+1)
is then obtained.

Analogously, from the evolution equations (47), the following IMPLEX val-
ues for the strain–like internal variables are obtained:

Ẽpv,n+1 = Epv,n + ∆̃γn+1V̂n (54a)

Ẽps,n+1 = Eps,n + ∆̃γn+1D̂n (54b)

Ñp
v,n+1 = Np

v,n + ∆̃γn+1|V̂n| (54c)

According to eqs. (53) and (54), the IMPLEX internal state variables depend

only on known quantities, while b̃
e

n+1 and τ̃n+1 depend also on the unknown
displacement field at the end of the step, un+1. This field is determined by
solving the global discretized equilibrium equations.

In solving the global equilibrium problem, the global stiffness matrix coming
from the linearization of the internal force vector can be computed using a linear
form of the constitutive matrix derived from the elastic tangent stiffness tensor
of eq. (18), since the plastic flow is independent of the displacement field.
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Once the extrapolation step is completed, the correction step is performed at
constant spatial configuration (i.e., constant un+1) to determine more accurate
values of the state variables at the end of the step (ben+1, E

p
v,n+1, E

p
s,n+1, N

p
v,n+1).

In the original IMPLEX method (Oliver et al., 2007) this step is carried out by
implicit numerical integration of the evolution equations. In the method pro-
posed by Monforte et al. (2019), adopted here, an explicit adaptive scheme with
substepping and error control is adopted to update the left elastic Cauchy–Green
tensor and the strain–like internal variables. For a typical substep [tk, tk+1] ∈
[tn, tn+1] we thus have:

bek+1 = fk+1 exp

{
−∆γk+1

(
∂g

∂τ

)
k

}
bek exp

{
−∆γk+1

(
∂g

∂τ

)
k

}T
fTk+1 (55)

and:

Epv,k+1 = Epv,k + ∆γk+1V̂k (56a)

Eps,k+1 = Eps,k + ∆γk+1D̂k (56b)

Np
v,k+1 = Np

v,k + ∆γk+1|V̂k| (56c)

The plastic multiplier appearing in the above equations is provided by the
explicit integration of eq. (27):

∆γk+1 = ∆tk+1γ̇k =
1

(K̂p)k

(
∂f

∂τ

)
k

· aek∇sk (∆uk+1) (57)

where ∇sk (∆uk+1) is the symmetric part of the spatial gradient of the displace-
ment increment within the substep. The final value of the plastic multiplier at
the end of the step (t = tn+1) is then used for the extrapolation stage of the
next computational step.

5.5. Non–local formulation of the hardening laws

In order to provide a characteristic length scale to the constitutive equation,
in view of the regularization of the numerical solution in presence of strain lo-
calization phenomena, the integral non–local approach of Monforte et al. (2019)
has been adopted in this work.

In this approach, the strain–like internal variables Epv , Eps and Np
v are chosen

as the suitable non–local state variables to be spatially averaged in the neigh-
borhood Ω of a material point x = φ(X, t) at time t. The averaged values are
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computed numerically by the following expressions:

E
p

v(xi) =
1∑

xj∈Ω

w(xi, rij)

∑
xj∈Ω

w(xi, rij)E
p
v (xj) (58)

E
p

s(xi) =
1∑

xj∈Ω

w(xi, rij)

∑
xj∈Ω

w(xi, rij)E
p
s (xj) (59)

N
p

v(xi) =
1∑

xj∈Ω

w(xi, rij)

∑
xj∈Ω

w(xi, rij)N
p
v (xj) (60)

where rij = ‖xj − xi‖ is the distance between points located at xj and xi, and
w is a suitable weighting function, for which the expression proposed by Galavi
and Schweiger (2010):

w(x, rij) =
rij
`c

exp

{
−
(
rij
`c

)2
}

(61)

has been adopted. The scalar quantity `c appearing in eq. (61) (characteristic
length) is a material constant providing the length scale sought after. Once the
non–local quantities E

p

v, E
p

s and N
p

v are known, the stress–like internal variables
Ps and Pt are computed by eqs. (45) and (46).

The characteristic length `c cannot be calibrated by means of homogeneous
laboratory experiments. However, it can be determined in presence of strain
localization, as it controls the thickness of the localized zone. As for the nu-
merical simulation of such localization processes, the remeshing capabilities of
PFEM can be very helpful in controlling that a sufficient number of material
points fall in the neighborhood Ω so as to guarantee an accurate estimate of the
spatial averages.

6. Representative numerical simulations

In this section the PFEM implementation of the finite deformation is tested
over two BVPs of practical interest: the simulation of shear localization in plane
strain, drained biaxial tests and the simulation of a piezocone test (CPTu)
in a calibration chamber. The two sets of material constants adopted in the
numerical simulations are given in Tab. 1.

6.1. Simulation of shear localization in biaxial tests

The geometry of the problem is shown in Fig. 4. A reference specimen with
a width B of 1.0 m and an aspect ratio H/B of 1.8 have been adopted for
the simulation. The displacements in direction z are fixed, and the specimen
deforms under plane strain conditions. The self weight of the soil has been
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Set #1 Set #2 Note

κ̂ (–) 0.24 0.24

Elastic constants
G0 (kPa) 45450 45450

α (–) 0.0 0.0

Pr (kPa) 1.0e4 1.0e4

Mf,c (–) 1.30 1.30

Yield function constantsαf (–) 0.75 0.75

µf (–) 1.50 0.99

Mg,c (–) 1.675 1.50

Plastic potential constantsαg (–) 0.01 0.10

µg (–) 1.20 0.99

ρs (–) 20.00 16.66

Hardening rules constants

ρt (–) 15.00 15.00

ξs (–) 0.0 0.0

ξt (–) 0.5 1.0

k (–) 5.0 4.0

kh (m/s) – 1.0e-7 Hydraulic conductivity

`c (m) variable variable Characteristic length

Table 1: Sets of material constants adopted in the PFEM simulations of Sect. 6.
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Figure 4: Geometry of the specimen adopted for the biaxial test simulations.

ignored by setting to zero the gravity acceleration, so that the actual dimensions
of the specimen are not relevant.

For the simulation of drained tests, the pore water pressure pw has been set
to zero. A vertical shortening u has been imposed at the top boundary cd in
constant steps ∆u/H = 5.0e-4, up to a final value of u/H = 0.20, while vertical
displacements have been fixed at the bottom boundary ab. The lateral bound-
aries ad and bc have been considered as traction–free for unconfined tests, while
a uniform pressure p0 has been imposed at the same boundaries for confined
compression tests. The horizontal displacements along the boundaries ab and
cd have been fixed, to simulate perfectly rough end platens.

The material constants adopted in the simulations are provided by Set 1 of
Tab. 1. This set of data, taken from Tamagnini and Ciantia (2016) with some
minor modifications, can be considered representative of a weak calcarenite rock.
In all the tests, the initial values of Ps and Pt have been assumed equal to -300
kPa and -200 kPa, respectively. The complete set of biaxial test simulations,
divided into 3 groups, is detailed in Tab. 2.

Convergence study

The 6 simulations in Group 1 (r100–105) have been performed to explore
the convergence of the numerical solution in the post–localization regime as
the element size is reduced, and thus the ability of the non–local formula-
tion to regularize the pathological mesh dependence observed in conventional
displacement–based FE solutions when the soil model does not possess an inter-
nal length scale. Typically, convergence studies of this kind are performed by
uniformly reducing the element size over the entire domain (see, e.g., Mánica
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Test # p0 `c/B hcrit/`c

(kPa) (–) (–)

r100 0.0 0.15 0.07

Group 1

r101 0.0 0.15 0.10

r102 0.0 0.15 0.33

r103 0.0 0.15 0.50

r104 0.0 0.15 0.10

r105 0.0 0.15 0.67

r200 0.0 0.05 0.10

Group 2
r201 0.0 0.10 0.10

r101 0.0 0.15 0.10

r203 0.0 0.30 0.10

r300 500.0 0.05 0.10

Group 3
r301 500.0 0.10 0.10

r302 500.0 0.15 0.10

r303 500.0 0.30 0.10

Table 2: Program of PFEM simulations of drained biaxial tests.
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Figure 5: Biaxial tests of Group 1: vertical load vs. normalized vertical shortening for different
hcrit/`c ratios.

et al., 2018). In this work, we addressed the convergence study towards simula-
tions with non–uniform, adaptive discretizations, exploring the convergence of
the solution as the minimum element size of the discretization is reduced. The
reason for this choice is that adaptive remeshing is an essential component of
PFEM algorithmic strategy as well as an essential feature to achieve a high com-
putational efficiency in the solution of BVPs of practical interest. To this end,
simulations r100 to r103 have been performed changing the ratio between the
critical element size hcrit – which controls the minimum element size – and the
characteristic length `c of the material. For comparison, uniform discretizations
have been adopted in the last two simulations of this group – fine for simulation
r104 and coarse for simulation r105. All the simulations of Group 1 have been
performed assuming zero confining pressure and a constant characteristic length
`c = 0.15B.

Fig. 5 shows the evolution of the resultant force at the top platen divided by
the reference specimen width, F/B, with increasing relative vertical shortening
of the specimen, u/H, for different hcrit/`c ratios in the range [0.07,0.50]. All
the simulation have reached the prescribed maximum shortening of 20% of the
initial specimen height H. As expected for a highly cemented material loaded
with no confining stress, the load–displacement response is brittle, with a strong
strength reduction after the peak load is reached. This behavior is qualitatively
similar to the one observed in drained TX tests on Gravina calcarenite at very
low confining pressure (Lagioia and Nova, 1995, Fig. 12).

The load–displacement curves of Fig. 5 do not represent the constitutive
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Figure 6: Biaxial tests r100 and r101: contour maps of Ep
s at four different time stations.

response of the material, since the stress and deformation fields are not homo-
geneous inside the specimen. This is clearly visible in Fig. 6, which shows the
contour maps of the accumulated plastic deviatoric strain Eps at relative vertical
shortening u/H equal to 0.05, 0.10, 0.15 and 0.20, respectively, for the simu-
lations r100 and r101. The figure shows that, as soon as the material starts
to yield, the deformations inside the specimen localize in two conjugated shear
bands, starting close to the specimen bases and meeting at the specimen center.
The localization is triggered by the kinematic constraints imposed at the top
and bottom platens. The two bands separate the specimen into four almost
rigid wedges, two of which are attached to the loading platens. As u/H in-
creases, the two central wedges are compressed at their vertex (at the center of
the specimen), while the remaining two are displaced laterally. At significant
vertical shortening, the planar geometry of the two bands appears distorted and
their alignment is lost.

At the inception of the localization process, the inclination of the bands
with respect to the horizontal directions is approximately ±43◦ at a relative
shortening u/H = 0.05. A shear band bifurcation analysis carried out using the
linear comparison solid (Rice and Rudnicki, 1980) yields a slightly lower shear
band inclination (±38◦). The difference between these two values is most likely
a consequence of the non–homogeneity of the stress field in the biaxial specimen
from the very beginning of the loading process, due to the constraints imposed
at the loading platens.

Fig. 5 shows that, in all the simulations performed with adaptive remesh-
ing, the predicted post–peak behavior is significantly affected by the evolving
spatial discretization, the minimum element size of which is controlled by the
ratio hcrit/`c. The FE discretizations generated by the PFEM algorithm at
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Figure 7: Biaxial tests r100–r103: finite element discretization at the end of the simulation.

the end of the simulations r100 to r103 are shown in Fig. 7. By looking at
the two coarsest meshes (r102 and r103), it is apparent that the reason for the
observed differences in the post peak response is to be found in the inability
of the discretization to properly describe the strain localization process. How-
ever, as hcrit/`c decreases and the remeshing algorithm captures the shear bands
with a sufficient number of small elements, the distance between the different
load–displacement curves reduces and convergence can be considered practically
achieved for hcrit/`c ' 0.1. The results obtained with adaptive remeshing are
also consistent with those provided by adopting a uniform fine mesh (simulation
r104).

The comparison between the two series of contour maps of Eps in Fig. 6
confirms the previous observations, since the shear bands positions, orientation
and width are practically the same below the threshold level of hcrit = 0.1`c. For
this reason, this value of the critical size has been adopted in all the subsequent
simulations of Groups 2 and 3.

Effect of characteristic length

Simulations of Group 2 have been performed with the objective of studying
the effects of the characteristic length `c on the load–displacement response of
the specimen and on the shear localization pattern. To this end, simulation
r101 (also part of Group 2) has been repeated with `c/B equal to 0.05, 0.10
and 0.30, keeping hcrit/`c constant and equal to 0.10. As `c controls the shear
band thickness in presence of strain localization, the range of values chosen for
the ratio `c/B has been selected in order to obtain a wide range of shear band
thicknesses, from small to very large with respect to the specimen size.

Some selected results of the tests of Group 2 are presented in Figs. 8 to
11. Fig. 8 shows the load–displacement curves in the F/B:u/H plane for the
four characteristic lengths considered. Tests r101 and r203 have reached the
prescribed maximum shortening of 20% of the initial specimen height. Tests
r200 and r201 terminated at u/H ' 0.14 and 0.17 respectively, due to lack of
convergence. As a reference, the figure also plots the “homogeneous” response
of the material, obtained by repeating the simulation with only 2 elements and
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Figure 8: Biaxial tests of Group 2: vertical load vs. normalized vertical shortening for different
characteristic lengths.

assuming smooth top and bottom boundaries. In this last case, the solution
portrays the actual constitutive response of the material under a homogeneous
rectilinear compression, which is unaffected by `c.

As expected, given the condition of zero confinement and the high initial
value of the bond strength, the load–displacement response is quite brittle in
all the simulations of Group 2. However, while the response of the four spec-
imens is identical in the (elastic) pre–peak portion of the tests, the (inelastic)
post–peak response depends significantly on the assumed value of `c/B. In
particular, the post–peak decrease of the axial load is faster as `c decreases.
In none of the test the post–peak response coincides with the response of the
soil at the material point level, partly because of the displacement constraints
at the specimen–platens interface, which make the stress and strain fields nec-
essarily non homogeneous, and partly because this inhomogeneity triggers the
development of strain localization inside the specimen.

This can be clearly seen by looking at the contour plots of significant state
variables at selected time frames – corresponding to relative vertical shortening
values of 0.025, 0.05, 0.075 and 0.10 – for tests r101 (`c/B = 0.15, top row) and
r200 (`c/B = 0.05, bottom row), shown in Figs. 9 to Fig. 11.

The comparison between the contour plots of Eps of simulation r101 (Fig. 9,
top row) and r200 (Fig. 9, bottom row), shows the effect of the characteristic
length on the localized deformation pattern. As `c decreases, the average band
thickness reduces visibly and the concentration of deformations is much more
sharp. The larger size of the plastically deforming regions in the simulation
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Figure 9: Biaxial tests r101 and r200: contour maps of Ep
s at four different time stations.

with the larger `c is responsible for the differences observed in the global load–
displacement curves.

The contours of the accumulated plastic volumetric deformation Epv in Fig. 10
show that, inside the two bands, the shear deformation is accompanied by dila-
tion, with the exception of the central region of the specimen where large plastic
compressive deformations occur due to the interaction between the two central
wedges. Again, the size of the localized region is larger for the simulation with
larger `c, and the localization zone is much less clearly identified in this case,
for the range of relative vertical shortening considered.

The evolution of bond degradation with increasing plastic deformations is
provided by the contour maps of Pt in Fig. 11. The plots of the top row (r101,
`c/B = 0.15) show that, as expected, the degradation occurs in the zones where
the plastic deformations localize, up to an almost complete loss of bonding
at the center of the specimen. The process of debonding is fairly rapid, as
about 50% of the initial bond strength is lost already at 5% relative vertical
shortening along the shear bands. However, the width of the bond degradation
zone appears significantly larger than the width of the shear bands, at all the
time stations considered. This is due to the fact that Pt is a non–local quantity,
depending on the volume–averaged variables E

p

s and N
p

v rather than on their
local counterparts. For the simulation r200 (bottom row), the observed pattern
of bond degradation is quite similar, but the smaller characteristic length has
the consequence that the degradation process appears more localized.

Effect of confining pressure

The effect of the confining stress on the response of the material and on
strain localization within the specimen can be assessed by looking at the results
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Figure 10: Biaxial tests r101 and r200: contour maps of Ep
v at four different time stations.

Figure 11: Biaxial tests r101 and r200: contour maps of Pt at four different time stations.
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Figure 12: Biaxial tests of Group 3: vertical load vs. normalized vertical shortening for different
characteristic lengths.

of the simulations of Group 3. Fig. 12 provides the load–displacement curves
obtained with the four different values of `c considered, when the confining
pressure p0 is set equal to 500 kPa, while Fig. 13 provides the contour maps of
Eps at u/H equal to 0.05, 0.10, 0.15 and 0.20, respectively, for two values of `c/B.
Again, the plot in Fig. 12 includes, for reference, the “homogeneous” response
of the material, obtained by repeating the simulation with only 2 elements and
assuming smooth top and bottom boundaries.

The load–displacement responses obtained in the four simulations are qual-
itatively similar to the experimentally observed response of Gravina calcarenite
in drained TX tests performed at similar confining pressures (Lagioia and Nova,
1995, Fig. 5). After reaching the peak, the axial load decreases slightly, then
remains approximately constant until, at a relative vertical shortening of about
0.08, it increases again up to the end of the test. The response of each specimen
is not too far from the homogeneous solution. Remarkably, however, the post–
peak behavior of the four specimens is quite different and irregular, with some
of the load–displacement curves featuring minor oscillations in the post–peak
regime (simulations r300 and r302).

The examination of the contours maps of Eps in Fig. 13 provides a possi-
ble explanation for the observed global response. Differently from the case of
unconfined biaxial tests, in the simulations of Group 3 the plastic deviatoric
strains tend to localize into two groups of conjugated shear bands, more nu-
merous in the case of the smaller characteristic length. Some of these bands
remain permanent during the entire loading process; others cease to evolve at a
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Figure 13: Biaxial tests r302 and r300: contour maps of Ep
s at four different time stations.

some relative shortening level. At the end of simulation r302 (Fig. 13, top row)
four major bands can be identified, while only two main bands are visible at
the end of simulation r300 (Fig. 13, bottom row). Even in this case, however,
the plastic shear deformations are spread over a relatively large volume, so that
the deformed specimen at the end of the simulation has the typical barrel shape
observed in ductile materials, and no indications of the ongoing localization
process could be detected from it.

The inclination of the shear bands with respect to the horizontal directions
– estimated at the end of the simulation when they are more clearly visible – is
approximately ±46.5◦ for `c/B = 0.15, and ±50◦ for `c/B = 0.05. In this last
case it appears that the final resulting bands have emerged from the coalescence
of a group of several bands with a smaller inclination. The shear band bifur-
cation analysis shows that, in this case, bifurcation occurs immediately after
yielding, with a plastic modulus lower that the critical value. Therefore, the
analysis yields a range of possible shear band inclinations between ±42◦ and
±75◦. The estimated values provided by the PFEM simulations fall well within
this range.

6.2. Simulation of CPTu tests

The geometry of the problem is shown in Fig. 14. A standard piezocone,
with radius R = 1.78 cm and a cone tip angle of 60◦ is inserted in a calibration
chamber filled with fully saturated soil with radius B = 0.45 m and height H
= 1.05 m. The piezocone is equipped with two pore pressure probes, located as
shown in the figure, where the excess pore pressure ∆pw induced in the soil by
the rapid deformation process is measured.
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Figure 14: Geometry of the CPTu test simulations with the initial and final discretizations
adopted in simulation r01.

For the simulation of the test, the problem has been assumed as axisymmet-
ric. The piezocone is wished–in–place at an initial depth z0 = 0.25 m and then
displaced downwards at a constant penetration speed of 2.0 cm/s, up to a depth
z = z0 + 20R. The piezocone tip and its lateral surface are modeled as rigid,
impervious surfaces, and a smooth contact interface with the soil is employed
to simulate the piezocone–soil interaction as the device penetrates the soil.

Given the relatively small dimensions of the calibration chamber, the self
weights of the pore water and of the soil have been ignored and the initial pore
water pressure has been assumed uniform and equal to zero.

All the PFEM simulations have been performed as fully coupled hydrome-
chanical problems, adopting the mixed u−Θ−pw formulation of Sect. 5.3. The
bottom and lateral surfaces, ab and bc, have been assumed as rigid, impervi-
ous and perfectly rough boundaries. At the top surface of the soil body, cd,
a uniform normal pressure q0 = 100 kPa and a constant pore water pressure
pw = 0 have been imposed. Consistent with these boundary conditions, the
initial Cauchy effective stress in the soil mass has been assumed axisymmetric,
with components σz = -100 kPa and σr = K0σz, with K0 = 0.5. An example
of the initial and final FE discretizations adopted in the CPTu test simulations
is reported in Fig. 14.

The program of CPTu test simulations is detailed in Tab. 3. Simulation
r01 can be considered as the reference case. The other two simulations have
been performed to explore the effects of the characteristic length, `c, and of the
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Test # `c/R Ps0 Pt0

(–) (kPa) (kPa)

r01 0.42 -1000.0 -300.0

r02 0.28 -1000.0 -300.0

r03 0.42 -1000.0 -10.0

Table 3: Program of PFEM simulations of CPTu tests.

degree of cementation, Pt.
The material constants adopted in the simulations are provided by Set 2 of

Tab. 1. This set of data can be considered representative of a very stiff, heavily
overconsolidated and fractured clay soil, for which a relatively high value of the
hydraulic permeability kh has been adopted.

Fig. 15 provides the profiles of the net cone resistance, qc,net = qc − q0, and
of the excess pore water pressures ∆pw,2 and ∆pw,1 – computed at probes 2
(cone base) and 1 (cone mid–height), respectively – with the normalized pene-
tration depth (z − z0)/R, for simulations r01 and r02, performed with different
characteristic lengths. These profiles have been obtained from the computed
reaction forces and pore water pressures at the given locations by averaging the
raw data with depth over a moving window of size 0.6R, to remove the high
frequency oscillations. The results look qualitatively and quantitatively similar
to those observed by Buckley (2018) in a highly overconsolidated fluvioglacial
till of similar characteristics of the material described by the constants of Set 2
of Tab. 1.

After an initial stage of penetration at depths z − z0 < 3R, the net cone
resistance remains approximately constant, at a value of about 6 MPa. A con-
ventional interpretation of the test in terms of total stresses would provide an
undrained strength cu of about 300 kPa, which appears reasonable in view of the
high values of the initial preconsolidation pressure Ps0 and of the bond strength
Pt0 adopted for these two simulations. The excess pore pressures measured at
the two probes are of the order of several hundreds of kPa, despite the high
value adopted for kh. The comparison between the two simulations with dif-
ferent length scales shows no clear difference between them, indicating a low
sensitivity of the computed solution to this material property, in the range of
values considered.

Further insight on the results obtained in the two simulations can be obtained
by looking at the contour plots of accumulated volumetric and plastic deviatoric
deformations, preconsolidation pressure, bond strength and excess pore water
pressure at probe 1 at the maximum penetration depth, shown in Fig. 16.

The plots of the Jacobian J of the deformation show that, in spite of the
high penetration speed, compressive volumetric deformations are quite high in
a relatively large region of soil around the cone tip (J ' 0.9, corresponding to a
logarithmic volumetric strain of about -10%). This indicates that the deforma-
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Figure 15: CPTu tests r01 and r02: profiles of net cone resistance, qc,net, excess pore pressure
at the cone base, ∆pw,2 and at the cone mid–height ∆pw,1 with depth for two different
characteristic lengths.
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Figure 16: CPTu tests r01 and r02: contour maps of J , Ep
s , Ps, Pt and ∆pw,1 at the maximum

penetration depth.
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tion process induced by the cone penetration is not fully undrained, due to the
relatively high soil permeability. As a matter of fact, the spatial distribution
of the excess pore water pressure confirms that a dissipation process towards
the top boundary of the soil volume is taking place during the penetration pro-
cess. The presence of significant plastic (compressive) volumetric deformations
is confirmed by the large increase of Ps experienced by the soil around the cone
and the penetrometer shaft.

It is interesting to note that the accumulated plastic deviatoric deforma-
tions do not increase continuously with decreasing distance from the piezocone.
Rather, their spatial distribution is characterized by the progressive formation
of persistent shear bands, as shown by the contour plots of Eps .

The contour maps of Pt indicate that the significant levels of plastic (volu-
metric and distortional) deformations experienced by the soil around the piezo-
cone is responsible for the almost complete destruction of the intergranular
bonds.

The comparison between the plots of the top row (r01) and the bottom row
(r02) confirms that, for the range of values considered, the characteristic length
has only a minor impact on the computed solution. Some very small differences
can be seen only on the extension of the zone affected by large volumetric
deformations and excess pore water pressure around the cone, larger for the
case with larger `c.

Simulation r03 has been performed by reducing the initial value of Pt to -10
kPa, to assess the effects of grain bonding on the predicted response of the soil
to the CPTu test. Fig. 17 displays the profiles of qc,net, ∆pw,1 and ∆pw,2 with
normalized penetration depth obtained in this simulation. For comparison, the
results of the reference test r01 are also shown in the figure.

It can be noticed that, as expected, the low value of Pt is responsible for a
significant reduction of the net cone resistance, which drops from about 6 MPa
to about 4 MPa. In addition, qc,net now appears to increase slightly with depth,
whereas it was approximately constant in the simulation r01. The change in
bond strength has also an impact on the computed values of excess pore water
pressures, which drop, on average, by about 130–140 kPa at the cone mid–
height, and 100 kPa at the cone base.

As before, more insight on the numerical solutions for the simulations r03
and r01 is provided by the comparison of the contour maps of Fig. 18. Note that,
in this case, the plots of Ps and Pt have different color scales for the reference
case (top row) and simulation r03 (bottom row).

Except for the obvious differences in Pt, Ps and ∆pw,1, noticeable dissimi-
larities between the results of the two simulations can be found in the lateral
extension of the soil volume affected by the penetration process, larger for sim-
ulation r03, and in the pattern of shear bands visible in the contour maps of
Eps . For this last case, the shear bands are more extended in the radial direction
and more clearly visible.
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Figure 17: CPTu tests r01 and r03: profiles of net cone resistance, qc,net, excess pore pressure
at the cone base, ∆pw,2 and at the cone mid–height ∆pw,1 with depth in two soils with
different initial value of bond strength Pt.
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Figure 18: CPTu tests r01 and r03: contour maps of J , Ep
s , Ps, Pt and ∆pw,1 at the maximum

penetration depth.
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7. Concluding remarks

In this work, the infinitesimal elastic–plastic constitutive model developed at
the Technical University of Milan by Roberto Nova and his coworkers to describe
the mechanical response of natural geomaterials ranging from bonded clays to
weak cemented rocks has been extended to the Finite Deformation regime by
adopting a multiplicative split of the deformation gradient and deriving the
hyperelastic behavior from an assumed free energy function.

The development of the new version of the constitutive equations (FD Milan
model) has been limited to the case of isotropic material behavior. This choice
may appear rather restrictive in some cases, but can be justified considering
that it represents a good compromise between the conflicting needs of keeping
the mathematical structure of the model to an acceptable level of complexity
for its application of practical engineering problems, and preserving its ability
of reproducing most of the practically relevant observed features of the behavior
of the materials of interest.

In order to deal with the occurrence of strain localization processes which
are typically observed in bonded geomaterials as a consequence of the softening
induced by bond degradation, the model has been equipped with a non–local
version of the hardening laws.

In view of its application to practical geotechnical problems, the FD Milan
model has been implemented in the Particle Finite Element code G–PFEM,
developed as an application module of the Kratos Multiphysics computational
environment. This method has been chosen for its advantages over classical
FEM for dealing with geometrically non–linear problems involving large dis-
placements and rotations, including the capability of performing h–adaptive
mesh refinement. This feature is particularly important to guarantee that a
sufficient number of material points are used in the evaluation of the non–local
fields. A modified version of the IMPLEX stress–point algorithm, developed by
Monforte et al. (2019) has been adopted for the model implementation, for its
properties of robustness, efficiency and accuracy.

To demonstrate the effectiveness of the numerical implementation, a series
of numerical simulations has been presented, focusing on two representative
boundary value problems: the modeling of shear localization in plane strain
biaxial tests and the simulation of partially drained CPTu tests in saturated
porous soils.

The results of the convergence study performed on the biaxial test simula-
tions have demonstrated the effectiveness of the adopted non–local approach in
eliminating the pathological mesh–dependence of conventional FE simulations
when using constitutive models lacking an internal length scale, in the context
of h–adaptive PFEM simulations. As long as the minimum element size is suffi-
ciently smaller than the shear band width, mesh refinement does not affect the
final solution. This implies that objective results for large scale simulations can
be obtained starting from an initially coarse discretization, with a significant
saving in terms of computational costs.
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Additional biaxial test simulations have highlighted the role of the charac-
teristic length `c in controlling the thickness of the localized zone and the effect
of the confining stress in determining the pattern of shear band formation.

The simulations of the CPTu tests – a particularly challenging hydrome-
chanical problem for the severe deformations imposed by the penetration of the
piezocone to the surrounding soil – has demonstrated the capability of model-
ing the effects of bond degradation and of capturing the salient aspects of solid
skeleton and pore fluid interaction in conditions which are neither fully drained
nor fully undrained. In the particular cases considered, a classical interpretation
of the net cone resistance data assuming undrained conditions would probably
lead to erroneous results.

Another interesting feature emerging from the CPTu simulations is that the
spatial distribution of accumulated deviatoric plastic deformation is character-
ized by the progressive formation of persistent shear bands, which originate from
the cone tip and propagate outwards along the entire penetration depth.

The current version of the FD Milan model is focused on purely mechanical
degradation processes. Its extension to include the capability of describing the
material response under “environmental” loading conditions, along the lines
drawn by Tamagnini and Ciantia (2016), is currently under way and will be
presented in a forthcoming paper.
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243.

Mánica, M.A., Ciantia, M.O., Gens, A., 2020. On the stability of underground
caves in calcareous rocks due to long-term weathering. Rock Mechanics and
Rock Engineering 53, 3885–3901.

Mánica, M.A., Gens, A., Vaunat, J., Ruiz, D.F., 2018. Nonlocal plasticity
modelling of strain localisation in stiff clays. Computers and Geotechnics
103, 138–150.

Manzari, M.T., 2004. Application of micropolar plasticity to post failure analysis
in geomechanics. Int. J. Num. Anal. Meth. Geomech. 28, 1011–1032.

46



Martinelli, M., Galavi, V., 2021. Investigation of the material point method in
the simulation of cone penetration tests in dry sand. Computers and Geotech-
nics 130.

Mataix Ferrándiz, V., Bucher, P., Rossi, R., Cotela, J., Carbonell, J.M., Zorrilla,
R., Celigueta, M.A., Casas, G., Tosi, R., 2020. Kratosmultiphysics (version
8.1). https://doi.org/10.5281/zenodo.3234644.

McLelland, B., 1988. Calcareous sediments: an engineering enigma, in: Inter-
national conference on calcareous sediments, pp. 777–784.

Monforte, L., Arroyo, M., Carbonell, J.M., Gens, A., 2017a. G–PFEM: A parti-
cle finite element method platform for geotechnical applications, in: ALERT
Geomaterials Workshop.

Monforte, L., Arroyo, M., Carbonell, J.M., Gens, A., 2018. Coupled effective
stress analysis of insertion problems in geotechnics with the particle finite
element method. Computers & Geotechnics 101, 114–129.

Monforte, L., Carbonell, J.M., Arroyo, M., Gens, A., 2017b. Performance of
mixed formulations for the particle finite element method in soil mechanics
problems. Computational Particle Mechanics 4, 269–284.

Monforte, L., Ciantia, M.O., Carbonell, J.M., Arroyo, M., Gens, A., 2019. A
stable mesh–independent approach for numerical modelling of structured soils
at large strains. Comp. & Geotechnics 116, 103215.

Nova, R., 1992. Mathematical modelling of natural and engineered geomaterials.
European J. of Mechanics, A/Solids 11, 135–154.

Nova, R., Castellanza, R., Tamagnini, C., 2003. A constitutive model for bonded
geomaterials subject to mechanical and/or chemical degradation. Int. J. Num.
Anal. Meth. Geomech. 27, 705–732.

Oliver, J., Cante, J.C., Weyler, R., González, C., Hernández, J., 2007. Particle
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A. Matrices and vectors of the semidiscrete u− Θ − pw formulation

The various matrices and vectors entering in eqs. (52) are defined as follows:

f int =

∫
B
BT [σ] dv (62)

G =

∫
B
BTmN dv (63)

f ext =

∫
B
NT (ρb) dv +

∫
St
NT t̄ da (64)

M =

∫
B
NTN

1

J
dv (65)

M s =

∫
B
NTN

1

J
dv −

∫
B
Ñ

T
Ñ

1

J
dv (66)

fΘ =

∫
B
NT dv (67)

M∗ =

∫
B
NTN

1

ΘJ
dv (68)

Hs =

∫
B

τ

ρwg
(∇N)Tk(∇N)

1

J
dv (69)

H =

∫
B

1

ρwg
(∇N)Tk(∇N)

1

J
dv (70)

qw =

∫
B

(∇N)Tk

(
ρw
g
b

)
dv +

∫
Sq
NT q̄

J
da (71)

The matrix Ñ appearing in eq. (66) is given by:

Ñ =

[
1

3

1

3

1

3

]
while the scalar coefficient τ in eq. (69) is the FPL stabilization parameter.

B. Derivation of b̃
e

By combining eqs. (6)2 and (27) we obtain the following evolution equation
for F p:

Ḟ
p

= L
p
F p =

(
γ̇F e−1 ∂g

∂τ
F e
)
F p (72)

Adopting an explicit exponential map integrator and replacing the quantity
γ̇n∆tn+1 with the (constant) assumed plastic multiplier increment ∆̃γn+1 we
obtain the extrapolated value of the plastic deformation gradient:

F̃
p

n+1 = exp

{
∆̃γn+1F

e−1
n

(
∂g

∂τ

)
n

F en

}
F pn (73)
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Exploiting the properties of the tensor exponential function (see Gurtin, 1981),
eq. (73) can be rewritten as:

F̃
p

n+1 = F e−1
n exp

{
∆̃γn+1

(
∂g

∂τ

)
n

}
F enF

p
n

= F e−1
n exp

{
∆̃γn+1

(
∂g

∂τ

)
n

}
F n (74)

Since F̃
e

n+1 = F n+1F̃
p−1

n+1, the left elastic Cauchy–Green tensor at the end of
the step can be written as:

b̃
e

n+1 = F n+1F̃
p−1

n+1F̃
p−T
n+1F

T
n+1 (75)

Considering that, by eq. (74):

F̃
p−1

n+1 = F−1
n exp

{
−∆̃γn+1

(
∂g

∂τ

)
n

}
F en (76)

F̃
p−T
n+1 = F eTn exp

{
−∆̃γn+1

(
∂g

∂τ

)
n

}
F−Tn (77)

we finally have:

b̃
e

n+1 = fn+1 exp

{
−∆̃γn+1

(
∂g

∂τ

)
n

}
ben exp

{
−∆̃γn+1

(
∂g

∂τ

)
n

}
fTn+1 (78)

where fn+1 = F n+1F
−1
n is the relative deformation gradient at the end of the

step.
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