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max
2 ]; and 3) the colour bars represent the magnitude of

proliferation law or its reconstructions at each (c2, e2) 2 Ac2 . . . . . 71

3.2 Reconstruction of Gompertz proliferation within model (3.2.1) ob-

tained using the parameters given in Table 3.1: row a) the true Gom-

pertz proliferation law restricted to Ac2 ; row b) the reconstructed

Gompertz proliferation law on Ac2 in the presence of exact and

noisy data. Row b) shows the reconstructions of Gompertz cancer

cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�7;

(centre) 1% noisy data and ↵
⇤ = 10�3; and (right) 3% noisy data

and ↵
⇤ = 10�2. For all plots in this figure we have that: 1) the

first axis represents the values for c2 2 [c̄min
2 , c̄

max
2 ]; 2) second axis

represents the values for e2 2 [ēmin
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Abstract

The process of local and nonlocal cancer cells invasion of the surrounding tissue

is key for the overall tumour growth and spread within the human body. The

past three decades have witnessed intense mathematical modelling e↵orts in these

regards. However, in order to gain a deep understanding of the cancer invasion

process and to contribute in prevention, diagnosis and treatment of cancer, we need

to expand these modelling studies and to complement them with inverse problems

data assimilation approaches.

While being of crucial importance in assimilating potential clinical data, the in-

verse problems approaches in cancer modelling are still in their early stages. This

study deals with the identification and reconstruction of the usually unknown can-

cer cell proliferation and mutation laws, which lead to the transformation of a

primary into a mutated tumour cell population, more aggressive cell population.

We focus on local and nonlocal mathematical models for cell dynamics and move-

ment, and identify these proliferation and mutation laws from macroscopic tumour

snapshot data collected at some later stage in the tumour evolution. Considering

two basic tumour configuration, associates with the case of one cancer cells pop-

ulation and two cancer cells sub-populations that exercise their dynamics within
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the extracellular matrix, we combine Tikhonov regularisation and gaussian mol-

lification approaches with finite element and finite di↵erences approximations to

reconstruct the proliferation and mutation laws for each of these sub-populations

from both exact and noisy measurements. Our inverse problem formulation is

accompanied by numerical examples for the reconstruction of several proliferation

and mutation laws used in cancer growth modelling.
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Chapter 1

Introduction and Background

A tumour is a mass or lump that forms after tissue in the body undergoes abnormal

and excessive growth, independently from the tissue surrounding it. While the cells

population within the tumour exhibit a wide range of abnormal behaviours, this

also cause damage to the nearby tissue, and can physically block healthy cells from

exercising their usual dynamics. Tumours also can spread to other parts of the

body in a process called metastasis, giving raise to secondary tumours at a remote

location in the body, and making this way the removal of the malignant tumour

more challenging [40].

In this chapter we will give an overview of the biological background of key

aspects cancer invasion alongside relevant modelling and appropriate data assimi-

lation via inverse problems methodology.
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1.1 Introduction

Initiated with mutations in individual normal cells and followed by rapid accu-

mulation of early localised cancer cells mass via intense mitotic activity, the de-

velopment of solid malignant tumours undergo several key stages in its evolution.

These range from local pre-metastatic invasion, to tumour induced angiogenesis

and metastatic spread towards remote locations within the human body giving

rise to secondary tumours [106]. With its dynamics several spanning spatial and

temporal scales, there are several hallmarks that a malignant tumour progression

exhibits. Among these hallmarks, of key importance for the early pre-metastatic

tumour development are the abnormal proliferation, secretion of proteolytic en-

zymes, and invasion of the surrounding tissue [39, 40].

Besides the cancer cells population, a malignant solid tumour contains an entire

community of cells (such as immuno-inflammatory cells, stromal cells, fibroblasts)

which together with the cancer cells exercise their coupled dynamics within the

extracellular matrix (ECM) [106]. Indeed, while consisting of a mixture of major

fibres (such as collagen and fibronectin) and small fibrils as well as soluble com-

ponents (such as calcium ions Ca
2+), the ECM not only provides the sca↵olds for

the tissue, but also represents the environment for the complex cancer dynamics

enabled through cell-cell and cell-matrix interactions that are mediated through

intense molecular dynamics [44, 46, 47, 84, 83].
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1.2 A Brief Biological Background of the Cancer

Invasion Process

Understanding how cancer invades tissue is an essential step to understanding and

preventing tumour progression. Hanahan and Weinberg [39, 40] describe metas-

tasis and the invasive behaviour of cancerous cells as one of the six “hallmarks of

cancer”, the others being their limitless replicative potential; their ability to avoid

programmed cell death; their insensitivity to anti-growth signals; their ability to

self-sustain growth signalling; and their propensity to sustain the growth of blood

vessels to the tissue (angiogenesis).

Metastasis can occur when the primary tumour develops the ability to detach

cells, which can then be transported throughout the body. These can be deposited

in various organs, developing a secondary tumour that causes fresh problems in

the new location. For this reason, it is especially dangerous when cancer cells enter

the blood or lymph nodes, which allow them to spread uncontested through the

vascular and lymphatic systems. Prior to this, the spread is somewhat restricted

to the tissues surrounding the tumour [60].

The spread of cancer cells varies depending on the location of the primary tu-

mour. For example, breast cancer most commonly metastasizes to the bone, then

the liver, brain, and lungs. Tumours in the bones or vital organs are especially

dangerous, and are generally fatal and incurable. The only available treatments are

surgery, chemotherapy, and radiation [39]. Indeed, this kind of tumour accounts

for 90% of human deaths from cancer [93].
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1.2.1 Tumour structure and heterogeneity

The structure of a malignant tumour is complex and diverse, including cancer cells

as well as fibroblasts, stromal cells, macrophages, and more. Generally, however,

a tumour is made up of three layers. The interface of the tumour is exposed to the

rest of the body and has access to oxygen and nutrients [40]. This is responsible

for most of the tumour’s invasive behaviour [103], interacting as it does with the

surrounding tissues and extracellular matrix. Beneath this exterior shell is a layer

of quiescent cells, which grow slowly if at all due to their lack of access to vital

nutrients. However, if the surface is broken, these quiescent cells are quick to fill

the space. Beneath these are densely packed dead cells, as quiescent cells in the

middle layer are starved of nutrients or oxygen and become part of the necrotic

core.

1.2.2 Extracellular matrix and tumour microenvironment

The extracellular matrix (ECM) is known in general as fibrous infrastructure which

can also be found in the space between cells. The ECM acts as a platform on which

the cells can communicate and exercise spatial movement, with the main function

of providing structure and support to surrounding cells [106].

The interactions between the surface of the tumour and the surrounding tissues

are mediated by the extracellular matrix, a complex web of proteins and other

molecules that exists outside of the cells, providing mechanical or structural sup-

port, as well as facilitating signalling between cells. An important protein in this

network is collagen, the most abundant protein in the body, which contributes
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primarily to the structural support given by the ECM [106].

Tumours are prone to taking advantage of the cell signalling environment en-

abled of the ECM to facilitate their invasion of surrounding tissue. Mutations that

lead to cancerous cells often stimulate the production of growth signals, as well

as their secretion outside of the cell. These signals promote enhanced cell pro-

liferation, contributing to the spread of the cancer away from its initial location

[39, 40]. Further, these cells often produce and secrete enzymes that break down

the surrounding ECM, degrading the network of structural fibres and allowing for

fast and sustained growth of the tumour [40].

The matrix degrading enzymes (MDEs) that break down the surrounding ECM

fall into several classes. One important class is the matrix metalloproteinases

(MMPs), one of the major families of proteolytic enzymes involved in the spread

of cancer cells. There are 23 known classes of MMPs in humans [101], each type

attacking specific components of the ECM [14].

1.3 Cancer Invasion as the Main Mechanism for

Malignant Solid Tumour Progression

Well-known for significant alterations and damage caused within the human body,

the progression of malignant solid tumours is characterised by sustained cancer

cells proliferation, cell mutations, secretion of key classes of proteins such as matrix

degrading enzymes (MDEs) as well as several other classes of enzymes referred to

as growth factors that promote the extension of blood vessels network towards the

tumour, whose combined e↵ect lead to intense cancer cells migration within the
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surrounding tissue [106].

The beginning of a primary solid tumour formation is initiated usually from

one or a small group of individual normal cells that get transformed as a result

of mutations in certain key genes. The resulting mutated cell population has

special properties that distinguish these from those of normal cells, and notably

here we would remark intense cells proliferation and mutations, the ability of

secreting several types of matrix degrading enzymes that cause degradation of the

surrounding tissues and mediate a continuous local invasion [40].

1.3.1 Important mechanisms for malignant tumour spatial

spread

Among the hallmarks of cancer [40], alongside the uncontrolled cells population

growth and mutations, of crucial importance is the local cancer cells invasion and

colonisation of the surrounding tissues [3]. Through the secretion of proteolytic

enzymes such as matrix metalloproteinases, the cancer cells populations degrade

cause degradation of the extracellular matrix (ECM), and invade the surrounding

tissues. Furthermore, the ECM degradation another important cancer cells to

proliferate, supporting this way their migration and spread in the human body,

and contributing directly to the expansion of the tumour.

Alongside the recognised ability of performing directed and undirected cell motil-

ity [106, 67], the population of tumour cells develops several mechanisms to sup-

port their invasion of the surrounding tissue. These include the ability to develop

abnormal proliferation and to give raise to heterotypic cell populations through
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the mutation of cancer cells, leading this way to secondary cell sub-populations.

All these factors contribute to an increasingly malignant and aggressive tumour,

resulting in further damage to surrounding tissues and ongoing metastasis [40].

1.3.2 Further considerations on directed cell motility: cell

adhesion and concepts of haptotaxis and durotaxis

While exploring any space created through the degradation of the ECM by the

MDEs, in their collective migration the cancer cells combine random motility with

directional movement triggered by cell-adhesion processes [74, 78, 105, 108]. No-

table here is the well documented “durotaxis” of the cancer cells (i.e., movement

towards sti↵er ECM regions [84, 83]). In particular we distinguish here the “hap-

totactic” motility by which cancer cells migrate against ECM gradients towards

higher ECM density regions [72].

Another vital aspect of a tumour’s ability to invade the surrounding tissue is

altered cell adhesion. Cells adhere to other cells, as well as the ECM itself, and

alterations in the cell’s behaviour for either of these mechanisms is a major part of

metastasis [11, 12, 53, 97]. In the former, cancerous cells can undergo a decrease

in cell to cell adhesion, which leads to the detachment of tumour cells from the

primary mass. In contrast, these metastatic cells also experienced increased cell to

ECM adhesion, which synergises with the detachment described above and allows

the cells to spread to other tissues [17].

Cell adhesion molecules mediate cell to cell adhesion in healthy tissue. These

lie on the surface of the cell, and adhere to other cells following signals on cell-cell
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pathways which are influenced by calcium receptors and calcium ions in the ECM

[105].

A family of transmembrane glycoproteins called cadherins play a crucial role

in this process. These are calcium dependent adhesion molecules, and the sub-

family of E-cadherins in particular are vital in the formation of the pathways

described above. These bind with intracellular proteins called catenins, forming

a E-cadherin/catenin complex [37, 49]. The cytoskeleton of the cell recruits these

proteins through intracellular calcium signalling [55], and the activation of calcium

sensing receptors produces an increase in E-adherins, thus boosting the binding of

catenins, such as �-catenin [46]. Changes to the functioning of �-catenin reduce

E-cadherin’s ability to initate cell-cell adhesion [107].

Cell-matrix adhesion is mediated by integrins, a family of calcium independent

CAMs which allow cells to bind to di↵erent components of the ECM. These pro-

teins connect the interior and exterior of the cell, by linking the cytoskeleton to

the ECM. Integrins also bind to actin within the cytoskeleton which enhances cell

migration through the formation of a leading edge and a trailing edge in the cell.

This creates a persistent migration in a single direction, furthering the spread of

cancer cells [26, 67]

1.4 Two Key Processes in the Development of

Tumour Heterogeneity and Invasion

Among the variety of complex processes that are involved in cancer growth and

spread, alongside random and directed movement, a key role is played also by
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abnormal cell proliferation and cell mutations [40].

1.4.1 Cancer cells proliferation: its role in tumour hetero-

geneity and Invasion

Directly involved in underpinning the processes of both local tumour invasion

and metastasis, the cancer cell proliferation plays a central role within the overall

cancer growth and spread [39, 40, 106]. Mediated by the internal circadian clock

and its relation to cell cycle [18, 34], cancer cell proliferation takes advantage

of favourable metabolic conditions [111] and contributes directly not only to the

increase in tumour cell mass but also in its heterogeneity [1, 88]. Indeed, during

the mitotic process, cells can divide not only in two identical daughter cells, but

can also give rise to a new lineages of cells due to genetic mutations during the

DNA replication [43, 98]. The emerging cancer cell population heterogeneity is a

key characteristic for all tumours [64], having major implications in the response

of malignant tumour to treatment. Notable here is for instance the situation met

in glioma progression where the multiple sub-populations of glioma cells exhibit

non-uniform reaction to most available treatment strategies [23, 36].

1.4.2 Cancer Cells Mutations and their Impact over the

Tumour Invasion Process

The beginning of a primary solid tumour is the result of a single normal cell that

is transformed as a result of mutations in certain key genes. Cells can mutate

spontaneously, or mutations can be environmentally induced. Mutations occur

during cell division, and most of the time the immune system can recognise mu-
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tated cells and eliminate them. When the immune system fails to eliminate cells

with mutations in genes that control cell proliferation, cells become cancerous [40].

It is known that all cancer cell lines have at least one mutation, with most cancer

cell lines having more than one mutation; e.g., in [50] 137 oncogenic mutations

were identified in 14 out of 24 known cancer genes in 60 human cancer cell lines.

Moreover, cancer cells are genetically unstable and cells inside the solid tumours

keep mutating leading to very heterogeneous tumour masses.

The mechanisms behind the mutation pressure are still not fully understood.

Experimental studies have shown that some changes in the ECM can correlate

with sustained cell proliferative signalling and an increased risk of developing can-

cer [79]. Other studies have shown that culturing cells for long times in sti↵

hydrogels can lead to the subclonal selection of genomic aberrations in cells [62],

thus suggesting that the ECM properties could impact the mutation status of cells

in solid tumours. Other studies suggested that the maintenance of cells at high

density in the absence of proliferation leads to an increase in mutagenesis following

cell division. Therefore, there seem to be di↵erent mechanisms that can trigger

and influence the mutation rate of cells.
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Figure 1.1: Schematic of cancer cells proliferation.

Mutated cells not only incur sustained proliferation (see Figure 1.1), but can

also exhibit migrational and invasion properties [71], eventually leading to cancer

metastasis. The invasion of surrounding tissue is the result of ECM degradation

and remodelling by the cancer cells (which can secrete various proteolytic enzymes,

such as matrix metalloproteinases (MMPs)) as well as other cells in the microen-

vironment.

1.5 Brief Overview of Continuum Mathematical

Modelling of Cancer Invasion

Mathematical modelling is not designed to replace biological experiments, but

rather work alongside them. Indeed, in vivo and in vitro experiments have inspired

mathematical models, resulting already in a wealth of mathematical modelling and

computational approaches focused on cancer cell invasion and metastasis.

Cancer cell invasion of tissues has been studied in the last two decades by a
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variety of mathematical models concerning a wide range key processes that tu-

mour progression involves. Focusing on tissue-scale continuum modelling, we can

largely distinguish three important continuum approaches that explored the com-

plex dynamic interactions between the cancer cells population and the surrounding

extracellular matrix. Among the early mathematical approaches describing cancer

invasion we note several local continuum modelling involving reaction-di↵usion-

taxis PDEs [32, 8, 7, 9, 20, 6]. These were later complemented by non-local mod-

elling [33, 19, 28], and more recently by hybrid and multiscale continuum and

model [63, 25, 99].

These models addressed various key processes involved in cancer development

and invasion. For instance, in [7] a PDE model is proposed which describes cancer

cell invasion in terms of three components - tumour cells, the ECM, and MDEs.

The authors proposed a continuum model, considering the tumour mass as a whole,

as well as an individual-based model that focused on the scale of individual cells.

The continuum model describes the response of tumour cells to haptotactic e↵ects

within the ECM. Notably, tumour cells will divide into two groups, one driven

by random migration and the other by haptotaxis. Importantly, this behaviour

was also supported by the model focussing on individual cells, and together these

models suggest that haptotaxis plays an important role in cancer cell invasion.

To address the important process of cell-cell adhesion, the authors in [10] con-

structed a continuum model, considering the directed movement of cells in re-

sponse to adhesive forces enabled through cell binding. Then, in [33, 28] built on

the model from [7], and derived a continuum model which addresses both cell-cell

adhesion and cell-matrix adhesion. Furthermore, [19] conducted an analytical in-
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vestigations of these models, considering a system of non-linear, non-local partial

integro-di↵erential equations that described the spatio-temporal dynamics of the

cancer cell invasion. Using this, the researchers could study the behaviour of the

cancer cells while varying the initial conditions, such as altering coe�cients for

cell-cell adhesion and cell-matrix adhesion.

Some researchers have developed models that focus on the tissue surrounding

a tumour and its role in cancer invasion [76, 87], while others have investigated

chemotactic and haptotaptic interactions between cells and the ECM [22], where

cancer cells will either cluster in high-density regions of fibres, or will avoid them.

Reference [45] developed a model that described the mesenchymal motion of cells

within a fibre network. This type of migration involves a great deal of restructuring

of the ECM, which produces a trail of aligned fibres. The author developed both

individual and population-scale models, which was an important step for modelling

cell population migration on heterogenous orientated environments. Reference

[73] continued this approach with an individual cell based model, comparing two

di↵erent forms of cell migration. Considering mesenchymal migration, the author

found that the actions of contact-guidance and ECM remodelling are su�cient for

invasion to occur.

Finally, the authors in reference [99] proposed a new type of multi-scale moving

boundary model that describes the process of cancer invasion of tissue. This multi-

scale model focuses on the macroscopic dynamics of the distribution of cancer cells

and the surrounding extracellular matrix, and on the microscopic dynamics of the

MDEs, produced at the level of the single cancer cells. The proposed model is

approximated at the micro scale by developing a computational scheme based on
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finite element method combined with a new technique of finite di↵erence method

at macro-scale.

However, to gain a deeper understanding of the complexity of a malignant solid

tumour progression and its interactions with the rest of the body mean there is still

a great deal of progress to be made not only in terms of mathematical modelling

of cancer but also in terms of data assimilation in the proposed modelling.

1.6 Inverse Problems and Data Assimilation

Many physical problems can be modelled by partial di↵erential equations (PDEs)

and the solution of such a model can be evaluated if all the necessary input data

exists and is known. The behaviour of the system can be predicted by the solution

under various conditions. The necessary inputs include the initial and boundary

conditions, di↵usion terms, coe�cients and even the shape of the domain. Ac-

cording to [38] direct problems are in general well-posed and satisfy the following

conditions:

1. The solution exists for all data.

2. The solution is unique for all data.

3. The solution depends continuously on the data.

On the other hand, if one of these necessary inputs does not exist, or is unknown,

then the physical system of the model is di�cult to study without measuring cer-

tain outputs experimentally from the system. This situation is known as an inverse
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problem. The relationship between forward and inverse problems is indicated in

Figure 1.2.

Figure 1.2: A schematic for the relationship between forward and inverse problems. In
the forward problem, we generate data such as the type of the information that could be
observed about a system using the theory or a model. In the inverse problem, we use the
observed data and seek to reconstruct all the possibilities that are consistent with it.

Most inverse problems are ill-posed (being unstable) in the sense of Hadamard

[38]. This means that the solution for such problems can be hugely a↵ected by

a slight change in the input data. These problems were regarded for a while as

having no practical value and their study could not lead to significant mathemat-

ical results, perspective that was later on completely changed by the pioneering

paper by [95] that emphasised the practical importance of ill-posed problems and

proposed a method for obtaining a stable solution.

In general, the form of the governing equation modelling is assumed to be known

in inverse problems. However, not all the details are known. For example, coef-

ficients, initial data, boundary data and source data are usually unknown. This

makes it impossible to solve the direct problem (which gives the solution of the sys-

tem) and in this context additional information of discrete time dependent, space
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dependent measurements are used to retrieve the missing details of the model.

The methodology that makes this possible is regarded as an “inversion of data”

and the whole approach is then referred to as an inverse problem. Hence, we could

already distinguish that we could formulate a mapping between the set of solutions

of the model and the set of measurements that are used to retrieve the missing

information in the model. Hence, if we denote the set of solutions for our model by

S and the set of measurement (data) by C that we used in the inversion process,

we can denote this mapping as

K : S ! C. (1.6.1)

Inverse problems have played an important role in various branches of physics,

image processing and mathematics for a long time; so for its importance in appli-

cations, the theory of inverse problem has been extensively developed within the

past decade.

In the following, we briefly revise the main ingredient in this thesis which is also

a central method in inverse problems called the Tikhonov regularization method.

1.6.1 The Tikhonov regularisation method

Parameter identification problems and inverse problems are nonlinear problems in

nature. These nonlinear problems can be cast into an abstract framework as a

nonlinear operator equation, namely:

K (s) = c, (1.6.2)
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where K is a non-linear compact operator between two Hilbert spaces, the solution

space S and the measurement space C [110], see Figure 1.3. In practice, the

measurement data in (1.6.2) is assumed to be perturbed by a level of noise �> 0

with kc� c
�
k < �.

s• •c

(S, h·, ·is) (C, h·, ·ic)

K

K
⇤

Figure 1.3: This diagram indicates the solution space S and the measurement space
C. The mapping between solution space to measurement space is defined by K and the
adjoint of K is a map between the measurement space and the solution space.

To obtain meaningful approximation of the model (1.6.2), we apply regulariza-

tion methods for the model. The idea is simply replacing the system of equations

(1.6.2) by system that is less sensitive to perturbations, the solution to this system

is then an approximation to s.

The Tikhonov regularisation method replaces (1.6.2) by the minimization prob-

lem

min
s2S

kKs� c
�
k
2
c + ↵ksk

2
s, (1.6.3)

where ↵> 0 is the regularisation parameter.
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In order to know how good the solution s of the approximation system is, the

residual norm kKs � c
�
k
2
c in (1.6.3) should be su�ciently small, i.e. ↵ should be

small. However, a stable solution can be obtained by a large value of ↵. This is

based on the appropriate choice of ↵ which is a delicate problem. More informa-

tion about convergence of Tikhonov regularisation for both linear and nonlinear

operator equation (1.6.2) can be found in [30].

When K is a linear operator, the following theorem that is proved in [54] shows

that the solution of (1.6.3) is unique.

Theorem 1.6.1 Let K : S �! C be a linear, compact and bounded operator

between two Hilbert spaces S and C, ↵ > 0, and c
�
2 S be a measurement that is

a↵ected by a level of noise � > 0 . Then the Tikhonov functional J↵ : S ! R+

given by

J↵(s) := kKs� c
�
k
2
c + ↵ksk

2
s, 8s 2 S

has a unique minimum s
↵
2 S . This minimum s

↵
is the unique solution of the

normal equation

↵s
↵ +K

⇤
Ks

↵ = K
⇤
c
�
, (1.6.4)

where K
⇤
is the adjoint of the operator K.

The idea behind the general regularisation strategy is that we can select ↵ := ↵(�)

such that s↵ ! s, where s is the true solution, as the noise level � ! 0. Finally,

another important method that can be used as a regularisation strategy to reduce

unwanted noise and attempt a data inversion is mollification, see [70, 66, 65, 109].
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1.6.2 The choice of regularisation parameter

The most important part in all regularization strategies is the regularization pa-

rameter. Its importance lies in specifying the amount of regularization. Actually,

we can not measure the accuracy of reconstruction in absence of the true solu-

tion. For this reason, we are looking for the most accurate method for choosing

an appropriate regularization parameter.

There are some practical methods for choosing the regularization parameter

such as generalised cross validation [102], the discrepancy principle [68], and the

L-curve method [41]. The L-curve method takes its name from an L-shaped graph,

obtained by plotting the approximated solution norm ks
↵
k2 versus the residual

norm kKs
↵
� c

�
k2 in a log-log scale for a large range of the positive regularization

parameter ↵, with k·k2 representing the usual Euclidean norm in finite dimensions.

It is a very convenient tool for displaying the information about the regularised

solution and the given data.

When the regularization parameter ↵ is small, the residual norm has a slight

change and the solution ks
↵
k becomes unstable . On the other hand, if the regu-

larisation parameter ↵ is moderated to large, the solution deviates from the given

data. This means the choice of the regularisation parameter is very sensitive.

In some cases there is no maximum curvature for choosing the regularisation

parameter ↵ by plotting the norm of the solution ks
↵
k2 versus the residual norm

kKs
↵
� c

�
k2 on a log-log scale using the L-curve method. This means that the

L-curve method is not guaranteed to be concave for all problems [42]. However,

central for the choice of regularisation parameter is the following result that can
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be found the prove in [54].

Theorem 1.6.2 Assuming that c
�
2 C is a measurement a↵ected by a level of

noise � > 0, let ↵ > 0, and s
↵
be the unique solution of the equation

↵s
↵ +K

⇤
Ks

↵ = K
⇤
c
�
. (1.6.5)

Then s
↵
depends continuously on both c

�
and ↵. The mapping ↵ 7!||s

↵
|| is mono-

tonically non-increasing and

lim
↵!1

s
↵ = 0. (1.6.6)

The mapping ↵ 7!kKs
↵
� c

�
k is monotonically non-decreasing and

lim
↵!0

Ks
↵ = c

�
. (1.6.7)

If K
⇤
c
�
6= 0, then strict monotonicity holds in both cases.

1.7 Purpose and Outline of the Thesis

The past four decades or so have witnessed intense modelling e↵orts addressing the

process of cancer growth and spread [2, 6, 7, 9, 15, 16, 20, 24, 32, 35, 76, 77, 104].

These proposed a range of local continuum spatio-temporal approaches to ad-

dress the tissue-scale (macro-scale) tumour dynamics, exploring increasing levels

of tumour complexity by gradually accounting for higher degree of biological infor-

mation enabling spatial transport, namely: undirected random movement, hapto-

tactic directed cancer cells migration, secretion of MDEs followed by degradation

and remodelling of the ECM. More recent modelling approaches (including those
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based on the theory of mixtures [21, 82, 85]) explored all these spatio-temporal

dynamics of tumour spread by considering increasingly complex aspects regard-

ing heterotypic nature of tumour microenvironment and tumour heterogeneity,

including considering the case of coupled dynamics of multiple sub-populations of

cancer cells that arise as a result of mutations from the initial cancer cell popu-

lation [13, 28]. However, while most of these models considered the underlining

proliferation process to be of logistic-type [36, 58], with alternative Gompertz and

von Bertalan↵y laws for cell population growth also being proposed and explored

[27, 56, 100], the precise form of the cancer cells proliferation law remains a big

unknown in cancer modelling. In addition to that, the retrieval of the precise form

of mutation laws is also not explored in the context of cancer invasion models.

This thesis will address the retrieval of both proliferation and mutation laws in

local and unlocal models. This is explored here both for tumours models with a

single cancer cell population and for models with two cancer cell populations.

For all the inverse problems considered in this thesis, we combine the Tikhonov

regularisation and gaussian mollification approaches with finite element and fi-

nite di↵erences approximations to reconstruct the unknown for each of these sub-

populations from both exact and noisy measurements.

Given the central role that the proliferation process plays within the entire cancer

dynamics, the retrieval of the unknown proliferation law from measured data is of

key importance for the understanding of tumour progression. Mathematically, this

proliferation law reconstruction can be regarded as a source identification problem

for a coupled system of parabolic equations. However, despite significant progress

made for source identification problems (mostly for single reaction-di↵usion equa-
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tions [29, 51, 80, 81] and more recently for systems [52]), this particular inverse

problem associated with solution-dependent source identification within systems

of reaction-di↵usion-taxis equations (induced by random motility and haptotac-

tic cancer cells movement) with nonlinear coupling both in the source and the

haptotaxis terms is novel and has not been addressed so far by previous works.

In Chapter 2, the proliferation law of cancer cells is reconstructed from data

collected at some later stage in the tumour evolution. Considering one basic cancer

cells population that exercise its dynamic with extracellular matrix.

In Chapter 3, we considered two populations of cancer cells that exercise their

dynamics with extracellular matrix. We reconstructed the proliferation law for

second cancer only assuming that the proliferation law for first cancer is known.

On other hand, we simultaneously reconstructed the proliferation laws for both

primary and secondary cancer.

Then we focus our attention on reconstruction the cancer cells mutation laws.

This is addressed in Chapter 4 and Chapter 5 as follows.

In Chapter 4 we reconstruct the unknown mutation law in three cases. First case:

reconstruction of the mutation law that depends only on the surrounding cancer

cells (i.e., the ECM plays no role in mutations), which means that after certain

level of time cancer cells start to mutate onto secondary cancer by certain rate.

Second case: reconstruction of the mutation law that depends on the ECM only,

assuming we know that in advance, the mutation occurs from the primary tumour.

Last mutation is assuming there is no prior knowledge about the mutation.

In Chapter 5, we considered a non-local adhesion term instead of haptotactic
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term, which means that cancer cells exercise not only spatial random movement,

but also spatial directed movement. In this nonlocal modelling context, we recon-

struct not only the proliferation law for a model with one cancer cell population

but also the mutation law for an extended cancer invasion model with two sub-

populations of cancer cells.

Finally, in Chapter 6, general conclusions and perspectives for possible future

work are highlighted.
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Chapter 2

Inverse Reconstruction of Cell

Proliferation Law in a Cancer

Invasion Model with One Cancer

Cell Population

2.1 Introduction

Problems involving the determination of unknown coe�cients in mathematical

models are known in general as inverse coe�cient problems. The determination

of missing coe�cients is based on some additional measurements data, which can

be given on the whole domain, on the boundary of the domain, or solution at the

final time. The reconstruction of the unknown coe�cient is based on the data that

is obtained from the forward model.
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In this chapter we address the new inverse problem concerning the retrieval of

the unknown proliferation law within tumour invasion modelling that considers

both random and directed haptotactic movement of the tumour cells population

which degrades and remodels the surrounding ECM density. To that end, for

the tumour cells population, we consider here only one cancer cell population.

Furthermore, we assume here the knowledge of additional information in terms

of both exact and noisy measurements of the tumour constituent density at some

later time in the tumour evolution. Finally, we test our inversion approach on

several proliferation laws that are usually used in cancer modelling.

The 2D part of this chapter as well as that of Chapter 3 have been thoroughly

discussed and presented in our recently published research article [5].

2.2 A Basic Cancer Invasion Model with a Single

Tumour Cells Population in 1D and 2D

We consider here a simple macro-scale cancer dynamics (which is similar to the

one discussed in [7] but ignoring the matrix degrading enzymes) where the growing

malignant tumour consisting of a cancer cell population c(x, t) mixed with an ECM

density v(x, t) is assumed here to develop its coupled dynamics on a d�dimensional

compact tissue domain ⌦ 2 Rd for d = 1, 2, over a time interval [0, T ], i.e.,

(x, t) 2 ⌦ ⇥ [0, T ]. In the presence of an unknown cancer cell proliferation law

f(c, v), per unit time the cancer cells population is assumed to exercised a spatial

transport driven by a combination of random movement and haptotactic bias

against ECM gradients. At the same time, the tumour cells degrade the ECM
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density and remodels its spatial distribution. Therefore, mathematically, the basic

cancer invasion model that we consider here is of the form

@c

@t
= D1�c� ⌘1r · (crv) + f (c, v)| {z }

unknown proliferation

, (2.2.1a)

@v

@t
= �⇢cv + µv (Kc � c� v)+ , (2.2.1b)

where D1 is positive di↵usion rate, ⌘1 is haptotactic rate, Kc > 0 represents the

tissue carrying capacity, and (Kc � c� v)+ := max((Kc � c� v)+, 0), ⇢ > 0 is the

rate at which the ECM is degraded in the presence of cancer cells, and µv � 0 is the

ECM remodelling rate. While the general proliferation law f(c, v) is considered

here to be unknown and its identification will be our main focus in this work, most

modelling papers assume this law to be of logistic or Gompertz type [36, 58, 96].

These widely used proliferation laws are of the following forms:

• Logistic proliferation:

f̄ (c, e) := µcc (Kc � c� e) , (2.2.2)

• Gompertz proliferation:

f̄ (c, e) := µcc log

✓
Kc

c+ e

◆
, (2.2.3)

where µc > 0 is an intrinsic proliferation rate that is usually taken to be either

constant or ECM dependent, and e is the tissue environment density (that include

ECM density), and which unless otherwise specified, this is taken to be the ECM

density, i.e., e := v, as it is the case for instance in model (2.2.1).
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Finally, the cancer invasion coupled dynamics expressed in (2.2.1a) and (2.2.1b)

is started with the initial conditions

c(x, 0) := c0(x) and v(x, 0) := v0(x), 8x 2 ⌦⇢ Rd
, (2.2.4)

where c0(·) and v0(·) are positive functions representing initial densities of cancer

cells and ECM, respectively. Furthermore, as during the dynamics, the cells are

not supposed to leave the tissue region ⌦, we assume here that the coupled dynam-

ics (2.2.1a) and (2.2.1b) takes place in the presence of zero Neumann boundary

conditions, namely:

@c

@n

����
@⌦⇥[0,T ]

= 0 and
@v

@n

����
@⌦⇥[0,T ]

= 0, (2.2.5)

where n(⇠) is the usual normal direction at any given tissue boundary point ⇠ 2

@⌦. Finally, in the following sections, the tumour dynamics (2.2.1) together with

the initial and boundary conditions (2.2.4) and (2.2.5) will be referred to as the

“forward model”.

2.3 Inverse Problem Objective andMeasurements:

Reconstruction of the Unknown Cancer Cells

Proliferation Law in Model 2.2.1 for both 1D

and 2D Cases

Considering here the forward model defined by the tumour dynamics (2.2.1) in

the presence of the initial and boundary conditions (2.2.4) and (2.2.5), we aim
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to reconstruct the unknown cancer cells proliferation law f(c, v) from additional

information enabled by measurements of the cancer cells and ECM densities taken

at some later time tf := T > 0 in the tumour evolution. It is worth to mention that

an earlier time can be considered as well. These measurements are therefore given

in the form of two functions on ⌦ that are considered to be known in advance,

namely

c
⇤(·) : ⌦ ! R for the cancer density, (2.3.6a)

v
⇤(·) : ⌦ ! R for the ECM density. (2.3.6b)

In the following, we will explore the reconstruction of the unknown cancer cells

proliferation law f(c, v) when the known measurements c
⇤(x) and v

⇤(x) will be

given both as exact (accurate) data and as noisy data at any x 2 ⌦⇢ Rd, d = 1, 2.

Here we consider that the measurements data given in (2.3.6) are either exact

or are corrupted by a certain noise level � � 0. Specifically, in this work these

measurements data are of the form

c
⇤
�(x):=c

⇤
exact(x) + ��c(x), (2.3.7a)

v
⇤
� (x):=v

⇤
exact(x) + ��v(x), (2.3.7b)

where, 8 x 2 ⌦ ⇢ Rd, d = 1, 2 we have that c
⇤
exact(x) and v

⇤
exact(x) are assumed

to be the exact data, and �c(x) and �v(x) are signal-independent noises generated

from a Gaussian normal distribution with mean zero and standard deviations �c
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and �v, respectively, given by

�c :=
1

� (⌦)

Z

⌦

c
⇤
exact(x) dx, (2.3.8a)

�v :=
1

� (⌦)

Z

⌦

v
⇤
exact(x) dx, (2.3.8b)

with � (·) being the usual Lebesgue measure.

Finally, we would like to note here two particularly important cases in which

we will seek to explore the reconstruction of the cancer cells proliferation law for

model (2.2.1) when this is considered both in 1D and 2D. Specifically, these two

important case address the reconstruction of logistic and Gompertz proliferation

laws ((2.2.2) and (2.2.3), respectively) and are defined as follows. We consider that

the exact data (namely c
⇤
exact(x) and v

⇤
exact(x)) that appear in (2.3.7) are given by

the solution c̄ and v̄ at the final time tf > 0 for the forward model (2.2.1), i.e.,

c
⇤
exact(x) := c̄(x, tf ) and v

⇤
exact(x) := v̄(x, tf ), 8x 2 ⌦ ⇢ Rd

, d = 1, 2, (2.3.9)

which is obtained when (2.2.1) uses a known proliferation law f(c, v) that is spec-

ified as appropriate for each of the two cases, namely:

Case 1: for the reconstruction of the logistic cancer cell proliferation law, model

(2.2.1) uses the logistic cell proliferation law f̄(c, v) given in (2.2.2), i.e.,

f(c, v) := f̄(c, v),

Case 2: for the reconstruction of the Gompertz cancer cell proliferation law, model

(2.2.1) uses the Gompertz cell proliferation law f̄(c, v) given in (2.2.3), i.e.,

f(c, v) := f̄(c, v).
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2.4 Reconstruction of the Proliferation Law in

Model (2.2.1) in the 1D Case

We address here the construction of the forward solver for the 1D case, i.e., d = 1.

To that end, we consider a uniform discretisation G⌦ := {xi}i=1,N of step size

�x > 0 for the tissue region ⌦ ⇢ R. Further, at any instance of time t 2 [0, tf ]

the discretised cancer densities c(·, t) and v(·, t) are c̃(t) := {c̃i(t)}i=1,N and ṽ(t) :=

{ṽi(t)}i=1,N , with c̃i(t) := c(xi, t) and ṽi(t) := v(xi, t), 8 i = 1, N . In this context,

we focus first on constructing the 1D forward solver and the inversion procedure,

and then we explore the inversion approach in a couple of concrete cases focused

on reconstructing both the logistic and Gumpertz proliferation laws from exact

and noisy data.

2.4.1 The 1D Forward Solver

As the cumulated ECM and cancer densities are not assumed to go above the

tissue carrying capacity Kc, we have that [0, Kc] ⇥ [0, Kc] represents the max-

imal possible range for the values taken by the tumour vector (c(x, t), v(x, t)),

8(x, t) 2 ⌦ ⇥ [0, tf ]. As a consequence, the reconstruction of the unknown can-

cer cell proliferation law will be sought in terms of an approximating function

s
c⇤,v⇤ : [0, Kc] ⇥ [0, Kc] ! [0,1) (which for the moment is still unknown) that

will be identified within a suitable family of function S (which will be specified

below). This function s
c⇤,v⇤ will be determined within the space S such that the

corresponding solution for the tumour model (2.2.1) will match the additional in-

formation (2.3.6). Thus, denoting through f
c⇤,v⇤(·, ·) the unknown proliferation
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law for model (2.2.1) that we seek to identify so that the corresponding solution,

denoted by (c̃s
c⇤,v⇤

(t), ṽs
c⇤,v⇤

(t)) := {(c̃s
c⇤,v⇤

i (t), ṽs
c⇤,v⇤

i (t))}
i=1,N

, matches measure-

ments (2.3.6), at each grid point xi, we have that f
c⇤,v⇤(·, ·) will be expressed

as

f
c⇤,v⇤(c̃s

c⇤,v⇤

i (t), ṽs
c⇤,v⇤

i (t)) := F
1
i (c̃

sc
⇤,v⇤

(t), ṽs
c⇤,v⇤

(t), sc
⇤,v⇤), (2.4.10)

where F
1(·, ·, ·) := {F

1
i (·, ·, ·)}i=1,N , F

1(·, ·, ·) : RN
⇥ RN

⇥ S ! RN , represents

a “trial proliferation operator” that will be defined below alongside the space of

admissible functions S. This trial proliferation operator will be “surveying” all

the functions s 2 S and their associated solutions densities of cancer cells cs(x, t)

and ECM v
s(x, t) (which are obtained when instead of the unknown proliferation

law we use F
1(·, ·, s)) until the approximating function s

c⇤,v⇤ is finally identified.

Therefore, considering an uniform discretisation for the two dimensional domain

[0, Kc] ⇥ [0, Kc] and denoting by GM := {(⌘l, ⇣k)}l,k=1,M the associated equally

spaced grid (of step size �⌘ = �⇣ > 0), the unknown function s
c⇤,v⇤ will be sought

within the following M ⇥M�dimensional function space, namely,

S :=

⇢
s : [0, Kc]⇥[0, Kc]! [0,1)

���� s|El,k
=
X

p,q=0,1

s(⌘l+p, ⇣k+q)�l+p,k+q, 8El,k 2 G
tiles
M

�

with G
tiles
M

:= {El,k := [⌘l, ⌘l+1]⇥ [⇣k, ⇣k+1] | l, k = 1, . . . ,M � 1},

and, 8 El,k 2 G
tiles
M

, {�l+p,k+q}p,q=0,1 are the bilinear shape functions on El,k.

(2.4.11)

This enable us to finally define the trial proliferation operator F
1(·, ·, ·) via its

components F1
i (·, ·, ·) that associated with each of the spatial grid points xi, i =

1, N . Thus, for i = 1, N , any {⌘p}p=1,N , {⇣p}p=1,N 2 RN and any candidate
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function s 2 S, we have that Fi, is defined as

F
1
i

�
{⌘p}p=1,N

, {⇣p}p=1,N
, s
�
:=

8
><

>:

s|El,k
(⌘i, ⇣i) if 9El,k2G

tiles
M

such that (⌘i, ⇣i)2El,k

0 otherwise.

(2.4.12)

We note here that (l, k) in (2.4.12) is independent of its choice within the associated

set of indices ⇤(⌘i, ⇣i), which is given through the set-valued function

⇤(·, ·) : R⇥ R ! P({1, . . . ,M�1}⇥{1, . . . ,M�1}) defined by:

⇤(a1, a2) :=

8
<

:(l
0
, k

0)2{1, . . . ,M�1}⇥{1, . . . ,M�1}

������

9El0,k0 2 G
tiles
M

such that

(a1, a2)2El0,k0

9
=

;

(2.4.13)

where P({1, . . . ,M�1}⇥{1, . . . ,M�1}) simply represents the power set.

In this context, for any s 2 S, let us now denote by c̃
s(t) := {c̃

s(xi,t)}1,N
and

ṽ
s(t) := {ṽ

s(xi,t)}1,N
the discretisation of the associated solution densities of cancer

cells cs(x, t) and ECM v
s(x, t) that are obtained with model (2.2.1) when instead of

the unknown proliferation law we use F
1(·, ·, s). Therefore, with these notations,

the space-discretised form of cancer invasion model (2.2.1) is expressed as:

@

@t

2

4c̃
s

ṽ
s

3

5 =

2

4 H
1,1(c̃s, ṽs, s)

H
1,2(c̃s, ṽs)

3

5 . (2.4.14)

In the right-hand side of (2.4.14), H
1,1(·, ·, ·):={H

1,1
i (·, ·, ·)}i=1,N stands for the

spatial discretisation of the first equation in (2.2.1), and for each grid point xi, the
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corresponding component H1,1
i (·, ·) is defined as follows:

H
1,1
i (c̃s(t), ṽs(t), s) :=

D1

(�x)2
�
c̃
s
i�1(t) + c̃

s
i+1(t)� 2c̃si (t)

�

�
⌘1

2 (�x)2
��
c̃
s
i (t) + c̃

s
i+1(t)

� �
ṽ
s
i+1(t)� ṽ

s
i (t)

�
�
�
c̃
s
i (t) + c̃

s
i�1(t)

� �
ṽ
s
i (t)� ṽ

s
i�1(t)

�

+ F
1
i (c̃

s(t), ṽs(t), s).

(2.4.15)

Also, H
1,2(·, ·):={H

1,2
i (·, ·)}i=1,N is the discretisation of the second equation in

(2.2.1), and for each i = 1, N , we have that the component H1,2
i (·, ·), 8 i = 1, N is

defined by:

H
1,2
i (c̃s(t), ṽs(t)) := �⇢c̃

s
i (t)ṽ

s
i (t) + µv(Kc � c̃

s
i (t)� ṽ

s
i (t))

+
. (2.4.16)

Then, adopting a uniform time discretisation {tn}n=0,L of step size �t := T/L,

for each n 2 {0, . . . , L}, a Euler time marching step for system (2.4.14) can be

expressed mathematically via the operator

eK1
s : RN

⇥ RN
! RN

⇥ RN

given by

eK1
s

0

@

2

4c̃
s,n

ṽ
s,n

3

5

1

A :=

2

4c̃
s,n

ṽ
s,n

3

5+�t

2

4H
1,1(c̃s,n, ṽs,n, s)

H
1,2(c̃s,n, ṽs,n)

3

5 .

(2.4.17)

Here, we have that c̃s,n := c̃
s(tn), and ṽ

s,n := ṽ
s(tn), the operators in the right-hand
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side are defined as:

H
1,1(c̃s,n, ṽs,n, s) := H

1,1(c̃s(tn), ṽs(tn), s)

H
1,2(c̃s,n, ṽs,n) := H

1,2(c̃s(tn), ṽs(tn)).
(2.4.18)

In this context, we can finally formulate the so called “forward operator” K
1 which

relates the space S (where we seek to identify the approximating function s
c⇤,v⇤)

and the space of measurements (i.e., where the additional data (2.3.6) are recorded.

Thus, the forward operator K
1 : S ! RN

⇥ RN is given by

K
1(s) := eK1

s �
eK1
s � · · · · · · �

eK1
s| {z }

L times

0

@

2

4c̃0

ṽ0

3

5

1

A , (2.4.19)

where c̃0 := {c0(xi)}i=1,N and ṽ0 := {v0(xi)}i=1,N are the discretised initial con-

ditions (2.2.4) for the governing tumour forward model. Hence, for each s 2 S,

the forward operator K1 gives the final stage of the spatio-temporal progression of

the initial condition [c̃0, ṽ0]T under the cancer invasion model (2.2.1) that occurs

when the cell proliferation law at each instance of time t > 0 is given by the trial

proliferation operator F
1(c̃s(t), ṽs(t), s).

2.4.2 The Inverse Problem Regularisation Approach in 1D

From equations (2.4.17) and (2.4.19) we observe that the forward operator K1 is

a finite composition of a�ne functions of the form

S 3 s 7�! eK1
s 2 `2(`(E1

⇥ E
1); `(E1

⇥ E
1)), (2.4.20)
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with `2(`(E1
⇥E

1); `(E1
⇥E

1)) being the finite-dimensional Bochner space of square

integrable vector-value functions [110] with respect to the counting measure (see

[86], p. 27) that are defined on `(E1
⇥E

1) and take values in `(E1
⇥E

1). Here E1 :=

{E
1
i }i=1,N represents the standard basis of elementary vectors associated with the

grid G⌦ . Therefore we obtain that K1 is both continuous and compact, from where

we obtain that K
1 is also closed and sequentially bounded [110]. Therefore, we

obtain that K1 satisfies the hypotheses assumed in [31] that ensure convergence for

the nonlinear Tikhonov regularisation strategy given by the functionals {J↵}↵>0,

with ↵:= ↵(�) appropriately chosen such that lim
�!0

↵(�) = 0,

J↵(�) : S ! R,

defined by

J↵(�) (s) :=

������
K

1(s)�

2

4c̃
⇤
�

ṽ
⇤
�

3

5

������

2

2

+ ↵(�) ksk22 , 8s 2 S.

(2.4.21)

This enables us to identify s
c⇤,v⇤ as the limit as � ! 0 of the points of minimum

s
↵(�) of J↵(�). The two norms involved in (2.4.21) represent the usual Euclidean

norms on the corresponding finite dimensional spaces. Indeed, while the first

is the standard Euclidean norm on RN
⇥ RN , the second is also the Euclidean

norm induced on the M ⇥M�dimensional space of functions S via the standard

isomorphism that can be established between S and RM⇥M by which each s 2 S

is uniquely represented through its nodal values {s(⌘l, ⇣k)}l,k=1,M with respect to
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the bilinear basis functions {�̄l,k}l,k=1,M associated to GM [48], i.e.,

since s =
X

l,k=1...M

s(⌘l, ⇣k)�̄l,k, we therefore make the identification:

s ⌘ {s(⌘l, ⇣k)}l,k=1,M .

(2.4.22)

Finally, in (2.4.21), c̃⇤� and ṽ
⇤
� represent the discretised measurements of the den-

sities of cancer cells and ECM given in equations (2.3.6a)-(2.3.6b), i.e., c̃
⇤
� :=

{c
⇤
�(xi)}i=1,N and ṽ

⇤
� := {v

⇤
� (xi)}i=1,N .

2.4.3 Reconstruction of the logistic and Gompertz laws in

cancer model (2.2.1) in 1D

We explore now the inversion approach that we formulated so far in the context of

forward model (2.2.1) for the 1D spatial case by proceeding with the reconstruction

of two of the most widely used cancer cells proliferation laws, namely: (1) logistic

proliferation (2.2.2); and (2) Gompertz proliferation (2.2.3).

Initial Conditions. The initial conditions (2.2.4) that we consider in the com-

putations for the forward model (2.2.1) are taken here as in [99], and so there are

of the form

c0(x) := 0.5

✓
exp

✓
�
|x� 2|2

0.03

◆
� exp (�9.407)

◆
, (2.4.23a)

v0(x) := 0.5 + 0.3 sin (4⇡x) , 8 x 2 ⌦ := [0, 4]. (2.4.23b)
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To identify the cancer cells proliferation law, we consider both exact and noisy

measurement data (2.3.7) as additional information for the forward model (2.2.1)

in the presence of initial conditions (2.4.23) and boundary conditions (2.2.5). For

the numerical results in this 1D case, the random variables �c(x) and �v(x) that

induce the levels of noise � > 0 in the measurements (2.3.7) were obtained via

MATLAB function normrnd by taking {�c(xi)}i=1,N := normrnd (0, �c, N) and

{�v(xi)}i=1,N := normrnd (0, �v, N). which generates random values sampled from

a normal distributions with mean zero and standard deviations �c and �v given in

(2.3.8).

Further, for each regularisation parameter ↵ > 0 considered here, the minimisation

process for J↵ is initiated with s0 = I ⇥ 10�3, (where I represents the M ⇥ M

matrix of ones), and for the actual minimisation we employed here the nonlinear

least squares based minimisation MATLAB function lsqnonlin.
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a)

b)

Figure 2.1: Reconstruction of logistic proliferation within model (2.2.2) obtained using
the parameters given in Table 5.1: row a) the true logistic proliferation law restricted
to Ac; row b) the reconstructed logistic proliferation law on Ac in the presence of exact
and noisy data. Row b) shows the reconstructions of logistic cancer cell proliferation law
obtained for: (left) exact data and ↵⇤ = 10�9; (centre) 1% noisy data and ↵⇤ = 10�3;
and (right) 3% noisy data and ↵⇤ = 10�3. For all plots in this figure we have that: 1) the
first axis represents the values for c 2 [c̄min, c̄max]; 2) second axis represents the values
for v 2 [v̄min, v̄max]; and 3) the colour bars represent the magnitude of proliferation law
or its reconstructions at each (c, v) 2 Ac.

Finally, since there are no data to test the trial proliferating operators beyond

the maximal accessible region Ac defined by the minimum and maximum values

of the solution, i.e.,

Ac := [c̄min
, c̄

max]⇥ [v̄min
, v̄

max], with:

c̄
min := min

(x,t)2⌦⇥[0,T ]

c(x, t), c̄
max := max

(x,t)2⌦⇥[0,T ]

c(x, t),

v̄
min := min

(x,t)2⌦⇥[0,T ]

v(x, t), v̄
max := max

(x,t)2⌦⇥[0,T ]

v(x, t),

(2.4.24)
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a)

b)

Figure 2.2: Reconstruction of Gompertz proliferation within model (2.2.3) obtained
using the parameters given in Table 5.1: row a) the true Gompertz proliferation law
restricted to Ac; row b) the reconstructed Gompertz proliferation law on Ac in the
presence of exact and noisy data. Row b) shows the reconstructions of Gompertz cancer
cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�9; (centre) 1% noisy
data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. For all plots in this
figure we have that: 1) the first axis represents the the values for c 2 [c̄min, c̄max]; 2)
second axis represents the values for v 2 [v̄min, v̄max]; and 3) the colour bars represent
the magnitude of proliferation law or its reconstructions at each (c, v) 2 Ac.

the reconstructions in this section will be attempted only for the restriction of the

sought proliferation laws to Ac. An acceptable numerical reconstruction of the

proliferation law s
c⇤,v⇤ , i.e.,

s
c⇤,v⇤ := s

↵⇤
,

is obtained for the choice of the regularisation parameter ↵⇤, which throughout

this work is selected based on a standard discrepancy principle argument [69].

Figure 2.1 shows the reconstruction of the logistic cancer cell proliferation law

for cancer model (2.2.1). We do reconstruct the logistic proliferation law consid-

ering the measurements given by (2.3.7) and (2.3.9) as both exact and a↵ected by
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a level of noise � 2 {1%, 3%}. For comparison, the true logistic proliferation law

restricted at the maximal accessible region Ac where the reconstruction is being

attempted is presented in the first row of this figure. The second row of the figure

show from left to right the reconstruction of the logistic proliferation law on Ac

with no noise, 1%, and 3% of noise in the measured data, respectively.

Similarly, Figure 2.2 shows the reconstruction of Gompertz cancer cell prolif-

eration law for cancer model (2.2.1). We consider that measurements given by

(2.3.7) and (2.3.9) as both exact and a↵ected by a level of noise � 2 {1%, 3%} for

reconstructing the proliferation law of Gompertz type. Again, the first row shows

the true Gompertz law restricted to Ac where the reconstruction is attempted.

The second row of the figure show from left to right the Gompertz proliferation

reconstruction on Ac with no noise, 1%, and 3% of noise in the measured data,

respectively.

Our observation from Figure 2.1 and Figure 2.2 is that when the measurement

data are not a↵ected by noise we obtain good proliferation laws reconstructions

in both cases (i.e., logistic and Gompertz, respectively). However, as expected,

as soon as the level of noise increases in the measurements, the reconstruction

gradually looses accuracy both in the case of logistic law (shown in Figure 2.1b)

and in the case of Gompertz law (shown in Figure 2.2b).
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2.5 Reconstruction of the Proliferation Law in

Model (2.2.1) in the 2D Case

Assuming a uniform discretisation G⌦ := {(xi, yj)}i,j=1,N of step size �x = �y > 0

for a square maximal tissue region ⌦ ⇢ R2 where the tumour exercise its dynamics,

at any given time t 2 [0, tf ] the discretisations of cancer densities c(·, t) and v(·, t)

are therefore given by the N ⇥ N matrices c̃(t) := {c̃i,j(t)}i,j=1,N and ṽ(t) :=

{ṽi,j(t)}i,j=1,N , with c̃i,j(t) := c((xi, yj), t) and ṽi,j(t) := v((xi, yj), t), 8 i, j = 1, N .

2.5.1 The 2D Forward Solver

Using also in this case the a priori knowledge that the cumulated ECM and cancer

densities could not exceed the tissue carrying capacity Kc, the unknown prolifera-

tion law can therefore be written-down in terms of an unknown (for the moment)

function s
c⇤,v⇤ : [0, Kc]⇥ [0, Kc] ! [0,1). Moreover, this unknown function s

c⇤,v⇤

will be appropriately identified within the family of function S defined in (2.4.11)

such that the corresponding solution for the tumour model (2.2.1) will match the

measurements given in (2.3.6). Thus, denoting through f
c⇤,v⇤(·, ·) the unknown

proliferation for which the corresponding solution of model (2.2.1) matches mea-

surement (2.3.6), at each (xi, yj) we can write this as

f
c⇤,v⇤(c̃s

c⇤,v⇤

i,j (t), ṽs
c⇤,v⇤

i,j (t)) := F
2
i,j(c̃

sc
⇤,v⇤

(t), ṽs
c⇤,v⇤

(t), sc
⇤,v⇤), (2.5.25)

where (c̃s
c⇤,v⇤

(t), ṽs
c⇤,v⇤

(t)) have similar meaning to the one in 1D case (discussed

in Section 2.4), and represent here the discretised solution for the 2D model (2.2.1)
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that correspond to f
c⇤,v⇤(·, ·). Further, while the space of functions S is the one

given in (2.4.11), here we have that

F
2(·, ·, ·) := {F

2
i,j(·, ·, ·)}i,j=1,N , F

2(·, ·, ·) : RN⇥N
⇥ RN⇥N

⇥ S ! RN⇥N

represents again a “trial proliferation operator” and is specified through an almost

identical expression to (2.4.12) that enabled the definition of F1 in 1D. Thus, for

any candidate function s 2 S, the corresponding trial proliferation operator F
2

has each of its components F2
i,j, 8 i, j = 1, N , given by

F
2
i,j(c̃

s(t), ẽs(t), s) := �
[0,Kc]2

(c̃si,j(t), ẽ
s
i,j(t))

X

p,q=0,1

s(⌘l+p, ⇣k+q)�l+p,k+q(c̃
s
i,j(t), ẽ

s
i,j(t)),

(2.5.26)

where �
[0,Kc]2

(·, ·) is the usual characteristic function of the 2D region [0, Kc]2 :=

[0, Kc] ⇥ [0, Kc]. Further, we note that here we have that (l, k) is independent of

its choice within the associated set of indices ⇤(c̃si,j(t), ẽ
s
i,j(t)) that is enabled by

the same set-valued function ⇤(·, ·) defined in (2.4.13). Furthermore, c̃s(t) repre-

sents the proliferating cell population, and ẽ
s(t) represents the tissue environment.

In particular, here the proliferating cells population c̃
s(t) := {c̃

s
i,j(t)}i,j=1,N and

the tissue environment ẽ
s(t) = ṽ

s(t) := {ṽ
s
i,j(t)}i,j=1,N represent the solutions at

the grid points and time t > 0 for the cancer cells and ECM densities obtained

with model (2.2.1) when this uses F2
i,j(c̃

s(t), ṽs(t), s) as proliferation law given in

(5.5.17). Thus, model (2.2.1) can be recasted in space-discretised form as

@

@t

2

4c̃
s

ṽ
s

3

5 =

2

4 H
2,1(c̃s, ṽs, s)

H
2,2(c̃s, ṽs)

3

5 . (2.5.27)
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Here, H2,1(·, ·, ·) = {H
2,1
i,j (·, ·, ·)}i,j=1,N represents the spatial discretisation corre-

sponding to the first equation in (2.2.1), and each of its components H
2,1
i,j (·, ·, ·),

8 i, j = 1, N , are given by

H
2,1
i,j (c̃

s(t), ṽs(t), s) :=

D1

(�x)2
�
c̃
s
i�1,j(t) + c̃

s
i+1,j(t) + c̃

s
i,j�1(t) + c̃

s
i,j+1(t)� 4c̃si,j(t)

�

�
⌘1

2 (�x)2
��
c̃
s
i,j(t) + c̃

s
i+1,j(t)

� �
ṽ
s
i+1,j(t)� ṽ

s
i,j(t)

�

�
�
c̃
s
i,j(t) + c̃

s
i�1,j(t)

� �
ṽ
s
i,j(t)� ṽ

s
i�1,j(t)

�

+
�
c̃
s
i,j(t) + c̃

s
i,j+1(t)

� �
ṽ
s
i,j+1(t)� ṽ

s
i,j(t)

�
�
�
c̃
s
i,j(t) + c̃

s
i,j�1(t)

� �
ṽ
s
i,j(t)� ṽ

s
i,j�1(t)

��

+ F
2
i,j(c̃

s(t), ṽs(t), s).

(2.5.28)

On the other hand H
2,2(·, ·) = {H

2,2
i,j (·, ·)}i,j=1,N represents the discretisation of

the ECM equation corresponding to the second equation in (2.2.1), and each of its

components H2
i,j(·, ·), 8 i, j = 1, N , are given by

H
2,2
i,j (c̃

s(t), ṽs(t)) := �↵c̃
s
i,j(t)ṽ

s
i,j(t) + µ2(Kc � c̃

s
i,j(t)� ṽ

s
i,j(t))

+
. (2.5.29)

Finally, using the same uniform time discretisation {tn}n=0,L, with of time step

�t := T/L, for each n 2 {0, . . . , L}, a simple Euler time marching step for system
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(2.5.27) can be formalised as usual via the associated operator

eK2
s : RN⇥N

⇥ RN⇥N
! RN⇥N

⇥ RN⇥N

given by

eK2
s

0

@

2

4c̃
s,n

ṽ
s,n

3

5

1

A :=

2

4c̃
s,n

ṽ
s,n

3

5+�t

2

4H
2,1(c̃s,n, ṽs,n, s)

H
2,2(c̃s,n, ṽs,n)

3

5 ,

(2.5.30)

where c̃s,n := c̃
s(tn), and ṽ

s,n := ṽ
s(tn), while the right hand side operators are cor-

respondingly given H
2,1(c̃s,n, ṽs,n, s) := H

2,1(c̃s(tn), ṽs(tn), s) and H
2,2(c̃s,n, ṽs,n) :=

H
2,2(c̃s(tn), ṽs(tn)). This however, enables us to formulate the “forward operator”

K
2 between the family of function S where we search for the appropriate cancer

cells proliferation function s
c⇤,v⇤ and the space where the discretised measurements

(2.3.6) are recorded. Hence, the forward operator K
2 is defined as

K
2 : S ! RN⇥N

⇥ RN⇥N

given by

K
2(s) := eK2

s �
eK2
s � · · · · · · �

eK2
s| {z }

L times

0

@

2

4c̃0

ṽ0

3

5

1

A

(2.5.31)

where c̃0 := {c0(xi, yj)}i,j=1,N and ṽ0 := {v0(xi, yj)}i,j=1,N are the discretised initial

conditions (2.2.4) for the governing tumour forward model. Hence, for each s 2

S, the forward operator K
2 gives the spatio-temporal progression of the initial

condition [c̃0, ṽ0]T under the invasion model (2.2.1), which is obtained when the

cell proliferation law at each instance of time t is given by the trial proliferation

operator F2 evaluated on the 3rd variable at s (i.e., the proliferation law is given

by F
2(c̃s(t), ṽs(t), s)).

46



2.5.2 The Inverse Problem Regularisation Approach in 2D

Similar to the 1D case, we can immediately observe, from (4.4.33) and (4.4.34) that

our forward operator K2 is given again as a finite composition of a�ne functions

of the form

S 3 s 7�! eK2
s 2 `2(`2(E ⇥ E); `2(E ⇥ E)), (2.5.32)

with `2(`2(E ⇥ E); `2(E ⇥ E)) being the usual finite-dimensional Bochner space of

square integrable vector-value functions [110] with respect to the counting measure

that are defined on `2(E⇥E) and take values in `2(E⇥E), where E := {Ei,j}i,j=1,N

represents the standard basis of elementary matrices associated with the grid G⌦ .

As a direct consequence, we obtain again that this is both continuous and compact,

from where we obtain that K2 is also closed and sequentially bounded. Therefore,

also in the 2D case we obtain that K2 satisfies the hypotheses assumed in [31] that

ensure convergence for the nonlinear Tikhonov regularisation strategy given by the

functionals {J↵}↵>0, with ↵ := ↵(�) appropriately chosen such that lim
�!0

↵(�) = 0

J↵(�) : S ! R,

defined by

J↵(�) (s) :=

������
K

2(s)�

2

4c̃
⇤
�

ṽ
⇤
�

3

5

������

2

2

+ ↵(�)ksk22, 8s 2 S.

(2.5.33)

This enables us to identify sc
⇤,v⇤ as the limit as � ! 0 of the points of minimum s

↵(�)

of J↵(�). The two norms involved in (2.5.33) represent the usual Euclidean norms

on the corresponding finite dimensional spaces, with the first one representing the

standard Euclidean norm on RN⇥N
⇥ RN⇥N , and the second one being precisely
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the Euclidean norm induced on the M ⇥ M�dimensional space of functions S

as detailed at the end of Section 2.4.2. Finally, in (2.5.33), c̃⇤� and ṽ
⇤
� represent

the discretised measurements of the densities of cancer cells and ECM given in

equations (2.3.7a)-(2.3.7b) in two dimensions, i.e., c̃
⇤
� := {c

⇤
�(xi, yj)}i,j=1,N and

ṽ
⇤
� := {v

⇤
� (xi, yj)}i,j=1,N .

2.5.3 Reconstruction of the logistic and Gompertz laws in

cancer model (2.2) in 2D

We now apply the inversion problem approach developed in this section for the

context of forward model (2.2.1) in 2D, and proceed with the reconstruction of

logistic and Gompertz proliferation laws.

Initial Conditions. The initial conditions (2.2.4) that we consider in the com-

putations for the forward model (2.2.1) are taken here to be of the form

c0(x) := 0.5

✓
exp

✓
�
kx� (2, 2) k22

0.03

◆
� exp (�9.407)

◆
, (2.5.34a)

v0(x) := 0.5 + 0.3 sin (4⇡kxk2) , 8 x 2 ⌦. (2.5.34b)

The cancer cells proliferation laws are reconstructed from both exact and noisy

measurement data detailed in (2.3.7)-(2.3.9) as additional information for the for-

ward model (2.2.1) for the 2D case, while assuming the presence of initial conditions

(2.5.34) and boundary conditions (2.2.5). Furthermore, here we have that the 2D

random variables �c(x) and �v(x), 8x 2 ⌦ ⇢ R2, which induce the levels of noise

� > 0 in the measurements (2.3.7), were obtained via MATLAB function norm-
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rnd by taking {�c(xi,j)}i,j=1,N := normrnd (0, �c, N ⇥N) and {�v(xi,j)}i,j=1,N :=

normrnd (0, �v, N ⇥N). For each regularisation parameter ↵ > 0 considered here,

the minimisation process for J↵ is initiated with s0 = I⇥10�3, (where I represents

the M ⇥ M matrix of ones), and for the actual minimisation we employed here

the nonlinear minimisation MATLAB function lsqnonlin. Finally, since there are

no data to test the trial proliferating operators beyond the maximal accessible re-

gion Ac that, similar to the one given in (2.4.24), is defined by the minimum and

maximum values of the solution, i.e.,

Ac := [c̄min
, c̄

max]⇥ [v̄min
, v̄

max], with:

c̄
min := min

(x,t)2⌦⇥[0,T ]

c(x, t), c̄
max := max

(x,t)2⌦⇥[0,T ]

c(x, t),

v̄
min := min

(x,t)2⌦⇥[0,T ]

v(x, t), v̄
max := max

(x,t)2⌦⇥[0,T ]

v(x, t),

the reconstructions in this section will be attempted only for the restriction of the

sought proliferation laws to Ac. An acceptable numerical reconstruction of the

proliferation law s
c⇤,v⇤ , i.e.,

s
c⇤,v⇤ := s

↵⇤
, (2.5.35)

is obtained for the choice of the regularisation parameter ↵⇤, which throughout

this work is selected based on a standard discrepancy principle argument [69].
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a)

b)

Figure 2.3: Reconstruction of logistic proliferation within model (2.2.2) obtained using
the parameters given in Table 5.1: row a) the true logistic proliferation law restricted
to Ac; row b) the reconstructed logistic proliferation law on Ac in the presence of exact
and noisy data. Row b) shows the reconstructions of logistic cancer cell proliferation law
obtained for: (left) exact data and ↵⇤ = 10�10; (centre) 1% noisy data and ↵⇤ = 10�3;
and (right) 3% noisy data and ↵⇤ = 10�2. For all plots in this figure we have that: 1) the
first axis represents the values for c 2 [c̄min, c̄max]; 2) second axis represents the values
for v 2 [v̄min, v̄max]; and 3) the colour bars represent the magnitude of proliferation law
or its reconstructions at each (c, v) 2 Ac.

Figure 2.3 shows the reconstruction of the logistic cancer cell proliferation law

for cancer model (2.2) in the presence of the measurements given by (2.3.7)-(2.3.9)

that are considered here both exact and a↵ected by a level of noise � 2 {1%, 3%}.
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a)

b)

Figure 2.4: Reconstruction of Gompertz proliferation within model (2.2.3) obtained
using the parameters given in Table 5.1: row a) the true Gompertz proliferation law
restricted to Ac; row b) the reconstructed Gompertz proliferation law on Ac in the
presence of exact and noisy data. Row b) shows the reconstructions of Gompertz cancer
cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�8; (centre) 1% noisy
data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. For all plots in this
figure we have that: 1) the first axis represents the values for c 2 [c̄min, c̄max]; 2) second
axis represents the values for v 2 [v̄min, v̄max]; and 3) the colour bars represent the
magnitude of proliferation law or its reconstructions at each (c, v) 2 Ac.

Similarly, Figure 2.4 shows the reconstruction of Gompertz cancer cell prolif-

eration law for cancer model (2.2) in the presence of the measurements given by

(2.3.7) and (2.3.9) that are considered here both exact and a↵ected by a level of

noise � 2 {1%, 3%}.

From Figure 2.3 and Figure 2.4 we observe that we obtain good proliferation

laws reconstructions in both cases (i.e., logistic and Gompertz, respectively) when

the measurement data are not a↵ected by noise. However, as expected, as soon

as the level of noise increases in the measurements, the reconstruction gradually
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looses accuracy both in the case of logistic law (shown in Figure 2.3) and in the

case of Gompertz law (shown in Figure 2.4).

2.6 Further Remarks on a Special Case: the Re-

construction of Bertalan↵y Law for Cancer

Invasion Model (2.2) in 1D and 2D

Alongside logistic an Gompertz laws, another notable modelling approach for pro-

liferation that was proposed in the cancer modelling literature is the von Berta-

lan↵y law [27, 57, 100], which is of the form

f̄ (c, e) := µc

⇣
(Kc � e)1/3 c2/3 � c

⌘
, (2.6.36)

where, as in the case of (2.2.2)-(2.2.3), c stands for a generic cancer cell population

density, and e represents the tissue environment density. However, the reconstruc-

tion of Bertalan↵y proliferation law for cancer cells proliferation of one population

model (2.2) proves to be more challenging and requires further refinement of the

approaches developed in Sections 2.4 and 2.5. Specifically, for a reasonable recon-

struction of the Bertalan↵y proliferation law requires the involvement of a molli-

fied version of the trial proliferation operator Fd, d = 1, 2, with: (1) F1 given in

(2.4.12) for one dimensional case; and (2) F2 given in (5.5.17) for two dimensional

case. Cell proliferation reconstruction for the one cancer cell population tumour

invasion model (2.2) with the measurement (2.3.7a)-(2.3.7b), where c
⇤
exact(x) and

v
⇤
exact(x) are given by the solution at the final time tf := T of this model with
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zero-flux boundary conditions and initial conditions (2.2.5) and (2.4.23), i.e.,

c
⇤
exact(x) := c̄(x, tf ) and v

⇤
exact(x) := v̄(x, tf ), 8x 2 ⌦,

which is obtained when the cell proliferation law is taken of the form f (c, v) :=

f̄(c, v), where f̄(·, ·) is the law given in (2.6.36).

a)

b)

Figure 2.5: Reconstruction of Bertalan↵y proliferation within model (2.2) in 1D ob-
tained using the parameters given in Table 5.1: row a) the true Bertalan↵y proliferation
law restricted to Ac; row b) the reconstructed Bertalan↵y proliferation law on Ac in
the presence of exact and noisy data. Row b) shows the reconstructions of Bertalan↵y
cancer cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�4; (centre) 1%
noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. For all plots in
this figure we have that: 1) the first axis represents the values for c 2 [c̄min, c̄max]; 2)
second axis represents the values for v 2 [v̄min, v̄max]; and 3) the colour bars represent
the magnitude of proliferation law or its reconstructions at each (c, v) 2 Ac.
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(a)

(b)

Figure 2.6: Reconstruction of von Bertalan↵y proliferation within model (2.2) obtained
using the parameters given in Table 5.1: row a) the true von Bertalan↵y proliferation law
restricted to Ac; row b) the reconstructed von Bertalan↵y proliferation law on Ac in the
presence of exact and noisy data. Row b) shows the reconstructions of von Bertalan↵y
cancer cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�3; (centre) 1%
noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. For all plots in
this figure we have that: 1) the first axis represents the values for c 2 [c̄min, c̄max]; 2)
second axis represents the values for v 2 [v̄min, v̄max]; and 3) the colour bars represent
the magnitude of proliferation law or its reconstructions at each (c, v) 2 Ac.

Figure 2.5 and Figure 2.6 show the reconstruction of the Bertalan↵y cancer cell

proliferation law for cancer model (2.2) in both 1D and 2D respectively, in the

presence of the measurements given by (2.3.7) and (2.3.9) that are considered here

both exact and a↵ected by a level of noise � 2 {1%, 3%}.

In order to obtain a reasonable approximation, we needed to mollify the trial

operator. Thus, the mollified trial proliferation operator used here (instead of Fd,
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d = 1, 2) is denoted by F
d
✏ , and is defined here as

F
d
✏ (·, ·, ·) : RN⇥N

⇥ RN⇥N
⇥ S ! RN⇥N

given by

F
d
✏ (·, ·, ·) := {F

d
i,j(·, ·, ·) ⇤  ✏}i,j=1,N

(2.6.37)

where, 8 i, j = 1, N , we have that F
d
i,j(·, ·, ·) is the function defined in (5.5.17).

Furthermore, the involved kernel  ✏ is given by the standard mollifier of radius

✏ > 0, namely

 ✏ (x) :=
1

✏d
 

⇣
x

✏

⌘

where  is the compact support function  : Rd
! R,

 (x) :=

8
>>>><

>>>>:

exp

✓
�1

1�kxk22

◆

R

B(0,1)

exp

✓
1

1�kzk22

◆
dz

if x 2 B (0, 1) ,

0 if x /2 B (0, 1) ,

(2.6.38)

with B (0, 1) representing the open unit ball in Rd, for d = 1, 2. In computations

the mollification radius ✏ is taken as in Table 2.1.

Throughout these simulations, unless otherwise stated, we use the following pa-

rameter set for the non-dimensionalised system of equations (2.2.1a) and (2.2.1b),

namely:
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Parameter Value Description Reference
D1 0.00675 di↵usion of primary tumour [28]
⌘1 2.85⇥ 10�2 haptotaxis to ECM from c1 [75]
µc 0.25 proliferation of tumour cells c [89]
Kc 1 tissue carrying capacity [99]
⇢ 2 ECM degradation coe�cient [90]
µv 0.40 ECM remodelling coe�cient [99]
�x 0.03125 discretisation step size for G⌦ [99]
�t 10�3 time step size [99]
�⌘ 0.0625 mesh size used for GM Estimated
✏ 0.06967 mollification radius Estimated

Table 2.1: Summary of parameter values that have used for one population of cancer
cells.

2.7 Conclusion

In this chapter we have explored a new inverse problem that addresses the recon-

struction of the cancer cells proliferation law in cancer invasion modelling from

available additional measurements taken in form of a spatial tumour snapshot

data (which in practice can be provided through a medical imaging scan) that

is acquired at a later stage in the tumour evolution. The investigation considers

the cancer cells proliferation law reconstruction in the context of single cancer cell

population model (2.2.1) in both one and two dimensions. We have developed an

inverse problem Tikhonov regularisation-based approach, where the reconstruction

of the proliferation law for the single cancer cell population in the case of model

(2.2.1) is identified from additional information provided in the form of both exact

and noisy measurements.

This inverse problem approach is implemented computationally via a mixed fi-
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nite di↵erences - finite element numerical scheme. Specifically, on one hand, we

use a Crank-Nicholson type finite di↵erence scheme for the discretisation of the

involved forward model that arises in the tumour invasion dynamic that we con-

sidered here (i.e., corresponding to an invading tumour with a single cancer cells

population). On the other hand, we develop a finite element approach involving

a bilinear shape functions on a square mesh for the discretisation of proliferation

laws candidates recruited from a proposed space of functions S as well as their

evaluation on a maximal accessible regions where the proliferation law reconstruc-

tion is performed. Finally, this part is appropriately assembled in an optimisation

solver that seeks to reconstruct the cancer cell proliferation law by minimising

over the space S the emerging Tikhonov functionals that are formulated in single

cancer model considered.

Finally, this inversion approach was explored and tested on the reconstruction

cancer cell proliferation laws that are used in cancer modelling, namely: (i) logistic,

(ii) Gompertz, and (iii) von Bertalan↵y. While for exact measurement we obtain

a good reconstruction for both logistic and Gompertz laws, for increasingly noisy

measurements the reconstruction gradually deteriorates. This degradation of the

reconstruction in increasing noise regime is expected. Finally, as the reconstruction

of the von Bertalan↵y law proved to be more challenging numerically both in the

case of exact and measure data, for an acceptable reconstruction we amended our

approach with a mollification approach for the trial proliferation operator that is

involved in the formulation of the associated forward operator.
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Chapter 3

Reconstruction of Cancer Cells

Proliferation Laws in Heterotypic

Tumour Dynamics

3.1 Introduction

We expand now our investigation to explore the reconstruction of the cancer cell

proliferation laws in the context of an extended tumour invasion model that as-

sumes not just one but two cancer cells subpopulations. Indeed, as the tumour

evolve, cells from the initial primary tumour cell population undergo genetic mu-

tations and give rise to a second mutated cancer cell population [43, 98] that is

usually more aggressive [94], spreading faster and further in the human tissue than

the first one.

We will assume that after certain time period and only in regions with su�-
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ciently high ECM density v > vmin some of the primary tumour cells (from the

cancer cell population considered in Chapter 2) mutate and give raise to a sec-

ondary cancer cells population. For simplicity, here we assume that the primary

and secondary cancer cells populations exercise the same type of spatial transport.

In this chapter, on one hand, we will explore the reconstruction of cancer cells

proliferation law for the mutated tumour cell population assuming that the cancer

cells proliferation law for the primary tumour cells is known. On the other hand,

we also address the simultaneous identification of the unknown proliferation laws

for both primary and mutated cancer cells subpopulations from measured data a

later time during the tumour evolution.

Finally, we would like to mention that the identification of cancer cells mutation

law (that is followed by cancer cells from the primary tumour cells population to

mutate in a secondary population of cancer cells) is also of interest for us, and

that will be addressed in Chapter 4.

3.2 Two Cancer Cells Sub-populations Tumour

Invasion Model in 1D and 2D

It is well known that over time cancers become more malignant, the primary cancer

loss some cells and mutate into more aggressive phenotype. In this section, we will

explore this situation by 1D and 2D modelling the coupled dynamics of two cancer

cell sub-populations, primary and mutated tumour mixed with the ECM density.

The coupled dynamics takes place over a time interval [0, T ] on a d�dimensional

compact tissue domain ⌦ ⇢ Rd, d = 1, 2.
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During the development of cancer, after a certain time period and in the pres-

ence of a certain level of ECM, a second population of cancer is emerging via the

mutations occurring within the primary cancer cell population. Thus, denoting

the density of the primary cancer cel subpopulation by c1(x, t) and the density of

mutated cancer cells subpopulation by c2(x, t), these are mixed with a density of

ECM (that continues to be denoted by v(x, t)) and together exercise a coupled

spatio-temporal dynamics (on the tissue region ⌦ ⇢ Rd, d = 1, 2, over the time

interval [0, tf ]) that is similar in nature to the one discussed in Section 2.2 in the

case of a single cancer cel population, captured there by forward model (2.2.1).

Indeed, while per unit time mutations occur between primary tumour cells and

the mutated cancer cells, both subpopulations exercise a random movement and

haptotactic directed motility on ECM gradients in the presence of a proliferation

laws that here are considered unknown for each of the two sub-populations. On

the other hand, both cancer cells degrade the ECM and contribute to its remod-

elling. Therefore, the tumour invasion coupled dynamics in both 1D and 2D spatial

dimensions can be formalised mathematically as

@c1

@t
= D1�c1| {z }

di↵usion

� ⌘1r · (c1rv)| {z }
haptotactic movement

+ f1 (c1, c2, v)| {z }
unknown proliferation

� Q (v, t) c1| {z }
mutation: c1 ! c2

, (3.2.1a)

@c2

@t
= D2�c2| {z }

di↵usion

� ⌘2r · (c2rv)| {z }
haptotactic movement

+ f2 (c1, c2, v)| {z }
unknown proliferation

+ Q (v, t) c1| {z }
mutation: c1 ! c2

, (3.2.1b)

@v

@t
= �⇢(c1 + c2)v| {z }

degradation

+µv (Kc � v � c1 � c2)
+

| {z }
remodelling term

, (3.2.1c)

where Dp represents the di↵usion coe�cient while ⌘p is the haptotactic rate for

population cp, p = 1, 2. Further, as before, ⇢ > 0 is the ECM degradation rate,

and µv � 0 is the ECM remodelling rate. Finally, as the mutation rate from cancer
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cells sub-population c1 into sub-population c2, Q (v, t), is dependent on both time

and the ECM density levels [61], we adopt for this the modelling proposed in

[6, 28], and so mathematically we formalise this as

Q (v, t) := �0H (t� t1,2) ·H (v (x, t)� vmin) , 8(x, t) 2 ⌦⇥ [0, tf ],

where H(·) denotes the usual Heaviside step function, �0 > 0 is the rate at which

after a certain time t1,2 > 0 and in the presence of a minimal level of ECM

vmin > 0 mutations occur.

Finally, the coupled dynamics (3.2.1a)-(3.2.1c) takes place in the presence of

initial conditions

c1(x, 0) := c1,0(x), c2(x, 0) := c2,0(x), and v(x, 0) := v0(x), 8x 2 ⌦ ⇢ Rd
,

(3.2.2)

where c1,0(·), c2,0(·) and v0(·) represent the initial densities primary cells sub-

population c1, mutated cells sub-population c2, and ECM, respectively. Again, as-

suming as in the case of single cancer cells population model (discussed in Chapter

2) that there is no cellular exchange or ECM flux across the tissue region bound-

aries, the coupled dynamics (3.2.1a)-(3.2.1c) is considered here in the presence of

zero Neumann boundary conditions, namely:

@c1

@n

����
@⌦⇥[0,T ]

= 0,
@c2

@n

����
@⌦⇥[0,T ]

= 0 and
@v

@n

����
@⌦⇥[0,T ]

= 0, (3.2.3)

where n(⇠) is the usual normal direction at any given tissue boundary point ⇠ 2

@⌦ ⇢ Rd, d = 1, 2. Finally, both in 1D and 2D, the tumour dynamics (3.2.1)

together with the initial and boundary conditions (3.2.2) and (3.2.3) is referred to
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as the “forward model”.

3.3 Inverse Problem Objective andMeasurements:

Reconstruction of the Unknown Cancer Cells

Proliferation Law in Model (3.2.1) in 1D and

2D Cases

Building on the approach described in Chapter 2, we proceed now to address the

reconstruction of the unknown cancer cells proliferation law f2(c1, c2, v) for the

mutated cancer population. Furthermore, in Section 3.8 the simultaneous recon-

struction of the unknown cancer cells proliferation laws f1(c1, c2, v) and f2(c1, c2, v)

for both primary and mutated cancer cell subpopulations will be attempted. All

these reconstructions will be carried out both in 1D and 2D spatial cases in the

presence of measured data

c
⇤
1(·) : ⌦ ! R for the cancer subpopulation c1, (3.3.4a)

c
⇤
2(·) : ⌦ ! R for the cancer subpopulation c2, (3.3.4b)

v
⇤(·) : ⌦ ! R for the ECM density. (3.3.4c)

Furthermore, as we consider here both the case of exact and noisy data, we assume

that the measured data (3.3.4) are of the same type as the ones considered in
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Section 2.3, and specifically these are given here as

c
⇤
p,�(x) := c

⇤
p,exact(x) + ��cp(x), , p = 1, 2, (3.3.5a)

v
⇤
� (x) := v

⇤
exact(x) + ��v(x), (3.3.5b)

where, 8 x 2 ⌦ ⇢ Rd, d = 1, 2, we have that c
⇤
p,exact(x), p = 1, 2, and v

⇤
exact(x)

are assumed to be exact data that may not be accessible in accurate form, and

rather these would be a↵ected by a level of noise � � 0. Further, �cp(x), p = 1, 2,

and �v(x) are signal-independent noise which again are generated from a Gaussian

normal distribution with mean zero and standard deviations

�cp :=
1

� (⌦)

Z

⌦

c
⇤
p,exact(x) dx, p = 1, 2, (3.3.6)

and �v given in (2.3.8b), respectively.

Finally, as we did in the previous chapter, also in this chapter we will revisit the

two important cancer cell proliferation low cases that address the reconstruction

of logistic and Gompertz laws in the context of heterolytic tumour dynamics with

two cancer cells subpopulation in both 1D and 2D. To identify the cancer cells

proliferation laws simultaneously for both cancer cell sub-populations, we consider

both exact and noisy measurement data (3.3.4), for which, as in Section 2.3 the

exact data (namely c
⇤
1,exact(x), c

⇤
2,exact(x) and v

⇤
exact(x)) that appear in (3.3.5) are
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given by the solution at the final time tf > 0 for the forward model (3.2.1), i.e.,

c
⇤
p,exact(x) := c̄p(x, tf ), p = 1, 2,

and

v
⇤
exact(x) := v̄(x, tf ), 8x 2 ⌦ ⇢ Rd

, d = 1, 2,

(3.3.7)

which are obtained when (3.2.1) uses known proliferation laws for primary and

mutated cancer cell sub-populations. Specifically, these two known proliferation

laws used in model (3.2.1) are of the form

f1(c1, c2, v) := f̄(c1, c2 + v) and f2(c1, c2, v) := f̄(c2, c1 + v), (3.3.8)

being induced by a known law f̄(c, e) that is specified as appropriate in each of

the following two cases, namely:

Case 1: for the reconstruction of the logistic cancer cell proliferation law, f̄(c, e) is

the logistic law given in (2.2.2);

Case 2: for the reconstruction of the Gompertz cancer cell proliferation law, f̄(c, e)

is the Gompertz law given in (2.2.3).
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3.4 Reconstruction for the Unknown Prolifera-

tion Law for the Mutated Cancer Cell Sub-

population in Model (3.2.1) in 1D

In this section, we will follow the same approach described in Chapter 2 Section

2.4, and so using the measured data (3.3.4)-(3.3.6) we proceed now to address

the reconstruction of the unknown cancer cells proliferation law f2(c1, c2, v), while

the rest of the terms in f(3.2.1) are considered known. For the tissue region ⌦ ⇢

R, assume the same uniform spatial discretisation G⌦ := {xi}i=1,N introduced in

Section 2.4. Thus, at any given time t 2 [0, tf ] the discretisations of cancer densities

c1(·, t), c2(·, t) and v(·, t) are therefore given by the N vectors c̃1(t) := {c̃1,i(t)}i=1,N ,

c̃2(t) := {c̃2,i(t)}i=1,N and ṽ(t) := {ṽi(t)}i=1,N , with c̃1,i(t) := c1((xi), t), c̃2,i(t) :=

c2((xi), t) and ṽi(t) := v((xi), t), 8 i = 1, N .

3.4.1 The 1D Forward Solver for the Heterotypic Cancer

Invasion Model

Using again the a priori knowledge that the cumulated ECM and cancer densities

do not exceed the tissue carrying capacity Kc, also in this case the unknown pro-

liferation law for the mutated cancer cells can be written in terms of an unknown

(for the moment) approximating function s
c⇤1,c

⇤
2,v

⇤

1 : [0, Kc] ⇥ [0, Kc] ! [0,1).

This unknown function s
c⇤1,c

⇤
2,v

⇤

2 will be appropriately identified within the same

family of function S that was defined by (2.4.11) in Section 2.4.1 such that

the corresponding solution for the tumour model (3.2.1) will match the mea-
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surements given in (3.3.4)-(3.3.6). Thus, denoting through f
c⇤1,c

⇤
2,v

⇤

2 (·, ·, ·) the un-

known proliferation for which the corresponding solution of model (3.2.1) denoted

by (c̃
s
c⇤1,c

⇤
2,v

⇤
1
1 (t), c̃

s
c⇤1,c

⇤
2,v

⇤
1
2 (t), ṽs

c⇤1,c
⇤
2,v

⇤
1 (t)) matches measurement (3.3.4), at each grid

point xi this can be expressed again as

f
c⇤1,c

⇤
2,v

⇤

2 (c̃
s
c⇤1,c

⇤
2,v

⇤
1
1 (t), c̃

s
c⇤1,c

⇤
2,v

⇤
1
2 (t), ṽs

c⇤1,c
⇤
2,v

⇤
1 (t)):=F

1
i (c̃

s
c⇤1,c

⇤
2,v

⇤
1
2 (t), c̃

s
c⇤1,c

⇤
2,v

⇤
1
1 (t)+ṽ

s
c⇤1,c

⇤
2,v

⇤
1 (t), s

c⇤1,c
⇤
2,v

⇤

1 ),

(3.4.9)

where F
1(·, ·, ·) := {F

1
i (·, ·, ·)}i=1,N , F

1(·, ·, ·) : RN
⇥ RN

⇥ S ! RN , represents

the “trial proliferation operator” given still by (2.4.12) in Section 2.4.1, which in

the current context, for any candidate function s 2 S, has its components F
1
i ,

8 i = 1, N given by:

F
1
i (c̃

s
2(t), ẽ

s
2(t), s) :=

X

p,q=0,1

s(⌘l+p, ⇣k+q)�l+p,k+q(c̃
s
2,i(t), ẽ

s
2,i(t)), (3.4.10)

Here, c̃s21 (t) := {c̃
s2
1,i(t)}i=1,N , c̃

s2
2 (t) := {c̃

s2
2,i(t)}i=1,N , ṽ

s2(t) := {ṽ
s2
i (t)}i=1,N , repre-

sent the solutions at the grid points and time t > 0 for the cancer cells and ECM

densities obtained with model (3.2.1) when this uses F1
i (·, ·, s) as proliferation law

given in (3.4.10) (instead of the unknown true proliferation law). Furthermore, in

this context, we have that ẽp(t), given as

ẽ1(t) := c̃2(t) + ṽ(t) and ẽ2(t) := c̃1(t) + ṽ(t),

represents the tissue environment for the discretised solution density for the cancer

cells sub-population c̃
s
p(t), p = 1, 2. Thus, in space-discretised form, model (3.2.1)
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in 1D can be recasted as

@

@t

2

6664

c̃
s
1

c̃
s
2

ṽ
s

3

7775
=

2

6664

H
1,1(c̃s1(t), ṽ

s(t))� F
1(c̃s1(t), ṽ

s(t)) + f1(c̃s1(t), ẽ
s
1(t))�Q(ṽs(t), t)

H
1,1(c̃s2(t), ṽ

s(t), s)�F
1(c̃s2(t), ṽ

s(t), s)+F
1(c̃s2(t), ẽ

s
2(t), s)+Q(ṽs(t), t)

H
1,2(c̃s1(t) + c̃

s
2(t), ṽ

s(t))

3

7775

(3.4.11)

Here, we have that the operators H1,1 and H
1,2 are the ones defined in equations

(2.4.15)-(2.4.16) in Section 2.4.1, f1 is the known proliferation law for the primary

cancer population c1, while Q is the mutation term (all of these being evaluated at

the spatial grid points). Finally, considering the same uniform time discretisation

{tn}n=0,L as in the previous chapter, a simple Euler time marching step for system

(3.4.11) can be formalised via the associated operator

⇡
K

1
s : RN

⇥ RN
⇥ RN

! RN
⇥ RN

⇥ RN (3.4.12)

given by

⇡
K

1
s

0

BBB@

2

6664

c̃
s,n
1

c̃
s,n
2

ṽ
s,n

3

7775

1

CCCA
:=

2

6664

c̃
s,n
1

c̃
s,n
2

ṽ
s,n

3

7775
+�t

2

6664

H
1,1(c̃s,n1 , ṽ

s,n
, s)�F

1(c̃s,n1 , ṽ
s,n
, s) + f1(c̃

s,n
1 , ẽ

s,n
1 )�Q(ṽs,n, tn)

H
1,1(c̃s,n2 , ṽ

s,n
, s)�F

1(c̃s,n2 , ṽ
s,n
, s)+F

1(c̃s,n2 , ẽ
s,n
2 , s)+Q(ṽs,n, tn)

H
1,2(c̃s,n1 + c̃

s,n
2 , ṽ

s,n)

3

7775

(3.4.13)

where c̃
s,n
1 := c̃

s
1(tn), c̃

s,n
2 := c̃

s
2(tn) and ṽ

s,n := ṽ
s(tn), while the right hand side

operators H1,1, H1,2, f1 and Q are evaluated as required at these space-time dis-
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cretised densities. This however, enables us to formulate “forward operator” K

between the family of function S where we search for the appropriate cancer cells

proliferation function s
c⇤1,c

⇤
2,v

⇤
and in space where the discretised measurements

(3.3.4) are recorded. Hence, the “forward operator” is defined as

K
1
: S ! RN

⇥ RN
⇥ RN

given by

K
1
(s) :=

⇡
K

1
s �

⇡
K

1
s � · · · �

⇡
K

1
s| {z }

L times

0

BBB@

2

6664

c̃0

0

ṽ0

3

7775

1

CCCA

(3.4.14)

where c̃1,0 := {c1,0(xi)}i=1,N and ṽ0 := {v0(xi)}i=1,N are the discretised initial

conditions (3.2.2) for the governing tumour forward model. Hence, for each s 2

S, the forward operator K
1
gives the spatio-temporal progression of the initial

condition [c̃1,0, c̃2,0, ṽ0]T under the invasion model (3.2.1), which is obtained when

the cell proliferation law at each instance of time t � 0 is given by the trial

proliferation operator F1 evaluated on the 3rd variable at s (i.e., the proliferation

law is given by F(c̃s22 (t), ẽs22 (t), s2)).

3.4.2 The Inverse Problem Regularisation Approach for

reconstructing the proliferation law for the second

cancer in 1D

Similar to Chapter 2, Section 2.4.2, also in this case we obtain from (3.5.21) and

(3.4.14) that the “forward operator” K is given as a finite composition of a�ne
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functions of the form

S 3 s 7�!
⇡
K

1
s 2 `2(`(E ⇥ E ⇥ E); `(E ⇥ E ⇥ E)), (3.4.15)

with `2(`(E ⇥ E ⇥ E); `(E ⇥ E ⇥ E)) being the usual finite-dimensional Bochner

space of integrable vector-value functions defined on `(E⇥E⇥E) and taking values

in the same space. From this, we obtain again that the mappings given in (3.5.24)

are both continuous and compact, from where we obtain that K
1
is also closed

sequentially bounded, and so the inverse problems hypotheses assumed in [31] are

again satisfied. This ensures the convergence of the nonlinear Tikhonov regulari-

sation strategy defined by the functionals {J↵}↵>0, with ↵ := ↵(�) appropriately

chosen such that lim
�!0

↵(�) = 0,

J↵(�) : S ! R, 8↵ > 0,

defined by

J↵(�)(s) :=

���������

K
1
(s)�

2

6664

c̃
⇤
1,�

c̃
⇤
2,�

ṽ
⇤
�

3

7775

���������

2

2

+ ↵(�)ksk22, 8s 2 S,

(3.4.16)

which enables us to identify s
c⇤1,c

⇤
2,v

⇤
as the limit as � ! 0 of the points of minimum

s
↵(�) for J↵(�). The two norms involved in (3.4.16) represent the usual Euclidean

norms on the corresponding finite dimensional spaces as explained in Section 2.4.2.

Finally, in (3.5.25), c̃
⇤
1,�, c̃

⇤
2,� and ṽ

⇤
� represent the discretised measurements of

the densities of cancer cells and ECM given in equations (3.3.4a)-(3.3.4c), i.e.,

c̃
⇤
1,� := {c

⇤
1,�(xi)}i=1,N , c̃

⇤
2,� := {c

⇤
2,�(xi)}i=1,N and ṽ

⇤
� := {v

⇤
� (xi)}i=1,N .
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3.4.3 Reconstruction of the logistic and Gompertz prolif-

eration laws for mutated cancer cell population in

model (3.2.1) in 1D

We explore now the inversion approach that we formulated so far in the context of

forward model (3.2.1) in 1D spatial dimension by proceeding with the reconstruc-

tion of the logistic proliferation and Gompertz proliferation laws.

Initial Conditions. The initial conditions (3.2.2) that we consider in the com-

putations for the forward model (3.2.1) in 1D, the initial conditions for the primary

tumour cels and ECM, c1,0 and v0 are taken here to be of the form given in (2.4.23),

while the mutated initial condition is c2,0 ⌘ 0.

To identify the cancer cells proliferation law for the mutated cancer cell, we con-

sider both exact and noisy measurement data (3.3.4)-(3.3.8) (specified as appropri-

ate for each of the laws) as additional information for the forward model (3.2.1) in

the presence of initial conditions specified above and boundary conditions (3.2.3).

For each regularisation parameter ↵ > 0 considered here, the minimisation

process for J↵ is initiated with s2,0 = I ⇥ 10�3, (where I represents the M ⇥ M

matrix of ones), and for the actual minimisation we employed here the nonlinear

minimisation MATLAB function lsqnonlin.
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a)

b)

Figure 3.1: Reconstruction of logistic proliferation law for second cancer cells sub-
population within model (3.2.1) obtained using the parameters given in Table 3.1: row
a) the true logistic proliferation law restricted to Ac2 ; row b) the reconstructed logistic
proliferation law on Ac2 in the presence of exact and noisy data. Row b) shows the
reconstructions of logistic cancer cell proliferation law obtained for: (left) exact data
and ↵⇤ = 10�10; (centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and
↵⇤ = 10�2. For all plots in this figure we have that: 1) the first axis represents the values
for c2 2 [c̄min

2 , c̄max
2 ]; 2) second axis represents the values for e2 2 [ēmin

2 , ēmax
2 ]; and 3) the

colour bars represent the magnitude of proliferation law or its reconstructions at each
(c2, e2) 2 Ac2 .

Finally, since there are no data to test the trial proliferating operators beyond

the maximal accessible region Ac2 defined by the minimum and maximum values

of the solution, i.e.,

Ac2 := [c̄min
2 , c̄

max
2 ]⇥ [ēmin

2 , ē
max
2 ], with:

c̄
min
2 := min

(x,t)2⌦⇥[0,T ]

c2(x, t), c̄
max
2 := max

(x,t)2⌦⇥[0,T ]

c2(x, t),

ē
min
2 := min

(x,t)2⌦⇥[0,T ]

e2(x, t), ē
max
2 := max

(x,t)2⌦⇥[0,T ]

e2(x, t),
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the reconstructions in this section will be attempted only for the restriction of the

sought proliferation laws to Ac2 . An acceptable numerical reconstruction of the

proliferation law S
c⇤1,c

⇤
2,v

⇤

2 , i.e.,

S
c⇤1,c

⇤
2,v

⇤

2 := s
↵⇤

2 , (3.4.17)

is obtained for the choice of the regularisation parameter ↵⇤, which throughout

this work is selected based on a standard discrepancy principle argument [69].

a)

b)

Figure 3.2: Reconstruction of Gompertz proliferation within model (3.2.1) obtained
using the parameters given in Table 3.1: row a) the true Gompertz proliferation law
restricted to Ac2 ; row b) the reconstructed Gompertz proliferation law on Ac2 in the
presence of exact and noisy data. Row b) shows the reconstructions of Gompertz cancer
cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�7; (centre) 1% noisy
data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�2. For all plots in this
figure we have that: 1) the first axis represents the values for c2 2 [c̄min

2 , c̄max
2 ]; 2) second

axis represents the values for e2 2 [ēmin
2 , ēmax

2 ]; and 3) the colour bars represent the
magnitude of proliferation law or its reconstructions at each (c2, e2) 2 Ac2 .

72



Figure 3.1 shows the reconstruction of the logistic cancer cell proliferation law

for the second cancer in model (3.2.1) in the presence of the measurements given

by (3.3.4)-(3.3.8) for the logistic case in 1D that are considered here both exact

and a↵ected by a level of noise � 2 {1%, 3%}. For comparison, the first row of this

figure shows the true logistic proliferation law restricted at the maximal accessible

region Ac2 where the reconstruction is being attempted. The second row of the

figure show from left to right the reconstruction of the logistic proliferation law on

Ac2 with no noise, 1%, and 3% of noise in the measured data, respectively.

Similarly, Figure 3.2 shows the reconstruction of Gompertz cancer cell prolifera-

tion law for the second cancer in model (3.2.1) in the presence of the measurements

given by (3.3.4)-(3.3.8) for the Gompertz case in 1D that are considered here both

exact and a↵ected by a level of noise � 2 {1%, 3%}. Again, the first row shows

the true Gompertz law restricted to Ac2 where the reconstruction is attempted.

The second row of the figure show from left to right the Gompertz proliferation

reconstruction on Ac2 with no noise, 1%, and 3% of noise in the measured data,

respectively.

From Figure 3.1 and Figure 3.2 we observe that we obtain good proliferation

laws reconstructions in both cases (i.e., logistic and Gompertz, respectively) when

the measurement data are not a↵ected by noise. However, as expected, as soon

as the level of noise increases in the measurements, the reconstruction gradually

looses accuracy both in the case of logistic law (shown in Figure 3.1) and in the

case of Gompertz law (shown in Figure 3.2).
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3.5 Reconstruction of the Unknown Prolifera-

tion law for the Mutated Cancer Cells Sub-

population in Model (3.2.1) in 2D

Building on the approach described in Section 3.4, we proceed now to address

the reconstruction of the unknown cancer cells proliferation law f2(c1, c2, v) for

mutated cancer cell subpopulations from measured data (3.3.4). Again assuming

that the tumour exercise its dynamics within a square maximal tissue region ⌦ ⇢

R2 for which we use the same uniform discretisation grid G⌦ := {(xi, yj)}i,j=1,N

introduced in Section 2.5, at any given time t 2 [0, tf ] the discretisation of cancer

densities c1(·, t), c2(·, t) and v(·, t) are therefore given by the N ⇥ N matrices

c̃1(t) := {c̃1,i,j(t)}i,j=1,N , c̃2(t) := {c̃2,i,j(t)}i,j=1,N and ṽ(t) := {ṽi,j(t)}i,j=1,N , with

c̃i,j(t) := c((xi, yj), t) and ṽi,j(t) := v((xi, yj), t), 8 i, j = 1, N .

3.5.1 The 2D Forward Solver for the Heterotypic Cancer

Invasion Model

Knowing in advance that the tissue carrying capacity Kc is the maximum value

that the accumulated ECM and cancer densities coud reach, the unknown prolifer-

ation law f2(c1, c2, v) for the mutated cancer cells can therefore be written-down in

terms of an unknown (for the moment) function s
c⇤1,c

⇤
2,v

⇤

2 : [0, Kc]⇥ [0, Kc] ! [0,1).

Moreover, this unknown function s
c⇤1,c

⇤
2,v

⇤

2 will be appropriately identified within a

suitable family of function S defined in (2.4.11) such that the corresponding solu-

tion for the tumour model (3.2.1) will match the measurements given in (3.3.4).
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Thus, denoting through f
c⇤1,c

⇤
2,v

⇤

2 (·, ·, ·) the unknown proliferation for which the cor-

responding solution of model (3.2.1) matches measurement (3.3.4), is given here

through an almost identical expression as the one for the 1D case given in (3.4.9),

namely

f
c⇤1,c

⇤
2,v

⇤

2 (c̃
s
c⇤1,c

⇤
2,v

⇤
1
1 (t), c̃

s
c⇤1,c

⇤
2,v

⇤
1
2 (t), ṽs

c⇤1,c
⇤
2,v

⇤
1 (t)):=F

2
i (c̃

s
c⇤1,c

⇤
2,v

⇤
1
2 (t), c̃

s
c⇤1,c

⇤
2,v

⇤
1
1 (t)+ṽ

s
c⇤1,c

⇤
2,v

⇤
1 (t), s

c⇤1,c
⇤
2,v

⇤

1 ),

(3.5.18)

where F
2(·, ·, ·) := {F

2
i,j(·, ·, ·)}i,j=1,N , F

2(·, ·, ·) : RN⇥N
⇥ RN⇥N

⇥ S ! RN⇥N ,

represents a “trial proliferation operator” that is given also in this case by (2.5.26).

Thus, in the particular context of this section, for each candidate function s 2 S,

operator F2 acts as follows

F
2
i,j(c̃

s
2(t), ẽ

s
2(t), s) :=�[0,Kc]2

(c̃s2,i,j(t), ẽ
s
2,i,j(t))

X

p,q=0,1

s(⌘l+p, ⇣k+q)�l+p,k+q(c̃
s
2,i,j(t), ẽ

s
2,i,j(t)),

(3.5.19)

where c̃s1(t) := {c̃
s
1,i,j(t)}i,j=1,N , c̃

s
2(t) := {c̃

s
2,i,j(t)}i,j=1,N and ṽ

s(t) := {ṽ
s
i,j(t)}i,j=1,N

represent the solutions at the grid points and time t > 0 for the cancer cells and

ECM densities obtained with model (3.2.1) when this uses F
2
i,j(c̃

s
2(t), ẽ

s
2(t), s) as

proliferation law, with ẽ
s
2(t) := c̃

s
1(t)+ṽ

s(t). Thus, in space-discretised form, model

(3.2.1) in 2D can be recasted as

@

@t

2

6664

c̃
s
1

c̃
s
2

ṽ
s

3

7775
=

2

6664

H
2,1(c̃s1(t), ṽ

s(t))� F
2(c̃s1(t), ṽ

s(t)) + f1(c̃s1(t), ẽ
s
1(t))�Q(ṽs(t), t)

H
2,1(c̃s2(t), ṽ

s(t), s)�F
2(c̃s2(t), ṽ

s(t), s)+F
1(c̃s2(t), ẽ

s
2(t), s)+Q(ṽs(t), t)

H
2,2(c̃s1(t) + c̃

s
2(t), ṽ

s(t))

3

7775

(3.5.20)

where, H2,1 and H
2,2 are precisely the ones defined in equations (2.5.28)-(2.5.29)

in Section 2.5, while f1 is the known proliferation law and Q is the mutation term
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evaluated at the spatial grid nodes.

Then, assuming the same uniform time discretisation as before, a simple Euler

time marching step for system (3.4.11) in 2D has almost identical form as the one

given in (3.5.21) for the 1D case, and so mathematically this is given by

⇡
K

2
s : RN⇥N

⇥ RN⇥N
⇥ RN⇥N

! RN⇥N
⇥ RN⇥N

⇥ RN⇥N (3.5.21)

given by

⇡
K

2
s

0

BBB@

2

6664

c̃
s,n
1

c̃
s,n
2

ṽ
s,n

3

7775

1

CCCA
:=

2

6664

c̃
s,n
1

c̃
s,n
2

ṽ
s,n

3

7775
+�t

2

6664

H
2,1(c̃s,n1 , ṽ

s,n
, s)�F

2(c̃s,n1 , ṽ
s,n
, s) + f1(c̃

s,n
1 , ẽ

s,n
1 )�Q(ṽs,n, tn)

H
2,1(c̃s,n2 , ṽ

s,n
, s)�F

2(c̃s,n2 , ṽ
s,n
, s)+F

2(c̃s,n2 , ẽ
s,n
2 , s)+Q(ṽs,n, tn)

H
2,2(c̃s,n1 + c̃

s,n
2 , ṽ

s,n)

3

7775

(3.5.22)

As a consequence, also the resulting ”forward operator” K
2
will have a similar

form to the one in 1D. Thus, in the current 2D case, K
2
is given by,

K
2
: S ! RN

⇥ RN
⇥ RN

given by

K
2
(s) :=

⇡
K

2
s �

⇡
K

2
s � · · · �

⇡
K

2
s| {z }

L times

0

BBB@

2

6664

c̃1,0

0

ṽ0

3

7775

1

CCCA

(3.5.23)
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where c̃1,0 := {c1,0(xi, yj)}i,j=1,N and ṽ0 := {v0(xi, yj)}i,j=1,N are the discretised

initial conditions (3.2.2) for the governing tumour forward model. Hence, for each

s2 2 S, the forward operator K
2
gives again the spatio-temporal progression of

the initial condition [c̃1,0, c̃2,0, ṽ0]T under the invasion model (3.2.1) in 2D that is

obtained when the cell proliferation law for mutated cancer at each instance of

time t is given by the trial proliferation operator F2 evaluated on the 3rd variable

at s2 (i.e., the proliferation law is given by F
2(c̃s22 (t), ẽs22 (t), s2)).

3.5.2 Regularisation Approach for the Heterotypic Cancer

Model in 2D

Thus, build on the approach in Subsection 3.4.2, also in this case we obtain that

the “forward operator” K is given as a finite composition of a�ne functions of the

form

S 3 (s2) =: s2 7�! eKs2 2 `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)) (3.5.24)

with `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)) being the usual finite-dimensional Bochner

space of square integrable vector-value functions defined on `2(E⇥E⇥E) and tak-

ing values in the same space. From this, we obtain again that the mappings given

in (3.5.24) are both continuous and compact, from where we obtain that K is also

closed sequentially bounded, and so the inverse problems hypotheses assumed in

[31] are again satisfied. This ensures the convergence of the nonlinear Tikhonov

regularisation strategy defined by the functionals {J↵}↵>0, with ↵ := ↵(�) appro-
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priately chosen such that lim
�!0

↵(�) = 0,

J↵(�) : S ! R,

defined by

J↵(�)(s) :=

���������

K(s)�

2

6664

c̃
⇤
1,�

c̃
⇤
2,�

ṽ
⇤
�

3

7775

���������

2

2

+ ↵(�)ks2k
2
2, 8s 2 S,

(3.5.25)

which enables us to identify s
c⇤1,c

⇤
2,v

⇤

2 as the limit as � ! 0 of the points of minimum

s
↵(�)
2 of J↵(�). The two norms involved in (3.5.25) represent the usual Euclidean

norms on the corresponding finite dimensional spaces. Indeed, while the first is

the standard Euclidean norm on RN⇥N
⇥ RN⇥N

⇥ RN⇥N , the second is also the

Euclidean norm induced on the M ⇥ M�dimensional space of functions S as

detailed in Chapter 2 Finally, in (3.5.25), c̃⇤1,�, c̃
⇤
2,� and ṽ

⇤
� represent the discre-

tised measurements of the densities of cancer cells and ECM given in equations

(3.3.4a)-(3.3.4c), i.e., c̃
⇤
1,� := {c

⇤
1,�(xi, yj)}i,j=1,N , c̃

⇤
2,� := {c

⇤
2,�(xi, yj)}i,j=1,N and

ṽ
⇤
� := {v

⇤
� (xi, yj)}i,j=1,N .

3.5.3 Reconstruction of the logistic and Gompertz laws for

the mutated cancer in cancer model (3.2.1)

We explore now computationally the inversion approach that we formulated so

far in the context of forward model for tumour invasion with two cancer cells

subpopulations (3.2.1). To that end, we proceed with the reconstruction of the

proliferation law for mutated cancer cell in model (3.2.1) in two cases, namely:
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a)

b)

Figure 3.3: Reconstruction of logistic proliferation law for the second cancer within
model (3.2.1) in 2D obtained using the parameters given in Table 3.1: row a) the true
logistic proliferation law restricted to Ac2 ; row b) the reconstructed logistic proliferation
law on Ac2 in the presence of exact and noisy data. Row b) shows the reconstructions
of logistic cancer cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�9;
(centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3.
For all plots in this figure we have that: 1) the first axis represents the values for
c2 2 [c̄min

2 , c̄max
2 ]; 2) second axis represents the values for e2 2 [ēmin

2 , ēmax
2 ]; and 3) the

colour bars represent the magnitude of proliferation law or its reconstructions at each
(c2, e2) 2 Ac2 .

(1) logistic proliferation; and (2) Gompertz proliferation. Alongside the Neumann

zero boundary conditions, model (3.2.1) assumes here the initial conditions (3.2.2),

whose specific forms for the primary cell population and the ECM, namely c1,0 and

v0, being the ones given in (2.5.34), while c2,0 := 0.

To identify the cancer cells proliferation law for mutated cancer cell subpopu-

lation, we consider both exact and noisy measurement data (3.3.4) in Section 3.4

which are specified as appropriate for each of the two laws, logistic and Gomperts.

Figures 3.3 and 3.4 show reconstructions of the logistic and Gompertz cancer
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cells proliferation laws for the second cancer in model (3.2.1) in 2D, respectively.

These reconstructions are carried out in the presence of the measurements given by

(3.3.4)-(3.3.8) for the logistic case that are considered here both exact and a↵ected

by a level of noise � 2 {1%, 3%}. From Figure 3.3 and Figure 3.4 we observe that

we obtain good proliferation laws reconstructions in both cases (i.e., logistic and

Gompertz, respectively) when the measurement data are not a↵ected by noise.

However, as expected, as soon as the level of noise increases in the measurements,

the reconstruction gradually looses accuracy both in the case of logistic law (shown

in Figure 3.3) and in the case of Gompertz law (shown in Figure 3.4).

a)

b)

Figure 3.4: Reconstruction of Gompertz proliferation law for the second cancer within
model (3.2.1) in 2D obtained using the parameters given in Table 3.1: row a) the true
Gompertz proliferation law restricted to Ac2 ; row b) the reconstructed Gompertz pro-
liferation law on Ac2 in the presence of exact and noisy data. Row b) shows the re-
constructions of Gompertz cancer cell proliferation law obtained for: (left) exact data
and ↵⇤ = 10�9; (centre) 1% noisy data and ↵⇤ = 10�4; and (right) 3% noisy data and
↵⇤ = 10�3. For all plots in this figure we have that: 1) the first axis represents the values
for c2 2 [c̄min

2 , c̄max
2 ]; 2) second axis represents the values for e2 2 [ēmin

2 , ēmax
2 ]; and 3) the

colour bars represent the magnitude of proliferation law or its reconstructions at each
(c2, e2) 2 Ac2 .
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3.6 Further Remarks on a Special Case: the Re-

construction of Bertalan↵y Law for the Mu-

tated Cancer in Model (3.2.1) in 1D and 2D

As in Chapter 2, we revisit here the von Bertalan↵y proliferation law [27, 57, 100],

whose form we recall here again as:

f̄ (c, e) := µc

⇣
(Kc � e)1/3 c2/3 � c

⌘
. (3.6.26)

where, as in the case of (2.2.2)-(2.2.3), c stands for a generic cancer cell population

density, and e represents the tissue environment density. However, the reconstruc-

tion of Bertalan↵y proliferation law for mutated cancer cells proliferation of two

sub-populations model (3.2.1) proves to be more challenging and requires further

refinement of the approaches developed in Sections 3.4 and 3.5. Specifically, for a

reasonable reconstruction of the Bertalan↵y proliferation law requires the involve-

ment of a mollified version of the trial proliferation operator F1 given in (3.4.10)

for one dimensional case and in F
2 given in (3.5.19) for two dimensional case in the

modelling considered in this chapter. Cell proliferation reconstruction for mutated

cancer cells in two cancer cell sub-population model (3.2.1) with the measurements

given in (3.3.4)-(3.3.6) for both 1D and 2D cases, where c
⇤
1,exact(x), c

⇤
2,exact(x) and

v
⇤
exact(x) are given by the solution at the final time of this model (with zero-flux

boundary conditions and initial conditions specified above),i.e.,

c
⇤
1,exact(x) := c̄1(x, tf ), and c

⇤
2,exact(x) := c̄2(x, tf )

v
⇤
exact(x) := v̄(x, tf ), 8x 2 ⌦ ⇢ Rd

, d = 1, 2,
(3.6.27)
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which are obtained when the cell proliferation law is taken of the form f (c, e) :=

f̄(c, e), where f̄(·, ·) is the law given in (3.6.26), considered as appropriate for each

of the spatial cases: 1D and 2D. Finally, as in the previous chapter, in order to

obtain meaningful results we need also here to involve mollification. However, as

the shape of the mollified operators Fd
✏ , d = 1, 2 is identical to the one described

in the one used in the case of one population given by (2.6.37)-(2.6.38) Section

(2.6), to avoid exact duplication, we omit to restate this here.

a)

b)

Figure 3.5: Reconstruction of Bertalan↵y proliferation law for the second cancer within
model (3.2.1) in 1D obtained using the parameters given in Table 3.1: row a) the true
Bertalan↵y proliferation law restricted to Ac2 ; row b) the reconstructed Bertalan↵y
proliferation law on Ac2 in the presence of exact and noisy data. Row b) shows the
reconstructions of Bertalan↵y cancer cell proliferation law obtained for: (left) exact
data and ↵⇤ = 10�10; (centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data
and ↵⇤ = 10�2. For all plots in this figure we have that: 1) the first axis represents the
the values for c2 2 [c̄min

2 , c̄max
2 ]; 2) second axis represents the values for e2 2 [ēmin

2 , ēmax
2 ];

and 3) the colour bars represent the magnitude of proliferation law or its reconstructions
at each (c2, e2) 2 Ac2 .

Figure 3.5 and Figure 3.6 show the reconstruction of the Bertalan↵y cancer cell
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proliferation law for second cancer in model (3.2.1) in both 1D and 2D respectively,

in the presence of the measurements given by (3.3.4)-(3.3.6), with exact data given

by (3.6.27), which are considered here both as exact data and as data a↵ected by

a level of noise � 2 {1%, 3%}. For comparison, again, row a) of these two figures

show the true Bertalan↵y proliferation law restricted at the maximal accessible

region Ac2 where he reconstruction is being attempted. Row b) of the two figures

show from left to right the reconstruction of the Bertalan↵y proliferation law with

no noise, 1%, and 3% of noise in the measured data, respectively.

a)

b)

Figure 3.6: Reconstruction of Bertalan↵y proliferation law for the second cancer within
model (3.2.1) in 2D obtained using the parameters given in Table 3.1: row a) the true
Bertalan↵y proliferation law restricted to Ac2 ; row b) the reconstructed Bertalan↵y
proliferation law on Ac2 in the presence of exact and noisy data. Row b) shows the
reconstructions of Bertalan↵y cancer cell proliferation law obtained for: (left) exact
data and ↵⇤ = 10�3; (centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data
and ↵⇤ = 10�3. For all plots in this figure we have that: 1) the first axis represents the
the values for c2 2 [c̄min

2 , c̄max
2 ]; 2) second axis represents the values for e2 2 [ēmin

2 , ēmax
2 ];

and 3) the colour bars represent the magnitude of proliferation law or its reconstructions
at each (c2, e2) 2 Ac2 .
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3.7 Simultaneous Reconstruction of the Two Can-

cer Cells Proliferation Laws in Mode (3.2.1)

in 1D

Building on the approach described in Section 3.4, we proceed now to address

the simultaneous reconstruction of the unknown cancer cells proliferation laws

f1(c1, c2, v) and f2(c1, c2, v) for both primary and mutated cancer cell subpopula-

tions from measured data (3.3.4) for model (3.2.1) in 1D . Using the setup already

developed in Section 3.5, the unknown proliferation laws for both primary and mu-

tated cancer cells subpopulations are expressed here again in terms of two unknown

functions S
c⇤1,c

⇤
2,v

⇤

p : [0, Kc] ⇥ [0, Kc] ! [0,1) that correspond to each of the two

tumour cell subpopulations cp, p = 1, 2. This pair of functions (S
c⇤1,c

⇤
2,v

⇤

1 , S
c⇤1,c

⇤
2,v

⇤

2 )

are going to be identified within the finite-dimensional space of functions S ⇥ S

(with S being the space defined in (2.4.11)) such that the measurements specified

in (3.3.4a)-(3.3.4c) are matched by the solution at the final time tf that is obtained

for the two population cancer invasion model (3.2.1) in 1D for the resulting cell

proliferation laws

f
c⇤1,c

⇤
2,v

⇤

p (c1,i(t), c2,i(t), vi(t)) := F
1
i (c̃p(t), ẽp(t), S

c⇤,v⇤

p ) corresponding to cp,

(3.7.28)

with p = 1, 2, and F
1 being the trial proliferation operator defined in (3.4.10)

in Section 3.4 while ẽp(t) represent the tissue environments for each of the two

cancer cells subpopulations cp, p = 1, 2, and are given by ẽ1(t) := c̃2(t) + ṽ(t) and

ẽ2(t) := c̃1(t) + ṽ(t).

Further, following similar steps as in Section 3.4, we obtain that, for any s :=
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(s1, s2) 2 S ⇥ S, we obtain a similat Euler time-marching operator, defined as

eeKs : RN
⇥RN

⇥RN
! RN

⇥RN
⇥RN

given by

eeKs

0

BBB@

2

6664

c̃s,n1

c̃s,n2

ṽs,n

3

7775

1

CCCA
:=

2

6664

c̃s,n1

c̃s,n2

ṽs,n

3

7775
+�t

2

6664

H
1,1(c̃s,n1 , ṽs,n, s1)�F

1(c̃s,n1 , ṽs,n, s1)+F
1(c̃s,n1 , ẽs,n1 , s1)�Q(ṽs,n, tn)

H
1,1(c̃s,n2 , ṽs,n, s2)�F

1(c̃s,n2 , ṽs,n, s2)+F
1(c̃s,n2 , ẽs,n2 , s2)+Q(ṽs,n, tn)

H
1,2(c̃s,n1 +c̃s,n2 , ṽs,n)

3

7775
,

(3.7.29)

where c̃
s,n
p := c̃

s
p(tn), and ẽ

s,n
p := ẽ

s
p(tn), p = 1, 2. Moreover, in the right hand

side, the operators H
1,1 and H

1,2 are the ones defined in (2.4.15)-(2.4.16), with

H
1,1(c̃s,np , ẽ

s,n
p , sp) := H

1,1(c̃sp(tn), ẽ
s
p(tn), sp), p = 1, 2, and H

1,2(c̃s,n1 + c̃
s,n
2 , ṽ

s,n) :=

H
1,2(c̃s1(tn) + c̃

s
2(tn), ṽ

s(tn)). Further, Q(ṽs,n, tn) := {Q(vs((xi, yj), tn), tn)}i=1,N is

the mutation term evaluated at the spatio-temporal grid nodes.

Finally, the family of operators {
eeKs}s2S⇥S enables us to obtain a similar “for-

ward operator” to the one given in (3.4.14), which in this case is of the form

K : S ⇥ S ! RN
⇥ RN

⇥ RN

given by

K(s) :=
eeKs �

eeKs � · · · · · · �
eeKs| {z }

L�1 times

0

BBB@

2

6664

c̃1,0

0

ṽ0

3

7775

1

CCCA
, 8 s := (s1, s2) 2 S ⇥ S.

(3.7.30)

Thus, similar to Section 3.4, also in this case we obtain that the “forward operator”
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K is given as a finite composition of a�ne functions of the form

S ⇥ S 3 (s1, s2) =: s 7�!
eeKs 2 `2(`(E ⇥ E ⇥ E); `(E ⇥ E ⇥ E)), (3.7.31)

with `2(`(E ⇥ E ⇥ E); `(E ⇥ E ⇥ E)) being the usual finite-dimensional Bochner

space of integrable vector-value functions defined on `(E ⇥ E ⇥ E) and taking

values in the same space. From this, we obtain again that the mappings given in

(3.8.36) are both continuous and compact, from where we obtain that K is also

closed sequentially bounded, and so the inverse problems hypotheses assumed in

[31] are again satisfied. This ensures the convergence of the nonlinear Tikhonov

regularisation strategy defined by the functionals {J↵1,↵2}↵1,↵2>0, with ↵i := ↵i(�)

appropriately chosen such that lim
�!0

↵i(�) = 0, i = 1, 2,

J↵1(�),↵2(�) : S ⇥ S ! R,

defined by

J↵1(�),↵2(�)(s):=

���������

K(s)�

2

6664

c̃
⇤
1,�

c̃
⇤
2,�

ṽ
⇤
�

3

7775

���������

2

2

+ ↵1(�)ks1k
2
2 + ↵2(�)ks2k

2
2, 8s :=(s1, s2)2S⇥S,

(3.7.32)

This enables us to identify the pair of function (S
c⇤1,c

⇤
2,v

⇤

1 , S
c⇤1,c

⇤
2,v

⇤

2 ) as the limit as

� ! 0 of the points of minimum s↵1(�),↵2(�) of J↵1(�),↵2(�) (these points corresponding

to the smallest discrepancy between the data measurements and the solution of

our system that uses s
↵1,2

1,2 as proliferation laws). Here, c̃⇤1,�, c̃
⇤
2,�, and ṽ

⇤
� represent

the discretised measurements of the densities of cancer cells and ECM given in

equations (3.3.4a)-(3.3.4c), i.e., c̃⇤1,� := {c
⇤
1,�(xi)}i=1,N , c̃

⇤
2,� := {c

⇤
2,�(xi)}i=1,N and
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ṽ
⇤
� := {v

⇤
� (xi)}i=1,N , respectively.

3.7.1 Simultaneous Reconstruction of Proliferation Laws

for c1 and c2 in Invasion Model (3.2.1) in 1D for Lo-

gistic and Gompertz Cases

We explore now computationally the inversion approach that we formulated so far

in the context of forward model for tumour invasion with two cancer cells subpop-

ulations (3.2.1). To that end, we proceed with the simultaneous reconstruction of

the proliferation laws for both cancer cell subpopulations in model (3.2.1) in two

cases, namely: (1) logistic proliferation; and (2) Gompertz proliferation. Alongside

the Neumann zero boundary conditions, model (3.2.1) assumes here the initial con-

ditions (3.2.2), whose specific forms for the primary cell population and the ECM,

namely c1,0 and v0, being the ones given in (2.4.23), with zero initial condition for

the mutated population, i.e., c2,0 ⌘ 0.

To identify the cancer cells proliferation laws simultaneously for both cancer cell

subpopulation, we consider both exact and noisy measurement data (3.3.4)-(3.3.8),

(appropriately detailed for both logistic and Gompertz cases).

For each regularisation parameter ↵ > 0 considered here, the minimisation

process for J↵1,↵2 is initiated with s0 := (s1,0, s2,0), with s1,0 = s2,0 = I ⇥ 10�3,

(where I represents the M ⇥ M matrix of ones). We explored the minimisation

of J↵1,↵2 numerically for a range of regularization parameters ↵1,↵2 2 {10�i
| i =

1, . . . 12}. Again, for the implementation of the minimisation of J↵1,↵2 we employed

here the nonlinear minimisation MATLAB function lsqnonlin.
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Finally, since for each of the two cancer cell subpopulations ci, i = 1, 2, there

are no data to test the trial proliferating operators beyond the maximal accessible

regions Aci defined by the minimum and maximum values of the solution, i.e.,

Aci := [c̄min
i , c̄

max
i ]⇥ [ēmin

i , ē
max
i ], with :

c̄
min
i := min

(x,t)2⌦⇥[0,T ]

ci(x, t), c̄
max
i := max

(x,t)2⌦⇥[0,T ]

ci(x, t),

ē
min
i := min

(x,t)2⌦⇥[0,T ]

j2{1,2}\{i}

cj(x, t) + v(x, t), ē
max
i := max

(x,t)2⌦⇥[0,T ]

j2{1,2}\{i}

cj(x, t) + v(x, t),

the reconstructions in this section will be attempted only for the restriction of the

sought proliferation laws to Aci .

Figure 3.7 and Figure 3.8 show the retrieved cancer cell proliferation laws of the

logistic and Gompertz types, respectively, for both primary and mutated cancer

cells sub-populations in model (3.2.1) in the presence of the measurements given by

(3.3.4)-(3.3.8). We consider in our reconstructions that the given measurements

are both exact and a↵ected by a level of noise � 2 {1%, 3%}. For comparison,

in the upper half of each of these two figures, rows a.1) and a.2) show the true

proliferation law (i.e, logistic in Figure 3.7, and Gompertz in Figure 3.8) restricted

at the corresponding maximal accessible region Ac1 and Ac2 , respectively. In the

bottom half of the figure, rows b.1) and b.2) shows corresponding reconstructions

of the proliferation laws for primary and mutated cancer cell subpopulations on

Ac1 and Ac2 , respectively. In both figures, from left to right in rows b.1) and b.2)

we have the reconstruction of these proliferation laws corresponding to each of the

two cancer subpopulations from measurement data with no noise, 1%, and 3%,
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respectively.

We observe from Figures 3.7 and 3.8 that in both logistic and Gompertz case,

again we obtain good reconstructions of the proliferation laws for both the primary

and mutated cancer cells subpopulation. This when the when the measurement

data are not a↵ected by any level of noise. However, as expected, as soon as the

level of noise increases in the measurements, the reconstruction gradually looses

accuracy both in the case of logistic law (shown in Figure 3.7) and in the case of

Gompertz law (shown in Figure 3.8). Furthermore, we observe that, as the level

of noise increases, the reconstruction of the mutated cancer cell population shown

on rows b.2) of Figures 3.7 and 3.8 deteriorates faster than the reconstruction of

the primary tumour cell population explored in the correspondingly noisy cases

for both logistic and Gompertz laws and are shown in rows b.1) of Figures 3.7 and

3.8.

Finally, we also remark here that the primary tumour cells proliferations re-

constructions for the two population model (3.2.1) in the noisy cases, shown in

rows b.1) of Figures 3.7 and 3.8, deteriorates slightly faster (as the level of noise

increases) than the cancer cells proliferation law reconstruction explored in the cor-

respondingly noisy cases in the context of the one-population model Section (2.4)

shown in rows b) of Figures 2.1 and 2.2. The same remark is for the mutated cancer

cell proliferations reconstructions for the two population model (3.2.1) in the noisy

cases, shown in rows b.2) of Figures 3.7 and 3.8, deteriorates slightly faster (as

the level of noise increases) than the cancer cells proliferation law reconstruction

explored in the correspondingly noisy cases in the context of the one-population

model Section 3.4 shown in rows b) of Figures 3.1 and 3.2.
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a.1)

a.2)

b.1)

b.2)

Figure 3.7: Reconstruction of logistic proliferation within model (3.2.1) in 1D obtained
using the parameters given in Table 3.1. In rows a.1) and a.2) we have both p-color and
graph plots of the true logistic proliferation laws for c1 restricted to Ac1 and c2 restricted
to Ac2 , respectively. Row b.1) shows the reconstructions of logistic proliferation law
obtained for c1 on Ac1 for: (left) exact data and ↵⇤ = 10�11; (centre) 1% noisy data and
↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. Row b.2) shows the reconstructions
of logistic proliferation law obtained for c2 on Ac2 for: (left) exact data and ↵⇤ = 10�9;
(centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. For
all plots in this figure, for i 2 {1, 2} and j 2 {1, 2} \ {i}, we have that: 1) the first
axis represents the values for ci 2 [c̄min

i , c̄max
i ]; 2) second axis represents the values for

cj + v 2 [ēmin
i , ēmax

i ]; and 3) the colour bars represent the magnitude of proliferation
laws or their reconstructions at each (ci, cj + v) 2 Aci .
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a.1)

a.2)

b.1)

b.2)

Figure 3.8: Reconstruction of Gompertz proliferation within model (3.2.1) in 1D ob-
tained using the parameters given in Table 3.1. In rows a.1) and a.2) we have both
p-color and graph plots of the true logistic proliferation laws for c1 restricted to Ac1

and c2 restricted to Ac2 , respectively. Row b.1) shows the reconstructions of Gompertz
proliferation law obtained for c1 on Ac1 for: (left) exact data and ↵⇤ = 10�11; (centre)
1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. Row b.2) shows
the reconstructions of Gompertz proliferation law obtained for c2 on Ac2 for: (left) exact
data and ↵⇤ = 10�9; (centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data
and ↵⇤ = 10�3. For all plots in this figure, for i 2 {1, 2} and j 2 {1, 2} \ {i}, we have
that: 1) the first axis represents the values for ci 2 [c̄min

i , c̄max
i ]; 2) second axis represents

the values for cj + v 2 [ēmin
i , ēmax

i ]; and 3) the colour bars represent the magnitude of
proliferation laws or their reconstructions at each (ci, cj + v) 2 Aci .
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3.8 Simultaneous Reconstruction of the Two Can-

cer Cells Proliferation Laws in Model (3.2.1)

in 2D

Building on the prevois section, we proceed now to address the simultaneous recon-

struction of the unknown cancer cells proliferation laws f1(c1, c2, v) and f2(c1, c2, v)

for both primary and mutated cancer cell subpopulations from measured data

(3.3.4) (3.2.1) in 2D.

Using the setup already developed in Section 3.7, the unknown proliferation

laws for both primary and mutated cancer cells subpopulations are expressed here

again in terms of two unknown functions S
c⇤1,c

⇤
2,v

⇤

p : [0, Kc]⇥ [0, Kc] ! [0,1) that

correspond to each of the two tumour cell subpopulations cp, p = 1, 2. This pair of

functions (S
c⇤1,c

⇤
2,v

⇤

1 , S
c⇤1,c

⇤
2,v

⇤

2 ) are going to be identified within the finite-dimensional

space of functions S ⇥ S (with S being the space defined in (2.4.11)) such that

the measurements specified in (3.3.4a)-(3.3.4c) are matched by the solution at the

final time tf that is obtained for the two population cancer invasion model (3.2.1)

for the resulting cell proliferation laws

f
c⇤1,c

⇤
2,v

⇤

p (c1,i,j(t), c2,i,j(t), vi,j(t)) := F
2
i,j(c̃p(t), ẽp(t), S

c⇤,v⇤

p ),

corresponding to cp, p = 1, 2.
(3.8.33)

Here, F2 is the trial proliferation operator defined in (3.5.19) while ẽp(t) represent

the tissue environments for each of the two cancer cells subpopulations cp, p = 1, 2,

and are given by ẽ1(t) := c̃2(t) + ṽ(t) and ẽ2(t) := c̃1(t) + ṽ(t).
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Further, we note that, for any s := (s1, s2) 2 S ⇥ S, an Euler time marching

operator similar eKs given in (3.5.21) can be defined also in this case as

eeKs : RN⇥N
⇥RN⇥N

⇥RN⇥N
! RN⇥N

⇥RN⇥N
⇥RN⇥N

given by

eeKs

0

BBB@

2

6664

c̃s,n1

c̃s,n2

ṽs,n

3

7775

1

CCCA
:=

2

6664

c̃s,n1

c̃s,n2

ṽs,n

3

7775
+�t

2

6664

H
2,1(c̃s,n1 , ṽs,n, s1)�F

2(c̃s,n1 , ṽs,n, s1)+F
2(c̃s,n1 , ẽs,n1 , s1)�Q(ṽs,n, tn)

H
2,1(c̃s,n2 , ṽs,n, s2)�F

2(c̃s,n2 , ṽs,n, s2)+F
2(c̃s,n2 , ẽs,n2 , s2)+Q(ṽs,n, tn)

H
2,2(c̃s,n1 +c̃s,n2 , ṽs,n)

3

7775
,

(3.8.34)

where c̃
s,n
p := c̃

s
p(tn), and ẽ

s,n
p := ẽ

s
p(tn), p = 1, 2. Moreover, in the right hand

side, the operators H
2,1 and H

2,2 are the ones defined in (2.5.28)-(2.5.29), with

H
2,1(c̃s,np , ẽ

s,n
p , sp) := H

2,1(c̃sp(tn), ẽ
s
p(tn), sp), p = 1, 2, and H

2,2(c̃s,n1 + c̃
s,n
2 , ṽ

s,n) :=

H
2,2(c̃s1(tn)+ c̃

s
2(tn), ṽ

s(tn)). Further, Q(ṽs,n, tn) := {Q(vs((xi, yj), tn), tn)}i,j=1,N is

the mutation term evaluated at the spatio-temporal grid nodes.

Finally, the family of operators {
eeKs}s2S⇥S enables us to obtain a similar “for-

ward operator” to the one given in (3.8.35), which in this case is of the form

K : S ⇥ S ! RN⇥N
⇥ RN⇥N

⇥ RN⇥N

given by

K(s) :=
eeKs �

eeKs � · · · · · · �
eeKs| {z }

L�1 times

0

BBB@

2

6664

c̃0

0

ṽ0

3

7775

1

CCCA
, 8 s := (s1, s2) 2 S ⇥ S.

(3.8.35)
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Thus, similar to previous section, also in this 2D case we obtain that the “forward

operator” K is given as a finite composition of a�ne functions of the form

S ⇥ S 3 (s1, s2) =: s 7�!
eeKs 2 `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)), (3.8.36)

with `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)) being the usual finite-dimensional Bochner

space of square integrable vector-value functions defined on `2(E ⇥ E ⇥ E) and

taking values in the same space. From this, we obtain again that the mappings

given in (3.8.36) are both continuous and compact, from where we obtain that K is

also closed sequentially bounded, and so the inverse problems hypotheses assumed

in [31] are again satisfied. This ensures the convergence of the nonlinear Tikhonov

regularisation strategy defined by the functionals {J↵1,↵2}↵1,↵2>0, with ↵i := ↵i(�)

appropriately chosen such that lim
�!0

↵i(�) = 0, i = 1, 2,

J↵1(�),↵2(�) : S ⇥ S ! R,

defined by

J↵1(�),↵2(�)(s):=

���������

K(s)�

2

6664

c̃
⇤
1,�

c̃
⇤
2,�

ṽ
⇤
�

3

7775

���������

2

2

+↵1(�)ks1k
2
2 + ↵2(�)ks2k

2
2, 8s:=(s1, s2)2S⇥S,

(3.8.37)

which enables us to identify the pair of function (S
c⇤1,c

⇤
2,v

⇤

1 , S
c⇤1,c

⇤
2,v

⇤

2 ) as the limit

as � ! 0 of the points of minimum s↵1(�),↵2(�) of J↵1(�),↵2(�). Here, c̃
⇤
1,�, c̃

⇤
2,�,

and ṽ
⇤
� represent the discretised measurements of the densities of cancer cells

and ECM given in equations (3.3.4a)-(3.3.4c), i.e., c̃
⇤
1,� := {c

⇤
1,�(xi, yj)}i,j=1,N ,

c̃
⇤
2,� := {c

⇤
2,�(xi, yj)}i,j=1,N and ṽ

⇤
� := {v

⇤
� (xi, yj)}i,j=1,N , respectively.
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3.8.1 Simultaneous Reconstruction of the Proliferation Laws

for c1 and c2 in the Cancer Invasion Model (3.2.1) in

2D in the context of Logistic and Gompertz growth

We explore now computationally the inversion approach that we formulated so

far in the context of forward model for tumour invasion with two cancer cells

subpopulations (3.2.1). To that end, we proceed with the simultaneous recon-

struction of the proliferation laws for both cancer cell subpopulations in model

(3.2.1) in two cases, namely: (1) logistic proliferation; and (2) Gompertz prolifer-

ation. Alongside the Neumann zero boundary conditions, model (3.2.1) assumes

here the initial conditions (3.2.2), whose specific forms for the primary cell pop-

ulation and the ECM, namely c0 and v0, being the ones given in (2.5.34a)-(2.5.34b)

To identify the cancer cells proliferation laws simultaneously for both cancer

cell subpopulation, we consider both exact and noisy measurement data (3.3.4)-

(3.3.8).For each regularisation parameter ↵ > 0 considered here, the minimisation

process for J↵1,↵2 is initiated with s0 := (s1,0, s2,0), with s1,0 = s2,0 = I ⇥ 10�3,

(where I represents the M ⇥ M matrix of ones). We explored the minimisation

of J↵1,↵2 numerically for a range of regularization parameters ↵1,↵2 2 {10�i
| i =

1, . . . 12}. Again, for the implementation of the minimisation of J↵1,↵2 we employed

here the nonlinear minimisation MATLAB function lsqnonlin. Finally, since for

each of the two cancer cell subpopulations ci, i = 1, 2, there are no data to test

the trial proliferating operators beyond the maximal accessible regions Aci defined
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by the minimum and maximum values of the solution, i.e.,

Aci := [c̄min
i , c̄

max
i ]⇥ [ēmin

i , ē
max
i ], with:

c̄
min
i := min

(x,t)2⌦⇥[0,T ]

ci(x, t), c̄
max
i := max

(x,t)2⌦⇥[0,T ]

ci(x, t),

ē
min
i := min

(x,t)2⌦⇥[0,T ]

j2{1,2}\{i}

cj(x, t) + v(x, t), ē
max
i := max

(x,t)2⌦⇥[0,T ]

j2{1,2}\{i}

cj(x, t) + v(x, t),

the reconstructions in this section will be attempted only for the restriction of the

sought proliferation laws to Aci .

Figure 3.9 shows the reconstruction of the logistic cancer cell proliferation laws

for primary and mutated cancer cells subpopulations in model (3.2.1) in the pres-

ence of the measurements given by (3.3.4)-(3.3.8) that are considered here both

exact and a↵ected by a level of noise � 2 {1%, 3%}. For comparison, in the up-

per half of this figure, rows a.1) and a.2) show the true logistic proliferation law

restricted at the corresponding maximal accessible region Ac1 and Ac2 , respec-

tively. In the bottom half of the figure, rows b.1) and b.2) shows reconstruction of

the logistic proliferation laws for primary and mutated cancer cell subpopulations

on Ac1 and Ac2 , respectively. From left to right in rows b.1) and b.2) we have

the reconstruction of the logistic proliferation laws corresponding to each of the

two cancer subpopulations from measurement data with no noise, 1%, and 3%,

respectively.

Similarly, Figure 3.10 shows the reconstruction of the Gompertz cancer cell

proliferation laws for primary and mutated cancer cells subpopulations in model
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(3.2.1) in the presence of the measurements given by (3.3.4)-(3.3.8). These mea-

surements are considered here both as exact data and as data a↵ected by a level

of noise � 2 {1%, 3%}. The figure respects the same structure as Figure 3.9, and

so again, for comparison, in the upper half of this figure, rows a.1) and a.2) show

the true Gompertz proliferation law restricted at the corresponding maximal ac-

cessible region Ac1 and Ac2 , respectively. In the bottom half of the figure, rows

b.1) and b.2) shows reconstruction of the Gompertz proliferation laws for primary

and mutated cancer cell subpopulations on Ac1 and Ac2 , respectively. From left to

right in rows b.1) and b.2) we have the reconstruction of the two Gompertz pro-

liferation laws corresponding to the two cancer subpopulations from measurement

data with no noise, 1%, and 3%, respectively.

Figures 3.9 and 3.10 show that when the measurement data are not a↵ected by

noise we again obtain good reconstructions of the proliferation laws for both the

primary and mutated cancer cells subpopulation in both in logistic and Gompertz

case. However, as expected, as soon as the level of noise increases in the measure-

ments, the reconstruction gradually looses accuracy both in the case of logistic law

(shown in Figure 3.9) and in the case of Gompertz law (shown in Figure 3.10).

Furthermore, we observe that, as the level of noise increases, the reconstruction

of the mutated cancer cell population shown on rows b.2) of Figures 3.9 and 3.10

deteriorates faster than the reconstruction of the primary tumour cell population

explored in the correspondingly noisy cases for both logistic and Gompertz laws

and are shown in rows b.1) of Figures 3.9 and 3.10.

Finally, we also remark here that the primary tumour cells proliferations re-

constructions for the two population model (3.2.1) in the noisy cases, shown in
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rows b.1) of Figures 3.9 and 3.10, deteriorates slightly faster (as the level of noise

increases) than the cancer cells proliferation law reconstruction explored in the cor-

respondingly noisy cases in the context of the one-population model Section 2.5

shown in rows b) of Figures 2.3 and 2.4. The same remark is for the mutated cancer

cell proliferations reconstructions for the two population model (3.2.1) in the noisy

cases, shown in rows b.2) of Figures 3.9 and 3.10, deteriorates slightly faster (as

the level of noise increases) than the cancer cells proliferation law reconstruction

explored in the correspondingly noisy cases in the context of the one-population

model Section 3.5 shown in rows b) of Figures 3.3 and 3.4.
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a.1)

a.2)

b.1)

b.2)

Figure 3.9: Reconstruction of logistic proliferation within model (3.2.1) in 2D obtained
using the parameters given in Table 3.1. In rows a.1) and a.2) we have both p-color and
graph plots of the true logistic proliferation laws for c1 restricted to Ac1 and c2 restricted
to Ac2 , respectively. Row b.1) shows the reconstructions of logistic proliferation law
obtained for c1 on Ac1 for: (left) exact data and ↵⇤ = 10�11; (centre) 1% noisy data and
↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. Row b.2) shows the reconstructions
of logistic proliferation law obtained for c2 on Ac2 for: (left) exact data and ↵⇤ = 10�9;
(centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. For
all plots in this figure, for i 2 {1, 2} and j 2 {1, 2} \ {i}, we have that: 1) the first
axis represents the values for ci 2 [c̄min

i , c̄max
i ]; 2) second axis represents the values for

cj + v 2 [ēmin
i , ēmax

i ]; and 3) the colour bars represent the magnitude of proliferation
laws or their reconstructions at each (ci, cj + v) 2 Aci .
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a.1)

a.2)

b.1)

b.2)

Figure 3.10: Reconstruction of Gompertz proliferation within model (3.2.1) in 2D
obtained using the parameters given in Table 3.1. In rows a.1) and a.2) we have both
p-color and graph plots of the true Gompertz proliferation laws for c1 restricted to Ac1

and c2 restricted to Ac2 , respectively. Row b.1) shows the reconstructions of Gompertz
proliferation law obtained for c1 on Ac1 for: (left) exact data and ↵⇤ = 10�12; (centre)
1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. Row b.2) shows
the reconstructions of Gompertz proliferation law obtained for c2 on Ac2 for: (left) exact
data and ↵⇤ = 10�12; (centre) 1% noisy data and ↵⇤ = 10�4; and (right) 3% noisy data
and ↵⇤ = 10�3. For all plots in this figure, for i 2 {1, 2} and j 2 {1, 2} \ {i}, we have
that: 1) the first axis represents the values for ci 2 [c̄min

i , c̄max
i ]; 2) second axis represents

the values for cj + v 2 [ēmin
i , ēmax

i ]; and 3) the colour bars represent the magnitude of
proliferation laws or their reconstructions at each (ci, cj + v) 2 Aci .
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Throughout these simulations, unless otherwise stated, we use the following

parameter set for the non-dimensionalised system of equations (3.2.1a)-(3.2.1c),

namely:

Parameter Value Description Reference
D1 0.00675 di↵usion of primary tumour [28]
D2 0.00675 di↵usion of secondary tumour [28]
⌘1 2.85⇥ 10�2 haptotaxis to ECM from c1 [75]
⌘2 2.85⇥ 10�2 haptotaxis to ECM from c2 [75]
µc 0.25 proliferation of tumour cells c [89]
Kc 1 tissue carrying capacity [99]
⇢ 2 ECM degradation coe�cient [90]
µv 0.40 ECM remodelling coe�cient [99]
t1,2 10 time initiation for mutations [6, 89]
�m 0.3 mutation from primary tumour [6, 89]
�x 0.03125 discretisation step size for G⌦ [99]
�t 10�3 time step size [99]
�⌘ 0.0625 mesh size used for GM Estimated
✏ 0.06967 mollification radius Estimated

Table 3.1: Summary of parameter values that have used for two sub-population of
cancer cells.

3.9 Further Remarks on a Special Case: Simul-

taneous Reconstruction for Proliferation Laws

for both c1 and c2 in Model (3.2.1) in the con-

text of the Bertalan↵y Law in 1D and 2D

Alongside logistic and Gompertz laws, another notable modelling approach for

proliferation that was proposed in the cancer modelling literature is the von Berta-
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lan↵y law [27, 57, 100], which is of the form

f̄ (c, e) := µc

⇣
(Kc � e)1/3 c2/3 � c

⌘
, (3.9.38)

where, as in the case of (2.2.2)-(2.2.3), c stands for a generic cancer cell population

density, and e represents the tissue environment density. However, the reconstruc-

tion of Bertalan↵y proliferation law for cancer cells proliferation for the case of

two population model (3.2.1) proves to be more challenging and requires further

refinement of the approaches developed in Sections 3.7 and 3.8. Specifically, for a

reasonable reconstruction of the Bertalan↵y proliferation law requires the involve-

ment of a mollified version of the trial proliferation operator F1 given in (3.4.10)

for one dimensional case and in F
2 given in (3.5.19) in the model considered in

this chapter. Cell proliferation reconstruction for the two cancer cells subpopula-

tions tumour invasion model (3.2.1) with the measurements (3.3.4)-(3.3.6), where

c
⇤
1,exact(x), c

⇤
2,exact(x), and v

⇤
exact(x) are given by the solution at the final time of

this model (with zero-flux boundary conditions and the initial conditions for the

primary subpopulation and ECM described above), namely:

c
⇤
1,exact(x) := c̄1(x, tf ), c

⇤
2,exact(x) := c̄2(x, tf ),

v
⇤
exact(x) := v̄(x, tf ), 8x 2 ⌦ ⇢ Rd

, d = 1, 2,
(3.9.39)

which is obtained when the cell proliferation laws for each of the two cancer cell

sub-populations are taken the form f1(c1, c2, v) := f̄(c1, c2 + v) and f2(c1, c2, v) :=

f̄(c2, c1+v), where f̄(·, ·) is again given the law in (3.9.38). Again, also in this case

we need to deploy molification, and so, as in Section 3.6, since for both 1D and

2D cases the mollified operators Fd
✏ , d = 1, 2, are identical to the one described in
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the one used in the case of one population given by (2.6.37)-(2.6.38) Section (2.6),

to avoid exact duplication, we omit to restate these here.

Figure 3.11 and Figure 3.12 show the simultaneous reconstruction of the Berta-

lan↵y cancer cell proliferation laws for primary and mutated cancer cells subpop-

ulations in model (3.2.1) for both 1D and 2D respectively, in the presence of the

measurements given by (3.3.4)-(3.3.6) with the exact data given by (3.9.39). We

consider here both exact data and data a↵ected by a level of noise � 2 {1%, 3%}.

These figures respect the same structure as Figure 3.9 and 3.10, and so again,

for comparison, in the upper half of this figure, rows a.1) and a.2) show the true

Bertalan↵y proliferation law restricted at the corresponding maximal accessible

region Ac1 and Ac2 , respectively. In the bottom half of the figure, rows b.1) and

b.2) shows reconstruction of the Bertalan↵y proliferation laws for primary and

mutated cancer cell sub-populations on Ac1 and Ac2 , respectively. From left to

right in rows b.1) and b.2) we have the reconstruction of the two Bertalan↵y pro-

liferation laws corresponding to the two cancer subpopulations from measurement

data with no noise, 1%, and 3%, respectively.
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a.1)

a.2)

b.1)

b.2)

Figure 3.11: Reconstruction of Bertalan↵y proliferation within model (3.2.1) in 1D
obtained using the parameters given in Table 3.1. In rows a.1) and a.2) we have both
p-color and graph plots of the true Bertalan↵y proliferation laws for c1 restricted to Ac1

and c2 restricted to Ac2 , respectively. Row b.1) shows the reconstructions of Bertalan↵y
proliferation law obtained for c1 on Ac1 for: (left) exact data and ↵⇤ = 10�11; (centre)
1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. Row b.2)
shows the reconstructions of Bertalan↵y proliferation law obtained for c2 on Ac2 for:
(left) exact data and ↵⇤ = 10�9; (centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3%
noisy data and ↵⇤ = 10�3. For all plots in this figure, for i 2 {1, 2} and j 2 {1, 2} \ {i},
we have that: 1) the first axis represents the values for ci 2 [c̄min

i , c̄max
i ]; 2) second

axis represents the values for cj + v 2 [ēmin
i , ēmax

i ]; and 3) the colour bars represent the
magnitude of proliferation laws or their reconstructions at each (ci, cj + v) 2 Aci .

104



a.1)

a.2)

b.1)

b.2)

Figure 3.12: Reconstruction of Bertalan↵y proliferation within model (3.2.1) in 2D
obtained using the parameters given in Table 3.1. In rows a.1) and a.2) we have both
p-color and graph plots of the true Bertalan↵y proliferation laws for c1 restricted to Ac1

and c2 restricted to Ac2 , respectively. Row b.1) shows the reconstructions of Bertalan↵y
proliferation law obtained for c1 on Ac1 for: (left) exact data and ↵⇤ = 10�4; (centre) 1%
noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�2. Row b.2) shows the
reconstructions of Bertalan↵y proliferation law obtained for c2 on Ac2 for: (left) exact
data and ↵⇤ = 10�3; (centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data
and ↵⇤ = 10�3. For all plots in this figure, for i 2 {1, 2} and j 2 {1, 2} \ {i}, we have
that: 1) the first axis represents the values for ci 2 [c̄min

i , c̄max
i ]; 2) second axis represents

the values for cj + v 2 [ēmin
i , ēmax

i ]; and 3) the colour bars represent the magnitude of
proliferation laws or their reconstructions at each (ci, cj + v) 2 Aci .
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3.10 Final Remarks on Simultaneous Reconstruc-

tion of Unknown Proliferation Laws for c1

and c2 for Di↵erent Cell Proliferation Rules

Finally, in all sections in this chapter addressing simultaneous reconstruction the

proliferation laws, we assumed that both cancer cell populations proliferate lo-

gistically or proliferate according to Gompertz law or proliferate according to von

Bertalan↵y law. This raises the question as to what happens when di↵erent cancer

cell populations use di↵erent proliferation laws.

In this subsection we simultaneously reconstruct the proliferation laws for both

primary and mutated cancer cell when we assume that the primary c1 population

proliferates logistically, while the secondary c2 population proliferates according to

Gompertz law. Figure 3.13 shows the simultaneous reconstruction of proliferation

laws in 1D and Figure 3.14 presents the simultaneous reconstruction of proliferation

laws in 2D.

3.11 Conclusion

In this chapter we explored a new inverse problem that addresses the reconstruc-

tion of the cancer cells proliferation law for the mutated cancer cell population and

simultaneous reconstruction of the proliferation laws for each of the two cancer cells

subpopulations in model (3.2.1). For the reconstruction of this proliferation laws

through an inverse problem Tikhonov regularisation-based approach, we used a

numerically-generated spatial tumour snapshot data assumed to be acquired at a
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later stage in the tumour evolution (in practice, the data can be provided through

a medical imaging scan). These data, which are available for reconstructing the

proliferation laws provided in the form of both exact and noisy tumour measure-

ments.

This inverse problem approach is implemented computationally through combi-

nation of finite di↵erences - finite element numerical scheme. Specifically, on one

hand, we use a Crank-Nicholson type finite di↵erence scheme for the discretisation

of the involved forward model that arises in the tumour invasion dynamics that

we considered here. On the other hand, we develop a finite element approach

involving a bilinear shape functions on a square mesh for the discretisation of pro-

liferation laws candidates recruited from a proposed space of functions S as well

as their evaluation on a maximal accessible regions where the proliferation law

reconstruction is performed. Finally, these two parts are appropriately assembled

in an optimisation solver that seeks to reconstruct the cancer cell proliferation

law by minimising over the space S the emerging Tikhonov functionals that are

formulated in each of the two cases considered.

Finally, this inversion approach was explored and tested on the reconstruction

cancer cell proliferation laws that are used in cancer modelling, namely: (i) logis-

tic, (ii) Gompertz, and (iii) von Bertalan↵y. The numerical reconstruction results

for both reconstructing the mutated cancer cell proliferation and reconstructing

simultaneously the proliferation laws for both primary and mutated cancer cells

subpopulation showed that for exact measurements we obtained a good recon-

struction of the proliferation laws, while for increasingly noisy measurements the

reconstruction gradually deteriorates. This degradation of the reconstruction in
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increasing noise regime is expected, this being more pronounced in for the identifi-

cation of the mutated cell proliferation law within the cancer cells subpopulations

(3.2.1), where the deterioration of the reconstruction is faster than that address-

ing the proliferation law for the primary tumour cell population. Finally, as the

reconstruction of the von Bertalan↵y law proved to be more challenging numeri-

cally both in the case of exact and measure data, for an acceptable reconstruction

we amended our approach with a mollification approach for the trial proliferation

operator that is involved in the formulation of the associated forward operator.
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a.1)

a.2)

b.1)

b.2)

Figure 3.13: Reconstruction of mixed proliferation within model (3.2.1) in 1D obtained
using the parameters given in Table 3.1. In rows a.1) and a.2) we have both p-color and
graph plots of the true mixed proliferation laws for c1 restricted to Ac1 and c2 restricted
to Ac2 , respectively. Row b.1) shows the reconstructions of logistic proliferation law
obtained for c1 on Ac1 for: (left) exact data and ↵⇤ = 10�11; (centre) 1% noisy data and
↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. Row b.2) shows the reconstructions
of Gompertz proliferation law obtained for c2 onAc2 for: (left) exact data and ↵⇤ = 10�9;
(centre) 1% noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. For
all plots in this figure, for i 2 {1, 2} and j 2 {1, 2} \ {i}, we have that: 1) the first
axis represents the values for ci 2 [c̄min

i , c̄max
i ]; 2) second axis represents the values for

cj + v 2 [ēmin
i , ēmax

i ]; and 3) the colour bars represent the magnitude of proliferation
laws or their reconstructions at each (ci, cj + v) 2 Aci .
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a.1)

a.2)

b.1)

b.2)

Figure 3.14: Reconstruction of mixed proliferation within model (3.2.1) in 2D obtained
using the parameters given in Table 3.1. In rows a.1) and a.2) we have both p-color and
graph plots of the true mixed proliferation laws for c1 restricted to Ac1 and c2 restricted
to Ac2 , respectively. Row b.1) shows the reconstructions of logistic proliferation law
obtained for c1 on Ac1 for: (left) exact data and ↵⇤ = 10�12; (centre) 1% noisy data and
↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. Row b.2) shows the reconstructions
of Gompertz proliferation law obtained for c2 on Ac2 for: (left) exact data and ↵⇤ =
10�12; (centre) 1% noisy data and ↵⇤ = 10�4; and (right) 3% noisy data and ↵⇤ = 10�3.
For all plots in this figure, for i 2 {1, 2} and j 2 {1, 2} \ {i}, we have that: 1) the first
axis represents the the values for ci 2 [c̄min

i , c̄max
i ]; 2) second axis represents the values

for cj + v 2 [ēmin
i , ēmax

i ]; and 3) the colour bars represent the magnitude of proliferation
laws or their reconstructions at each (ci, cj + v) 2 Aci .
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Chapter 4

Reconstruction of Mutation Laws

in Heterogeneous Tumours

4.1 Introduction

Cancer cell mutations occur when cells undergo multiple cell divisions, and these

mutations can be spontaneous or environmentally-induced. The mechanisms that

promote and sustain these mutations are still not fully understood. This study

deals with the identification (or reconstruction) of the usually unknown cancer

cell mutation law, which lead to the transformation of a primary tumour cell

population into a secondary, more aggressive cell population. We focus on local

mathematical models for cell dynamics and movement, and identify these mutation

laws from macroscopic tumour snapshot data collected at some later stage in the

tumour evolution. In this model, we first reconstruct the mutation law when we

assume that the mutations depend only on the surrounding cancer cells (i.e., the
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ECM plays no role in mutations). Second, we assume that the mutations depend

on the ECM only, and we reconstruct the mutation law in this case. Third, we

reconstruct the mutation when we assume that there is no prior knowledge about

the mutations. For these numerical reconstructions, our approximations are based

on the finite di↵erence method combined with the finite elements method. As the

inverse problem is ill-posed, we use the Tikhonov regularisation technique in order

to regularise the solution. Stability of the solution is examined by adding additive

noise into the measurements.

In Chapter 5, Section 5.6, we reconstruct the mutation law that depends on the

cancer cells and on the ECM considering a nonlocal cancer invasion model.

This chapter as well as the mutation part of Chapter 5 have been thoroughly

discussed and presented in our recently published research article [4]

4.2 Mathematical Model for Two Local Cancer

Cell Sub-populations

In this study we consider two populations of tumour cells: a primary cell popu-

lation c1(x, t) that can mutate into a more aggressive secondary cell population

c2(x, t). These cell populations exercise a spatial redistribution via random move-

ment (with di↵usion coe�cients D1 and D2) and directed movement towards ex-

tracellular matrix (ECM) gradients v(x, t) (with haptotactic coe�cients ⌘1 and

⌘2). Moreover, the two populations undergo logistic growth (at the same rate µc),

up to a carrying capacity (Kc). We also assume that the ECM undergoes degra-

dation (at a rate ⇢) and remodelling (at a rate µv). The above assumptions are
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described by the equations:

@c1

@t
= D1�c1| {z }

di↵usion

� ⌘1r · (c1rv)| {z }
haptotactic movement

+µcc1

✓
1�

c1 + c2 + v

Kc

◆

| {z }
logistic proliferation

� !(t)|{z}
mutation

switch

Q(·, ·)| {z }
unknown

mutation

,

(4.2.1a)

@c2

@t
= D2�c2| {z }

di↵usion

� ⌘2r · (c2rv)| {z }
haptotactic movement

+µcc2

✓
1�

c1 + c2 + v

Kc

◆

| {z }
logistic proliferation

+ !(t)|{z}
mutation

switch

Q(·, ·)| {z }
unknown

mutation

,

(4.2.1b)

@v

@t
= �⇢ (c1 + c2) v| {z }

degradation

+µv (Kc � v � c1 � c2)
+

| {z }
remodelling term

. (4.2.1c)

where (Kc�v�c1�c2)+ := max{(Kc�v�c1�c2), 0}. Finally, the unknown term

Q(·, ·) represents the mutation law of cell subpopulation c1 into cell subpopulation

c2, which is assumed to be mediated by a time-dependant mutation enhancement

!(t) that is known a priori and is taken here of the form

!(t) :=

✓
1 + tanh

✓
t�t1,2
ts

◆◆

2
,

where t1,2 is the time at which mutations from c1 to c2 start occurring, and ts > 0

is a time-steepness coe�cient for this mutation law.

The mutation law Q(·, ·) is considerd here unknown due to either unknown

dependance on the primary cell population c1, or unknown dependance on the

ECM v, or unknown dependance on both primary tumour cell population and
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ECM. In this study we investigate three assumptions related to this mutation

term, namely: (i) mutation depends linearly on the density of primary tumour

cells; (ii) mutation depends linearly on the density of primary tumour cells, and

nonlinearly on the ECM density [61]; (iii) mutation law is very general and depends

autonomously on the primary tumour and ECM. Thus mathematically, these cases

correspond to three inverse problems that seek to identify the unknown mutation

law Q(·, ·) in the following three situations:

(i) Mutation depends linearly on the density of primary tumour cell sub-population

c1 but does not depend at all on ECM, and so this is given by the unknown

term

Q(c1, v) := eQ1(c1) = �0c1, (4.2.2)

with �0 representing the unknown mutation rate.

(ii) Mutation depends in a known linear manner on c1 and in an unknown non-

linear way on the density of ECM. The unknown dependence on v is denoted

mathematically by the unknown function eQ2(v), and so the entire mutation

law is therefore of the form

Q(c1, v) := �0c1
eQ2(v), (4.2.3)

with �0 > 0 here being considered known. A usual choice for eQ2(v) is of the

form [91, 92]:

eQ2(v) :=

8
><

>:

exp
⇣

�1
2�(1�v(x,t))2

⌘

exp(� 1
2 )

if 1�  < v (x, t) < 1,

0, otherwise,

(4.2.4)
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where  > 0 is a certain level of ECM beyond which mutations can occur.

(iii) Mutation is given by an unknown general nonlinear law Q(c1, v) that is

autonomous in c1 and v, which will be reconstructed from the data available

at a specific later time in the tumour evolution.

To complete the description of the model, we mention that the initial conditions

for the cancer-ECM dynamics described by equations (4.2.1) are:

c1(x, 0) := c1,0(x), c2(x, 0) := c2,0(x) and v(x, 0) := v0(x), for x 2 ⌦.

(4.2.5)

Here, c1,0(·), c2,0(·) and v0(·) give the initial distributions of the primary cell sub-

population, mutated cell subpopulation and ECM, respectively. Furthermore, we

assume that the cells and the ECM components do not leave the tissue region ⌦,

and therefore we consider zero Neumann boundary conditions:

@c1

@n

����
@⌦⇥[0,T ]

= 0,
@c2

@n

����
@⌦⇥[0,T ]

= 0 and
@v

@n

����
@⌦⇥[0,T ]

= 0, (4.2.6)

where n(⇠) is the usual normal direction at any given tissue boundary point ⇠ 2 @⌦.

Throughout the following sections, we refer to the tumour dynamics model

(4.2.1) together with the initial and boundary conditions (4.2.5) and (4.2.6) as

the “forward model”.
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4.3 Inverse Problem Formulation for the Unknown

Cancer Cell Mutation

We start with the forward model defined by the tumour dynamics (4.2.1) in the

presence of the initial and boundary conditions (4.2.5) and (4.2.6). Our goal

is to reconstruct the unknown cancer cells mutation law Q(·) from additional

information enabled by measurements of the cancer cells and ECM densities taken

at some later time tf := T > 0 in the tumour evolution. These measurements are

therefore given in the form of the following functions on ⌦, which are considered

to be known in advance, namely

c
⇤
1(·) : ⌦ ! R for the cancer subpopulation c1, (4.3.7a)

c
⇤
2(·) : ⌦ ! R for the cancer subpopulation c2, (4.3.7b)

v
⇤(·) : ⌦ ! R for the ECM density. (4.3.7c)

In the following, we will explore the reconstruction of the unknown cancer cells

mutation law Q(·, t) when the known measurements c⇤1(x), c
⇤
2(x) and v

⇤(x) will be

given both as exact (accurate) data and as noisy data, 8x 2 ⌦.
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4.4 Inverse Problem Setup: Forward Solver for

the Retrieval of Mutation Laws in Cases (i)

and (ii)

In this section we outline in a unitary manner the forward solver involved in the

retrieval of the mutation laws corresponding to cases (i) and (ii) that require the

retrieval of eQ1(c1) and eQ2(v), respectively. To that end, for r = 1, 2, denoting by

er either the primary tumour or the ECM, i.e., er 2 {c1, v}, enables us to proceed

with addressing simultaneously both cases by simply referring to the retrieval of

the term compactly denoted as eQr(er) that is specified by

er :=

8
<

:
c1, if r = 1,

v, if r = 2,
and subsequently eQr(er) :=

8
<

:

eQ1(c1), if r = 1,

eQ2(v), if r = 2.

(4.4.8)

We start by considering a uniform discretisation G⌦ := {(xi, yj)}i,j=1,N of step

size �x = �y > 0 for a square maximal tissue region ⌦ ⇢ R2 where the tumour

exercises its dynamics. At any given time t 2 [0, tf ] the discretisations of cancer

cells densities c1 (·, t) and c2 (·, t) as well as the density of ECM v (·, t) are therefore

given by the N ⇥ N matrices c̃1 (t) := {c̃1,i,j (t)}i,j=1,N , c̃2 (t) := {c̃2,i,j (t)}i,j=1,N

and ṽ (t) := {ṽi,j (t)}i,j=1,N , with c̃1,i,j(t) := c1((xi, yj), t), c̃2,i,j(t) := c2((xi, yj), t)

and ṽi,j(t) := v((xi, yj), t), 8 i, j = 1, N . Correspondingly, in the following ẽr(t)

will denote either c̃1(t) or ṽ(t), i.e., ẽr(t) 2 {c̃1(t), ṽ(t)}, as required by (4.4.8).

Throughout this study we assume that we have a priori knowledge that the

cumulated ECM and cancer densities do not exceed the tissue carrying capacity
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Kc. Under this assumption, the unknown mutation law can be written in terms

of an unknown (for the moment) function m
c⇤1,c

⇤
2,v

⇤
: [0, Kc] ! [0,1). Moreover,

this unknown function m
c⇤1,c

⇤
2,v

⇤
will be appropriately identified within a suitable

family of functions M1 such that the corresponding solution for the tumour model

(4.2.1) will match the measurements given in (4.3.7). Thus, denoting by eQc⇤1,c
⇤
2,v

⇤

r (·)

the unknown mutation term for which the corresponding solution of model (4.2.1)

matches measurement (4.3.7), at each (xi, yj) we can write this as

eQc⇤1,c
⇤
2,v

⇤

r (ẽm
c⇤1,c

⇤
2,v

⇤

r,i,j (t)) := M
1
i,j(ẽ

mc⇤1,c
⇤
2,v

⇤

r (t),mc⇤1,c
⇤
2,v

⇤
),

where M
1 (·, ·) := {M

1
i,j(·, ·)}i,j=1,N , with M

1(·, ·) : RN⇥N
⇥M1

! RN⇥N repre-

senting a “trial mutation operator” that will be specified below alongside the family

of functions M1. Furthermore, ẽm
c⇤1,c

⇤
2,v

⇤

r (t) := {ẽ
mc⇤1,c

⇤
2,v

⇤

r,i,j (t)}i,j=1,N represents the

solution for the density of either the primary cell population (if r = 1) or the ECM

(if r = 2) that is obtained for model (4.2.1) when, instead of the unknown term

eQr(er), in the mutation law we use the trial mutation term M
1(·,mc⇤1,c

⇤
2,v

⇤
).

Next, we consider an uniform discretisation for the domain [0, Kc] that is given

by an equally spaced grid G
1
M
:= {⌘l}l=1,M of step size �⌘ > 0. On this discretised

domain, the unknown function m
c⇤1,c

⇤
2,v

⇤
is identified through a suitable approxima-

tion within the following M�dimensional space of functions associated with G
1
M
,
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namely

M1 :=

⇢
m : [0, Kc] ! R

���� m|El
=

X

p=0,1

m(⌘l+p)�l+p, 8El 2 G
1,tiles
M

�

with the family of intervals G
1, tiles
M

:= {El := [⌘l, ⌘l+1] | l = 1 . . .M � 1} ,

and 8 El 2 G
1, tiles
M

, {�l+p}p=0,1 describe the usual linear shape functions on El.

(4.4.9)

Thus, for any candidate function m 2 M1, the corresponding trial mutation oper-

ator M
1 has each of its components Mi,j, 8 i, j = 1, N , given by

M
1
i,j(ẽ

m
r (t),m) := m|El

(ẽmr,i,j(t)),

with index l being independent of its choice within the associated set of indices ⇤i,j,

namely:

⇤i,j := {l 2 {1, . . . ,M�1} | 9El 2 G
1, tiles
M

such that ẽmr,i,j(t) 2 El}.

(4.4.10)

Here, as per (4.4.8), ẽmr (t) := {ẽ
m
ri,j(t)}i,j=1,N represents either the solutions for

the density of primary cancer cell population, {c̃m1,i,j(t)}i,j=1,N , or for the density

of ECM, {ṽmi,j(t)}i,j=1,N , which alongside the density of mutated cell population,

{c̃
m
1,i,j(t)}i,j=1,N , are obtained with model (4.2.1) when this uses within the muta-

tion law the trial mutation term M
1(·,m) := {M

1
i,j (·,m)}i,j=1,N given in (4.4.10)

instead of the unknown term eQr(·). Finally, the trial mutation form for the full

mutation law given in (4.2.2) and (4.2.3) for cases (i) and (ii), respectively, is

denoted by Mr(c̃m1 (t), ṽ
m(t),m) := {Mr,i,j(c̃m1 (t), ṽ

m(t),m)}i.j=1,N and is given
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by:

Mr,i,j(c̃
m
1 (t), ṽ

m(t),m) :=

8
><

>:

M
1
i,j(c̃

m
1 (t),m), if r = 1,

�0c̃
m
1,i,j(t)M

1
i,j(ṽ

m(t),m), if r = 2.

(4.4.11)

Therefore, in space-discretised form, model (4.4.10) that uses M1 (·,m) can there-

fore be written as

@

@t

2

6664

c̃
m
1

c̃
m
2

ṽ
m

3

7775
=

2

6664

H
1(c̃m1 , c

m
2 , ṽ

m
,m)

H
2(c̃m1 , c

m
2 , ṽ

m
,m)

H
3(c̃m1 , c

m
2 , ṽ

m)

3

7775
, (4.4.12)

Here, H1 (·, ·, ·, ·) = {H
1
i,j (·, ·, ·, ·)}i,j=1,N represents the spatial discretisation corre-

sponding to equation (4.2.1a). Each of its components H1
i,j (·, ·, ·, ·), 8 i, j = 1, N ,

are given by

H
1
i,j (c̃

m
1 (t) , c̃m2 (t) , ṽm (t) ,m) :=

D1

(�x)2
�
c̃
m
1,i�1,j (t) + c̃

m
1,i+1,j (t) + c̃

m
1,i,j�1 (t) + c̃

m
1,i,j+1 (t)� 4c̃m1,i,j (t)

�

�
⌘1

2 (�x)2
��
c̃
m
1,i,j (t) + c̃

m
1,i+1,j (t)

� �
ṽ
m
i+1,j (t)� ṽ

m
i,j (t)

�

�
�
c̃
m
1,i,j (t) + c̃

m
1,i�1,j (t)

� �
ṽ
m
i,j (t)� ṽ

m
i�1,j (t)

�

+
�
c̃
m
1,i,j (t) + c̃

m
1,i,j+1 (t)

� �
ṽ
m
i,j+1 (t)� ṽ

m
i,j (t)

�

�
�
c̃
m
1,i,j (t) + c̃

m
1,i,j�1 (t)

� �
ṽ
m
i,j (t)� ṽ

m
i,j�1 (t)

��

+ µcc̃
m
1,i,j (t)

�
Kc � c̃

m
1,i,j (t)� c̃

m
2,i,j (t)� ṽ

m
i,j (t)

�
� !(t)Mr,i,j(c̃

m
1 (t), ṽ

m(t),m).

(4.4.13)

Similarly, H2 (·, ·, ·, ·) = {H
2
i,j (·, ·, ·, ·)}i,j=1,N represents the spatial discretisation
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corresponding to equation (4.2.1b), and each of its componentsH2
i,j (·, ·, ·, ·), 8 i, j =

1, N , are given by

H
2
i,j(c̃

m
2 (t), c̃

m
2 (t), ṽ

m(t),m) :=

D2

(�x)2
�
c̃
m
2,i�1,j(t) + c̃

m
2,i+1,j(t) + c̃

m
2,i,j�1(t) + c̃

m
2,i,j+1(t)� 4c̃m2,i,j(t)

�

�
⌘2

2 (�x)2
��
c̃
m
2,i,j(t) + c̃

m
2,i+1,j(t)

� �
ṽ
m
i+1,j(t)� ṽ

m
i,j(t)

�

�
�
c̃
m
2,i,j(t) + c̃

m
2,i�1,j(t)

� �
ṽ
m
i,j(t)� ṽ

m
i�1,j(t)

�

+
�
c̃
m
2,i,j(t) + c̃

m
2,i,j+1(t)

� �
ṽ
m
i,j+1(t)� ṽ

m
i,j(t)

�

�
�
c̃
m
2,i,j(t) + c̃

m
2,i,j�1(t)

� �
ṽ
m
i,j(t)� ṽ

m
i,j�1(t)

��

+ µcc̃
m
2,i,j(t)(Kc � c̃

m
1,i,j(t)� c̃

m
2,i,j(t)� ṽ

m
i,j(t)) + !(t)Mr,i,j(c̃

m
1 (t), ṽ

m(t),m).

(4.4.14)

Finally, H3(·, ·, ·) = {H
3
i,j(·, ·, ·)}i,j=1,N represents the discretisation of the ECM

equation (4.2.1c), and each of its components H3
i,j(·, ·), 8 i, j = 1, N , are given by

H
3
i,j(c̃

m
1 (t), c̃

m
2 (t), ṽ

m(t)) := �⇢(c̃m1,i,j(t) + c̃
m
2,i,j(t))ṽ

m
i,j(t)

+ µv(Kc � c̃
m
1,i,j(t)� c̃

m
2,i,j(t)� ṽ

m
i,j(t))

+
.

(4.4.15)

Consider now a time discretisation {tn}n=0,L with time step �t := T/L. For each

n 2 {0, . . . , L}, a simple Euler time-marching scheme can be written for system
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(4.4.12) via the associated operator

Km : RN⇥N
⇥ RN⇥N

⇥ RN⇥N
! RN⇥N

⇥ RN⇥N
⇥ RN⇥N

given by

Km

0

BBB@

2

6664

c̃
m,n
1

c̃
m,n
2

ṽ
m,n

3

7775

1

CCCA
:=

2

6664

c̃
m,n
1

c̃
m,n
2

ṽ
m,n

3

7775
+�t

2

6664

H
1(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n
,m)

H
2(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n
,m)

H
3(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n)

3

7775
,

(4.4.16)

where c̃
m,n
1 := c̃

m
1 (tn), c̃

m,n
2 := c̃

m
2 (tn) and ṽ

m,n := ṽ
m(tn). The right-hand-side

operators are given by H
1(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n
,m) := H

1(c̃m1 (tn), c̃
m
2 (tn), ṽ

m(tn),m),

H
2(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n
,m) := H

2(c̃m1 (tn), c̃
m
2 (tn), ṽ

m(tn),m) and H
3(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n) :=

H
3(c̃m1 (tn), c̃

m
2 (tn), ṽ

m(tn)). This allows us to formulate the “forward operator” K

between the family of functions M1 (where we search for the appropriate cancer

cells mutation functionm
c⇤1,c

⇤
2,v

⇤
) and the space where the discretised measurements

(4.3.7) are recorded. Hence, the “forward operator” K is defined as

K : M1
! RN⇥N

⇥ RN⇥N
⇥ RN⇥N

given by

K(m) := Km �Km � · · · · · · �Km| {z }
L times

0

BBB@

2

6664

c̃1,0

c̃2,0

ṽ0

3

7775

1

CCCA

(4.4.17)

where the matrices c̃1,0 := {c1,0(xi, yj)}i,j=1,N , c̃2,0 := {c2,0(xi, yj)}i,j=1,N and ṽ0 :=

{v0(xi, yj)}i,j=1,N are the discretised initial conditions (4.2.5) for the governing

tumour forward model (4.2.1). Hence, for each m 2 M1, the forward operator K

gives the spatio-temporal progression of the initial condition [c̃1,0, c̃2,0, ṽ0]T under
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the invasion model (4.2.1), which is obtained when the cell mutation law at each

instance of time t > 0 involves the corresponding trial mutation operator M(·,m)

instead of the unknown mutation terms eQr(·).

4.4.1 The Inverse Problem Regularisation Approach for

Mutation Laws in Cases (i) and (ii)

From (4.4.16) and (4.4.17) we have that our forward operator K is given as a finite

composition of a�ne functions of the form

M1
3 m 7�! Km 2 `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)). (4.4.18)

Here, `2(`2(E⇥E⇥E); `2(E⇥E⇥E)) is the usual finite-dimensional Bochner space of

square integrable vector-value functions [110] with respect to the counting measure

(see [86], p. 27) that are defined on `2(E ⇥ E ⇥ E) and take values in `2(E ⇥ E ⇥

E), and E := {Ei,j}i,j=1,N represents the standard basis of elementary matrices

associated with the grid G⌦ . As a direct consequence, we immediately obtain that

this operator is both continuous and compact, from where we obtain that K is

also closed and sequentially bounded [110]. Therefore, K satisfies the hypotheses

assumed in [31] that ensure convergence for the nonlinear Tikhonov regularisation

strategy given by the functionals {J↵}↵>0, with ↵ := ↵(�) appropriately chosen
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such that lim
�!0

↵(�) = 0,

J↵(�) : M
1
! R,

defined by

J↵(�) (m) :=

���������

K(m)�

2

6664

c̃
⇤
1,�

c̃
⇤
2,�

ṽ
⇤
�

3

7775

���������

2

2

+ ↵(�)kmk
2
2, 8m 2 M1

.

(4.4.19)

The minimisation of these functionals enable us to identifymc⇤1,c
⇤
2,v

⇤
as the limit � !

0 of the points of minimum m
↵(�) of J↵(�) (these points correspond to the smallest

discrepancy between the data measurements and the solution of our system that

usesm↵ as a mutation law). The two norms involved in (4.4.19) represent the usual

Euclidean norms on the corresponding finite dimensional spaces. Indeed, while the

first is the standard Euclidean norm on RN⇥N
⇥RN⇥N

⇥RN⇥N , the second is also

the Euclidean norm induced on the M�dimensional space of functions M1 via

the standard isomorphism that we establish between M1 and RM by which each

m 2 M1 is uniquely represented through its nodal values {m(⌘l)}l=1,M with respect

to the linear basis functions {�̄l}l=1,M associated to GM [48]:

since m =
X

l=1...M

m(⌘l)�̄l, we therefore make the identification: m ⌘ {m(⌘l)}l=1,M .

(4.4.20)

Finally, in (4.4.19), c̃⇤1, c̃
⇤
2 and ṽ

⇤ represent the discretised measurements of the

densities of cancer cells and ECM given in equations (4.3.7a)-(5.3.9b), i.e., c̃⇤1,� :=

{c
⇤
1,�(xi, yj)}i,j=1,N , c̃

⇤
2,� := {c

⇤
2,�(xi, yj)}i,j=1,N and ṽ

⇤
� := {v

⇤
� (xi, yj)}i,j=1,N . We

assume that these data measurements are either exact or are corrupted by a certain
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noise level � � 0. Thus, maintaining for simplicity the measurements notation

unchanged, these measurements are given by

c
⇤
1,�(x) = c

⇤
1,exact(x) + ��c1(x), (4.4.21a)

c
⇤
2,�(x) = c

⇤
2,exact(x) + ��c2(x), (4.4.21b)

v
⇤
� (x) = v

⇤
exact(x) + ��v(x), (4.4.21c)

where, 8 x 2 ⌦, we have that c⇤1,exact(x), c
⇤
2,exact(x) and v

⇤
exact(x) describe the exact

data, and �c1(x), �c2(x) and �v(x) are signal-independent noise generated from a

Gaussian normal distribution with mean zero and standard deviations �c1 , �c2 and

�v, respectively, given by

8
>>>>>>><

>>>>>>>:

�c1 :=
1

�(⌦)

R

⌦

c̃
⇤
1exact(x) dx,

�c2 :=
1

�(⌦)

R

⌦

c̃
⇤
2exact(x) dx,

�v :=
1

�(⌦)

R

⌦

ṽ
⇤
exact(x) dx,

(4.4.22)

with � (·) being the usual Lebesgue measure. In the numercial results below, we

generate the random variables �c1(x), �c2(x) and �v(x) via MATLAB function

normrnd by taking

{�c1(xi, yj)}i,j=1,N := normrnd (0, �c1 , N ⇥N) ,

{�c2(xi, yj)}i,j=1,N := normrnd (0, �c2 , N ⇥N) ,

{�v(xi, yj)}i,j=1,N := normrnd (0, �v, N ⇥N) .

(4.4.23)
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4.4.2 Numerical Reconstruction of the Unknown Mutation

Laws Terms in Cases (i) and (ii)

We explore now the inversion approach that we formulated so far in the context of

the forward model (4.2.1) by proceeding with the reconstruction of the unknown

terms involved in the mutation laws in cases (i) and (ii), namely eQ1(c1) and eQ2(v),

respectively.

Initial Conditions. The initial conditions (4.2.5) that we consider in the com-

putations for the forward model (4.2.1) are taken here to be of the form

c1,0(x) := 0.5

✓
exp

✓
�
kx� (2, 2) k22

0.03

◆
� exp (�9.407)

◆
, (4.4.24a)

c2,0(x) := 0, (4.4.24b)

v0(x) := 0.5 + 0.3 · sin (4⇡ · kxk2) , 8 x 2 ⌦. (4.4.24c)

Here, we assume that c2,0(x) = 0 because this second cell population will arise

after a period of time following mutations of the first cell population c1.

To identify the cancer cells mutation law, we consider both exact and noisy mea-

surement data (4.4.21) as additional information for the forward model (4.2.1) in

the presence of initial conditions (4.4.24) and boundary conditions (4.2.6). Specif-

ically, in each of the two cases, we assume that the exact data (namely c
⇤
1,exact(x),

c
⇤
2,exact(x) and v

⇤
exact(x)) that appear in (4.4.21) are given by the solutions densities

for primary tumour cells population, c̄1(x, t), mutated cells population, c̄2(x, t),
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and ECM, and v̄(x, t), evaluated at the final time tf > 0, i.e.,

c
⇤
1,exact(x) :=c̄1(x, tf ), c

⇤
2,exact(x) :=c̄2(x, tf ) and v

⇤
exact(x) :=v̄(x, tf ), 8x 2 ⌦,

(4.4.25)

which are obtained from the forward model (4.2.1) as follows:

• for case (i): we assume that the mutation law is of the form given in (4.2.2)

but when parameter �0 > 0 is considered known and has the value given in

parameter Table 5.1;

• for case (ii): we assume that the mutation law is of the form given by (4.2.3)

with the known term eQ2(v) specified in (4.2.4).

For each regularisation parameter ↵ > 0 considered here, the minimisation pro-

cess for J↵ is initiated with m0 = I ⇥ 10�3, (where I represents the M vector of

ones), and for the actual minimisation we employed here the nonlinear minimisa-

tion MATLAB function lsqnonlin. Finally, since there are no data to test the trial

mutation operators beyond the maximal accessible region Ac and Av defined by

the minimum and maximum values of the solution, i.e.,

Ac := [c̄min
1 , c̄

max
1 ], with:

c̄
min
1 := min

(x,t)2⌦⇥[0,T ]

c1(x, t), and c̄
max
1 := max

(x,t)2⌦⇥[0,T ]

c1(x, t),
(4.4.26)
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and

Av := [v̄min
, v̄

max], with:

v̄
min := min

(x,t)2⌦⇥[0,T ]

v(x, t), v̄
max := max

(x,t)2⌦⇥[0,T ]

v(x, t),
(4.4.27)

the reconstructions in this section will be attempted only for the restriction of the

sought mutation laws to Ac and Av. We need to emphasise that Ac is used to

reconstruct eQ1(c1), while Av is used to reconstruct eQ2(v).

An acceptable numerical reconstruction of the mutation law m
c⇤1,c

⇤
2,v

⇤
, i.e.,

m
c⇤1,c

⇤
2,v

⇤
:= m

↵⇤
, (4.4.28)

is obtained for the choice of the regularisation parameter ↵⇤, which throughout

this work is selected based on a standard discrepancy principle argument [69].

Figure 4.1 shows the reconstruction of the cancer cell mutation law eQ1(c1) for

model (4.2.1) in the presence of the measurements given by (4.4.21) and (4.4.25)

that are considered here both exact and a↵ected by a level of noise � 2 {1%, 3%}.

The first row of this figure shows from left to right the true mutation law restricted

at the maximal accessible region Ac (where the reconstruction is being attempted)

and the reconstruction of the mutation law equation eQ1(c1) given by (4.2.2) on Ac

with no noise, respectively. The second row of the figure show from left to right

the reconstruction of the mutation law on Ac with 1%, and 3% of noise in the

measured data, respectively.

Figure 4.2 shows the reconstruction of unknown nonlinear cancer cell mutation
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term eQ2(v) (that is part of cell mutation law introduced in (4.2.3)) for model

(4.2.1) in the presence of the measurements given by (4.4.21) and (4.4.25) that

are considered here both exact and a↵ected by a level of noise � 2 {1%, 3%}.

Again, the first row shows from left to right the true mutation law restricted to Av

where the reconstruction is attempted, and the reconstruction of the mutation law

equation (4.2.3) on Av with no noise, respectively. The second row of the figure

show from left to right the mutation reconstruction on Av with 1%, and 3% of

noise in the measured data, respectively.

From Figure 4.1 and Figure 4.2 we observe that when the measurement data is

not a↵ected by noise, we obtain good mutation laws reconstructions in both cases,

i.e., (i) mutation depends on primary tumour only, and (ii) mutation depend on the

ECM only. However, as expected, as soon as the level of noise in the measurements

increases, the reconstruction gradually looses accuracy in both cases (i.e., case (i)

shown in Figure 4.1 lower panels, and case (ii) shown in Figure 4.2 lower panels).

This loss in accuracy increases with the increase in the c1 density (horizontal axis

in Figure 4.1) and in the v density (horizontal axis in Figure 4.2).
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Figure 4.1: Reconstruction of the unknown mutation law term eQ1(c1) that appears
in mutation law given in (4.2.2) for model (4.2.1). First row: (left) the true mutation
law, and (right) the reconstructed mutation law restricted to Ac with no noise and
↵⇤ = 10�12. Second row: (left) the reconstructed mutation law obtained for 1% noisy
data and ↵⇤ = 10�5; and (right) the reconstructed mutation law obtained for 3% noisy
data and ↵⇤ = 10�12. For all plots in this figure: 1) the first axis represents the values
for c1 2 [c̄min

1 , c̄max
1 ]; 2) second axis represents the values for mutation. The numerical

simulations are obtained using the parameters given in Table 5.1.
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Figure 4.2: Reconstruction of the unknown mutation law term eQ2(v) (that appears
in mutation law given in (4.2.3) for model (4.2.1). First row: (left) the true mutation
law, and (right) the reconstructed mutation law restricted to Av with no noise and
↵⇤ = 10�12. Second row: (left) the reconstructed mutation law obtained for 1% noisy
data and ↵⇤ = 10�12; and (right) the reconstructed mutation law obtained for 3% noisy
data and ↵⇤ = 10�12. For all plots in this figure: 1) the first axis represents the values
for v 2 [v̄min, v̄max]; 2) second axis represents the values for mutation. The numerical
simulations are obtained using the parameters given in Table 5.1.

4.4.3 Reconstruction of Nonlinear Mutation Law in Case

(iii)

In this section, we study the inverse problem of identifying the general mutation

law in case (iii), namely Q(c1, v), which is unknown and depends nonlinearly in an

autonomous manner on both primary tumour cell density c1 and on ECM density
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v.

Inverse Problem Setup: Forward Solver Computational Formulation

Maintaining here the same spatio-temporal discretisation notations introduced in

Section 4.4 for the cancer cell populations and ECM, we seek to identify the un-

known nonlinear mutation law Q(c1, v) such that we match the measurements

(4.3.7). To achieve this, similar to the previous two cases addressed in Sections

4.4�4.4.2, within an suitable space of functions M2 that will be detailed below, we

proceed to identify an appropriate a mutation approximating function defined on

the 2-dimensional region where the pair (c1, v) ranges during its spatio-temporal

evolution, namely m
c⇤1,c

⇤
2,v

⇤
: [0, Kc]⇥ [0, Kc] ! [0,1). The function m

c⇤1,c
⇤
2,v

⇤
will

be identified such that this will directly determine an acceptable “mutation law

candidate”, denoted here by Q
c⇤1,c

⇤
2,v

⇤
(·, ·), which will enable a solution in forward

model (4.2.1) that matches the measurements (4.3.7). To select this mutation

law candidate Q
c⇤1,c

⇤
2,v

⇤
(·, ·), adopting a similar approach to the one in cases (i)

and (ii), we involve again an appropriately constructed mutation trial operator

M
2(·, ·, ·) := {M

2
i,j(·, ·, ·)}i,j=1,N , M

2(·, ·, ·) : RN⇥N
⇥ RN⇥N

⇥M2
! RN⇥N that

will be specified in a moment and will enable us the express the acceptable muta-

tion law candidate as

Q
c⇤1,c

⇤
2,v

⇤
(c̃m

c⇤1,c
⇤
2,v

⇤

1,i,j (t), ṽm
c⇤1,c

⇤
2,v

⇤

i,j (t)) := M
2
i,j(c̃

m c⇤1,c
⇤
2,v

⇤

1 (t), ṽm
c⇤1,c

⇤
2,v

⇤

(t),m c⇤1,c
⇤
2,v

⇤
),

(4.4.29)

where c̃
m c⇤1,c

⇤
2,v

⇤

1 (t) := {c̃
m c⇤1,c

⇤
2,v

⇤

1 (t)}i,j=1,N and ṽ
m c⇤1,c

⇤
2,v

⇤
(t) := {ṽ

m c⇤1,c
⇤
2,v

⇤
(t)}i,j=1,N

represents the solution for the density of the primary cell population and of

the ECM, respectively, which are obtained for model (4.2.1) when, instead of
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the unknown term Q(·, ·), in the mutation law we use the trial mutation term

M
2(·, ·,mc⇤1,c

⇤
2,v

⇤
).

Denoting by G
2
M
:= {(⌘l, ⇣k)}l,k=1,M the equally spaced grid given by the uniform

discretisation of the [0, Kc] ⇥ [0, Kc] with step size �⌘ = �⇣ > 0, the space of

functions where we seek to identify the functionm
c⇤1,c

⇤
2,v

⇤
is an M⇥M - dimensional

space of potential mutation law shape candidates, which is given by

M2 :=

⇢
m : [0, Kc]⇥ [0, Kc] ! R

���� m|El,k
=

X

p,q=0,1

m(⌘l+p, ⇣k+q)�l+p,k+q,

8El,k 2 G
2, tiles
M

�

with G
2, tiles
M

:= {El,k := [⌘l, ⌘l+1]⇥ [⇣k, ⇣k+1] | l, k = 1 . . .M � 1},

and 8 El,k 2 G
2, tiles
M

, {�l+p,k+q}p,q=0,1

are the usual bilinear shape functions on El,k.

(4.4.30)

Therefore, for any m 2 M2, the trial proliferation operator M
2 is given by

M
2
i,j(c̃

m
1 (t), ṽ

m(t),m) := m|El,k
(c̃m1 (t), ṽ

m(t)),

with (l, k) 2 ⇤i,j :=

8
<

:l
0
, k

0
2{1, . . . ,M�1}

������

9El0,k0 2 G
tiles
M

such that

(c̃m1,i,j(t), ṽ
m
i,j(t))2El0,k0

9
=

;,

and noting also here that (l, k) is independent of its choice within ⇤i,j.

(4.4.31)

Here, c̃m1 (t) := {c̃
m
1,i,j(t)}i,j=1,N , c̃

m
2 (t) := {c̃

m
2,i,j(t)}i,j=1,N and ṽ

m(t) := {ṽ
m
i,j(t)}i,j=1,N

represent the solutions at the grid points and time t > 0 for the cancer cells and

ECM densities obtained with model (4.2.1) when this uses M2
i,j(·, ·,m) as muta-
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tion law given in (5.5.17). Therefore, in space-discretised form, model (4.2.1) can

be recasted also in this case as

@

@t

2

6664

c̃
m
1

c̃
m
2

ṽ
m

3

7775
=

2

6664

H
1(c̃m1 , c̃

m
2 , ṽ

m
,m)

H
2(c̃m1 , c̃

m
2 , ṽ

m
,m)

H
3(c̃m1 , c̃

m
2 , ṽ

m)

3

7775
. (4.4.32)

Also in in this case (i.e., case (iii)) we have that H
1(·, ·, ·, ·) and H

2(·, ·, ·, ·) are

correspondingly defined through equations (4.4.13) and (4.4.13) when the trial

mutation form for the full mutation law (which in cases (i) and (ii) was given

by operator Mr) is given here by M
2
i,j(c̃

m
1 (t), ṽ

m(t),m). Finally, adopting again

the same time discretisation as in Section 4.4 and using the Euler method, a time

marching step for system (4.4.32) is given by following operator

Km : RN⇥N
⇥ RN⇥N

⇥ RN⇥N
! RN⇥N

⇥ RN⇥N
⇥ RN⇥N

given by

Km

0

BBBBB@

2

666664

c̃
m1,n
1

c̃
m1,n
2

ṽ
m1,n

3

777775

1

CCCCCA
:=

2

666664

c̃
m1,n
1

c̃
m1,n
2

ṽ
m1,n

3

777775
+�t

2

666664

H
1(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n
,m)

H
2(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n
,m)

H
3(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n)

3

777775
,

(4.4.33)

where, for any n 2 {0, . . . , L}, we have c̃m,n
1 := c̃

m
1 (tn), c̃

m,n
2 := c̃

m
2 (tn), and ṽ

m,n :=

ṽ
m(tn), while

H
1(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n
,m) := H

1(c̃m1 (tn), c
m
2 (tn), ṽ

m(tn),m),

H
2(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n
,m) := H

2(c̃m1 (tn), c
m
2 (tn), ṽ

m(tn),m),

H
3(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n) := H
3(c̃m1 (tn), c̃

m
2 (tn), ṽ

m(tn)).
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Therefore, this allows us formulate “forward operator” denoted here by K de-

fined by

K : M2
! RN⇥N

⇥ RN⇥N
⇥ RN⇥N

given by

K(m) := Km �Km � · · · · · · �Km| {z }
L times

0

BBB@

2

6664

c̃1,0

c̃2,0

ṽ0

3

7775

1

CCCA

(4.4.34)

where c̃1,0, c̃2,0 and ṽ0 are the discretised initial conditions for (4.2.1) (as introduced

in (4.4.17)).

Similar to the previous two inverse problem cases, the forward operator K will

enable us to identify the m
c⇤1,c

⇤
2,v

⇤
2 M2 such that the solution of the resulting

model matches measurements (4.3.7). Thus, similar to Section 4.4.1, we observe

again that K can be written down as

M2
3 m 7�! Km 2 `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)) (4.4.35)

Here, `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)) is again the finite-dimensional Bochner

space of square integrable vector-value functions defined on `2(E ⇥ E ⇥ E) with

values in the same space. As in Section 4.4.1, also here we have that the mappings

defined in (4.4.35) are continuous and compact. Therefore, we obtain that K

is also closed sequentially bounded, and as a consequence we have that also in

this case we satisfy the inverse problems hypotheses adopted [31], and thus, the
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convergence of the subsequent nonlinear Tikhonov regularisation is ensured. The

Tikhonov functionals {J↵}↵>0, with ↵ := ↵(�) appropriately chosen such that

lim
�!0

↵(�) = 0, will have essentially the same form as in the first two cases, except

that the space where these are defined is di↵erent (i.e., in this case we have M2 of

dimension M ⇥M rather that M1 of dimension M that we had in cases (i)� (ii)),

namely:

J↵(�) : M
2
! R,

defined by

J↵(�)(m) :=

���������

K(m)�

2

6664

c̃
⇤
1

c̃
⇤
2

ṽ
⇤

3

7775

���������

2

2

+ ↵(�)km k
2
2, 8m 2 M2

.

(4.4.36)

4.4.4 Numerical Reconstruction of the Mutation Law Q(c1, v)

in Case (iii)

Computationally, we address here the reconstruction of the general mutation law

Q(c1, v) that appears in case (iii) for model (4.2.1) in the presence of zero flux

boundary conditions and the initial conditions prescribed in (4.4.24a)-(4.4.24c).

Furthermore, the inverse problem is addressed in the presence of both exact and

noisy measurements of the form detailed in (4.4.21)-(4.4.22), with the exact mea-

surements given by

c
⇤
1,exact(x) := c̄1(x, tf ), c

⇤
2,exact(x) := c̄2(x, tf ), and v

⇤
exact(x) := v̄(x, tf ), 8x2⌦,

(4.4.37)
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where c̄1(x, t), c̄2(x, t) and v̄(x, t) represent the solution densities for primary cell

population, mutated cell population and ECM, respectively, which are obtained

when model (4.2.1) uses as mutation law the expression given by (4.2.3) with the

known term eQ2(v) specified in (4.2.4).

Although the dimensionality is di↵erent with respect to cases (i) � (ii), the

inversion method in this case follows the same steps and numerical minimisation

procedure and steps that were described in Section 4.4.2 (reason for which we skip

here details already outlined there). Indeed, for any ↵ 2 {10�i
| i = 1, . . . 12},

the minimisation of the Tikhonov functional J↵ starts with an initial guess m0 =

I⇥10�3, (where I represents theM⇥M matrix of ones), and leads to the numerical

identification of the associated point of minimumm
↵ that correspond to the smalles

mismatch between the associated solution (that is obtained when model (4.2.1)

uses m↵ as mutation law) and the measurements . Furthermore, since no data is

available beyond the maximal region maximal accessible regions Acv given by

Acv := Ac ⇥Av =[c̄min
1 , c̄

max
1 ]⇥ [v̄min

, v̄
max],

with Ac and Av described in (4.4.26)-(4.4.27). The reconstruction of the muta-

tion law is explored only on Acv. Finally, using again an discrepancy principle-

based argument to choose the regularisation parameter ↵⇤ 2 {10�i
| i = 1, . . . 12},

the reconstructed mutation law will be given by the corresponding M ⇥ M ma-

trix m
c⇤1,c

⇤
2,v

⇤
:= m

↵⇤, which in turn will determine the precise shape of the re-

constructed mutation law Q
c⇤1,c

⇤
2,v

⇤
(c̃m

c⇤1,c
⇤
2,v

⇤

1,i,j (t), ṽm
c⇤1,c

⇤
2,v

⇤

i,j (t)) that is defined as per

equation (4.4.29).

Figure 4.3 shows the reconstruction of the most general cancer cell mutation law
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Q(c1, v), starting from the measurements given by (4.4.21) and (4.4.25) for exact

data as well as data impacted by noise � 2 {1%, 3%}. For comparison, the first

row of this figure shows the true mutation law restricted at the maximal accessible

region Acv where the reconstruction is being attempted. The second row of the

figure show from left to right the reconstruction of the mutation law on Acv with

no noise (left), with 1% noise (center), and 3% noise (right) in the measured data.

From this figure, we observe that we obtain a good reconstruction of the mutation

law when the measurement data are not a↵ected by noise. However, as expected,

as soon as the level of noise increases in the measurements, the reconstruction

gradually looses accuracy.

a)

b)

Figure 4.3: Reconstruction of the general mutation law Q(c1, v) in case (iii) for model
(4.2.1). Row a) the true mutation law restricted to Acv; Row b) the reconstructed
mutation law on Acv in the presence of exact and noisy data: (left) exact data and
↵⇤ = 10�8; (centre) 1% noisy data and ↵⇤ = 10�5; and (right) 3% noisy data and
↵⇤ = 10�5. For all plots in this figure: 1) first axis shows the values c1 2 [c̄min

1 , c̄max
1 ]; 2)

second axis shows the values v 2 [v̄min, v̄max]; and 3) colour bars represent the magnitude
of mutation law or its reconstructions at each (c1, v) 2 Acv. Numerical simulations are
obtained using the parameters given in Table 5.1.
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Reconstruction of Unknown Mutation Law Q(c1, v) in case (iii) for a

Di↵erent Cell Proliferation Rule for c2

Throughout the previous sections we assumed that both cancer cell populations

proliferate logistically: µcc1,2

⇣
1� c1+c2+v

Kc

⌘
. However, the sigmoid shape of tumour

growth that is given by the logistic term can be obtained also with other prolif-

eration rules, such as the Gompertz rule [36]: µcc1,2 log
⇣

Kc
c1+c2+v

⌘
. This raises the

question as to what happens when di↵erent cancer cell populations use di↵erent

proliferation laws.

In this subsection we reconstruct the general mutation law Q(c1, v) in case (iii)

when we assume that the primary c1 population proliferation proliferates logisti-

cally, while the secondary c2 population proliferates according to Gompertz law.

In Figure 4.4 we present the numerical reconstruction results. We observe that

the results are similar to those in Figure 4.3; this could be explained by the fact

that the mutation starts in the primary tumour which proliferate logistically.
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a)

b)

Figure 4.4: Reconstruction of general mutation law Q(c1, v) in case (iii) for model
(4.2.1), obtained when using logistic cell proliferation for c1 and Gompertz cell prolifer-
ation for c2. Row a): the true mutation law restricted to Acv; Row b) the reconstructed
mutation law on Acv in the presence of exact and noisy data: (left) exact data and
↵⇤ = 10�4; (centre) 1% noisy data and ↵⇤ = 10�4; and (right) 3% noisy data and
↵⇤ = 10�4. For all plots in this figure: 1) first axis shows the values c1 2 [c̄min

1 , c̄max
1 ];

2) second axis shows the values v 2 [v̄min, v̄max]; and 3) the colour bars represent the
magnitude of mutation law or its reconstructions at each (c1, v) 2 Acv. The numerical
simulations are obtained with the parameters given in Table 5.1.

4.5 Conclusion

In this work we explored a new inverse problem that addresses the reconstruction

of the cancer cells mutation law in a model with a local cancer cell haptotaxis flux

towards ECM (see equations (4.2.1)). For the reconstruction of this mutation law

through an inverse problem Tikhonov regularisation-based approach, we used a

numerically-generated spatial tumour snapshot data assumed to be acquired at a

later stage in the tumour evolution (in practice, the data can be provided through

a medical imaging scan).
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This inverse problem approach was implemented computationally via a mixed

finite di↵erences - finite element numerical scheme. Specifically, on one hand,

we used a Crank-Nicholson-type finite di↵erence scheme for the discretisation of

the forward models. On the other hand, we developed a finite element approach

involving a bilinear shape functions on a square mesh for the discretisation of

mutation law candidates recruited from a proposed space of functions M1,2, as

well as for their evaluation on a maximal accessible regions where the mutation

law reconstruction was performed. Finally, this part was appropriately assembled

in an optimisation solver that sought to reconstruct the cancer cell mutation law

by minimising over the space M1,2 the emerging Tikhonov functionals that were

formulated in the case considered.

Finally, this inversion approach was explored and tested on the reconstruction of

di↵erent cancer cell mutation laws used in local modelling: (i) reconstructing the

cancer cell mutation assuming a linear dependence only on the c1 cell population;

(ii) reconstructing the cancer cell mutation assuming a linear dependence on the c1

population and a nonlinear dependence on the ECM density, and (iii) reconstruct-

ing a very general mutation law, while assuming no prior knowledge about the

mutation. All numerical reconstruction results for the local model showed that for

exact measurements we obtained a good reconstruction of the mutation law, while

for increasingly noisy measurements the reconstruction gradually deteriorates.
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Chapter 5

Inverse Problem for Heterotypic

Cell Populations Evolution

5.1 Introduction

In recent years, local invasion of cancer has been investigated considering many

approaches, in particular, there are three main models commonly chosen for can-

cer invasion, namely, the cancer cells, extracellular matrix (ECM), and MDEs.

However, since the process of tumour invasion is highly complex nature, we pro-

pose a model to incorporate the adhesive nature of cancer cells [28, 33] with both

themselves and the surrounding tissue.

In this chapter, we will reconstruct the proliferation law of cancer cell in one

cancer population and reconstruct the mutation law from the primary tumour into

secondary tumour in two cancer subpopulations.
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5.2 A Tumour Invasion Model with Nonlocal Dy-

namics

Since various mathematical studies have assumed nonlocal cell-cell and cell-ECM

interactions to explain the invasion of cancer cells [10, 99, 28, 33], in the following

we generalise the models studied in the previous chapters by replacing the local

haptotaxis towards local ECM gradients with a nonlocal haptotaxis flux generated

by these cell-cell and cell-ECM interactions.

As before, we consider a primary cancer cell subpopulation c(x, t). This cancer

cell population interact with the extracellular matrix (ECM), v(x, t), which they

degrade and remodel. For compact notation, we consider the combined vector of

primary cancer cells c and extracellular matrix v defined as

u(x, t) := [c(x, t), v(x, t)]T .

We use this vector to describe in a compact manner the flux term generated by

the nonlocal cell-cell and cell-ECM interactions (A(x, t,u(·, t))).

In this context, the spatio-temporal dynamics of the cancer cell population can

therefore be expressed mathematically as:

@c

@t
= r · [D1rc]| {z }

random motility

�r · [cA (x, t,u (·, t))]| {z }
adhesion

+ f (c, v)| {z }
unknown proliferation

, (5.2.1)

where D1 is the positive di↵usion coe�cient, and A (x, t,u (·, t)) is the non-local

term describes the process of cell adhesion incorporating both cell-cell and cell-
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matrix adhesion, the final term is the cancer cells proliferation law, which can be

one of the cancer cells proliferation models that defined in Chapter 2, Section 2.2.

Furthermore, the flux term A (x, t,u (·, t)), has proposed in [28] and [33] as follows.

A (x, t,u (·, t)) :=
1

R

Z

B((0,0),R)

n (y) · K (kyk2) · g (u (x+ y, t) , t)�⌦ (x+ y) dy.

(5.2.2)

It is assumed that the interactions between a cell and its neighbouring cells as

well as the components of the ECM occur inside a sensing region B(x,R) :=

x + B ((0, 0) , R) ⇢ R2, where R > 0 is the sensing radius. Furthermore, as the

strengths of adhesive interactions between cells distributed at x and cells and ECM

distributed at any location x + y (with y 2 B ((0, 0) , R)) depend in the distance

between the two spatial locations, to account for this aspect we use here a radially

symmetric kernel K(·) that is given by

K(y) =  

⇣
y

R

⌘
, 8y 2 B(0, R), (5.2.3)

where  (·) is the standard mollifier defined in (2.6.38). In the above equation,

�⌦ (·) represents the characteristic function of ⌦. Further, n (y) is the unit radial

vector given by

n (y) :=

8
<

:
y/kyk2 if y 2 B ((0, 0), R) \ {(0, 0)},

(0, 0) otherwise.
(5.2.4)

The adhesion function g (u (x+ y, t) , t) is the component of

g (u, t) = g (c, v, t) = (Sccc+ Scvv) (Kc � c� v)+ , (5.2.5)
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where Scc is the non-negative cell-cell adhesion coe�cient, and Scv is the non-

negative cell-matrix adhesion coe�cient for cancer cell population, to ensure that

there is no overcrowding of the cell population and ECM, we multiply by the factor

(Kc � c� v)+, and (·)+ is the positive part of an expression.

Figure 5.1: Schematic to describe the process of the cancer cells adhesion. It shows
the ball B(x,R) centred at x and of radius R, the point x+ y with the direction vector
n(y) in green.

Within the tissue level, the ECM is locally degraded by the cancer cells and is

remodelled to avoid overcrowding, and the change in concentration at every spacial

point in ⌦ per unit time described mathematically as

@v

@t
= �⇢cv| {z }

degradation

+µv (Kc � v � c)| {z }
ECM remodelling

. (5.2.6)

Finally, the cancer invasion coupled dynamics expressed in (5.2.1) and (5.2.6) is
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started with the initial conditions

c(x, 0) := c0(x) and v(x, 0) := v0(x), (5.2.7)

where c0(·) and v0(·) are positive functions representing initial densities of cancer

cells and ECM, respectively. Furthermore, as during the dynamics, the cells are not

supposed to leave the tissue region ⌦, we assume here that the coupled dynamics

(5.2.1) and (5.2.6) take place in the presence of zero Neumann boundary conditions,

namely:
@c

@n

����
@⌦⇥[0,T ]

= 0 and
@v

@n

����
@⌦⇥[0,T ]

= 0, (5.2.8)

where n(⇠) is the usual normal direction at any given tissue boundary point ⇠ 2 @⌦.

Finally, in the following sections, the tumour dynamics (5.2.1)-(5.2.6) together

with the initial and boundary conditions (5.2.7) and (5.2.8) with be referred to

as the “forward model”. The numerical solution that approximate our system is

explained in Section 5.4.

5.3 Inverse Problem Formulation for the Unknown

Nonlocal Cancer Cell Proliferation

Considering here the forward model defined by the nonlocal tumour dynamics

(5.2.1) in the presence of the initial and boundary conditions (5.2.7) and (5.2.8).

In the presence of measurements of the cancer cells and ECM densities taken at

some later time tf > 0 in the tumour evolution, we aim to reconstruct the unknown

cancer cells proliferation law f(c, v) from these additional information. We define

these measurements as two functions on ⌦ that are considered to be known in
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advance, namely:

c
⇤(·) : ⌦ ! R for the cancer density, (5.3.9a)

v
⇤(·) : ⌦ ! R for the ECM density. (5.3.9b)

In the following, we will consider the known measurements c⇤(x) and v
⇤(x) given

both as exact (accurate) data and as noisy data, 8x 2 ⌦ for reconstructing the

unknown cancer cells proliferation law f(c, v).

5.4 Numerical Approach for the Forward Non-

local Cancer Invasion Model

In this section, we briefly discuss the numerical methods used to solve the forward

initial value boundary problem given by (5.2.1)-(5.2.6). First on the spacial treat-

ment, we use the method of lines (MOL) approach to discretise the system in space,

and then for the time marching, we use a standard predictor-corrector scheme in-

troduced in [99] (using the Euler method as the predictor and a Trapezoidal-type

rule as the corrector). The spacial discretisation is carried out on a fixed tu-

mour region ⌦ by considering a uniform spacial steps of size �x = �y. In order to

approximate the reaction-di↵usion equation (5.2.1), we use the non-local predictor-

corrector scheme; whilst the term r · [rc� cA (x, t,u (·, t))] will be approximated

through a second-order mid-point rule [59] as detailed below. In brief, for any

time step of index n = 0, L and for any space steps (i, j) in the x and y directions,

where i = 1, N and j = 1, N , and the following notation illustrates the midpoint
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approximation:

8
>>>>>>>>><

>>>>>>>>>:

c
n
i,j+ 1

2
:=

cni,j+cni,j+1

2 ,

c
n
i,j� 1

2
:=

cni,j+cni,j�1

2 ,

c
n
i+ 1

2 ,j
:=

cni,j+cni+1,j

2 ,

c
n
i� 1

2 ,j
:=

cni,j+cni�1,j

2 .

and

8
>>>>>>>>><

>>>>>>>>>:

A
n
i,j+ 1

2
:=

An
i,j+An

i,j+1

2 ,

A
n
i,j� 1

2
:=

An
i,j+An

i,j�1

2 ,

A
n
i+ 1

2 ,j
:=

An
i,j+An

i+1,j

2 ,

A
n
i� 1

2 ,j
:=

An
i,j+An

i�1,j

2 .

(5.4.10)

For the central di↵erences, we use the following notation:

8
>>>>>>>>><

>>>>>>>>>:

[cy]
n
i,j+ 1

2
:=

cni,j+1�cni,j
�y ,

[cy]
n
i,j� 1

2
:=

cni,j�cni,j�1

�y ,

[cx]
n
i+ 1

2 ,j
:=

cni+1,j�cni,j
�x ,

[cx]
n
i� 1

2 ,j
:=

cni,j�cni�1,j

�x .

(5.4.11)

By using this notation the approximation for r · [rc� cA (x, t,u (·, t))] in (5.2.1)

is as follows:

r · [rc� cA (x, t,u (·, t))] = div[rc� cA (x, t,u (·, t))]ni,j

'

[cx]ni+ 1
2 ,j

� [cx]ni� 1
2 ,j

� cn
i+ 1

2 ,j
· A

n
i+ 1

2 ,j
+ cn

i� 1
2 ,j

· A
n
i� 1

2 ,j

�x

+
[cy]ni,j+ 1

2

� [cy]ni,j� 1
2

� cn
i,j+ 1

2

· A
n
i,j+ 1

2

+ cn
i,j� 1

2

· A
n
i,j� 1

2

�y
.

(5.4.12)

Next, we shift our attention to the numerical approach of the adhesive flux A (that

explores the e↵ects of cell-cell and cell-matrix adhesion of cancer cells subpopu-

lations). We carry out these computations o↵-grid by decomposing the sensing

region B (x,R) in a 2 N⇤ annuli centred at x (with the inner most central circle
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being of numerically negligible size), and for each annuli k 2 {1, . . . , a} (counted

from the inner most to the outer most), we consider a radial decomposition of this

in 2h+(k�1) uniformly distributed radial sectors (with h 2 N fixed), as illustrated

in Figure (5.2) (for h = 2). This leads to a collection of sectors {S⌫}⌫=1,Na , where

Na :=
aX

k=1

2h+(k�1)
.

Then for each annulus sector S⌫ , we evaluate the total cancer cell population c

and the total ECM mass distributed on S⌫ that are given by

!S⌫ ,c :=
1

� (S⌫)

Z

S⌫

c (x, t) dx, and !S⌫ ,v :=
1

� (S⌫)

Z

S⌫

v (x, t) dx. (5.4.13)

Further, on each sector S⌫ , we consider the o↵-grid barycentres of each annulus

sector by bS⌫ and the values of each of the two densities at these barycentres,

namely c(bS⌫ , t) and v(bS⌫ , t), are obtained via interpolation with bilinear shape

functions on the grid rectangles {y
i
bS⌫

}i=1,4 that contain bS⌫ . Therefore, the ap-

proximation of the adhesion integral at each instance of time t > 0 is given by

A (x, t,u (·, t)) =
a2mX

⌫=1

� (S⌫)

R
n (bS⌫ ) · K (bS⌫ ) g(ũ(bS⌫ , t)), (5.4.14)

where

ũ (bS⌫ , t) := [!S⌫ ,c (t) ,!S⌫ ,v (t)]
T
,

and g(ũ(bS⌫ , t)) is the component of

g (ũ (bS⌫ , t)) = (Scc!S⌫ ,c (t) + Scv!S⌫ ,v(t)) (Kc � c(bS⌫ , t)� v(bS⌫ , t))
+
.
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Figure 5.2: Schematic shows the sensing region B(0, R). Left figure describes the
process of the cancer cells adhesion, the ball B(x,R) centred at x and of radius R, the
point x+ y with the direction vector n(y) in green. Right figure shows the decomposition
of the region using annulus sectors S⌫ with barycentres bS⌫ , highlighted with red dots.

5.5 Inverse Problem for Unknown Proliferation

Law in Nonlocal Cancer Model

Again, the tumour exercise its dynamics within a square maximal tissue region

⌦ ⇢ R2, discretised uniformly as G⌦ := {(xi, yj)}i,j=1,N of step size �x = �y >

0. The discretisations of cancer densities c(·, t) and ECM v(·, t) at any given

time t 2 [0, tf ] are therefore given by the N ⇥ N matrices c̃(t) := {c̃i,j(t)}i,j=1,N

and ṽ(t) := {ṽi,j(t)}i,j=1,N , with c̃i,j(t) := c((xi, yj), t) and ṽi,j(t) := v((xi, yj), t),

8 i, j = 1, N .

Knowing in advance that the cumulated ECM and cancer densities could not

exceed the tissue carrying capacity Kc. For the moment, let’s write-down the un-

known proliferation law in terms of an unknown function S
c⇤,v⇤ : [0, Kc]⇥ [0, Kc] !

[0,1). Moreover, an appropriate identification of this unknown function S
c⇤,v⇤ will

be within a suitable family of function S such that the corresponding solution for

150



the tumour model (5.2.1)-(5.2.6) will match the measurements given in (5.3.9).

Thus, denoting through f
c⇤,v⇤(·, ·) the unknown proliferation for which the corre-

sponding solution of model (5.2.1)-(5.2.6) matches measurement (5.3.9), at each

(xi, yj) we can write this as

f
c⇤,v⇤(ci,j(t), vi,j(t)) := Fi,j(c̃(t), ṽ(t), S

c⇤,v⇤), (5.5.15)

where F(·, ·, ·) := {Fi,j(·, ·, ·)}i,j=1,N , F(·, ·, ·) : RN⇥N
⇥ RN⇥N

⇥ S ! RN⇥N ,

represents a “trial proliferation operator”, which will be specified below alongside

the family of functions S. Indeed, assuming an uniform discretisation for the

domain [0, Kc]⇥ [0, Kc] given by an equally spaced grid GM := {(⌘l, ⇣k)}l,k=1,M of

step size �⌘ = �⇣ > 0, the unknown function S
c⇤,v⇤ will be identified through a

suitable approximation within the followingM⇥M�dimensional space of functions

associated with GM , namely

S :=

⇢
s : [0, Kc]⇥ [0, Kc] ! R | s|El,k

=
X

p,q=0,1

s(⌘l+p, ⇣k+q)�l+p,k+q, 8El,k 2 G
tiles
M

�

with G
tiles
M

:= {El,k := [⌘l, ⌘l+1]⇥ [⇣k, ⇣k+1] | l, k = 1 . . .M � 1},

and 8 El,k 2 G
tiles
M

, {�l+p,k+q}p,q=0,1,

are the usual bilinear shape functions on El,k.

(5.5.16)

Thus, for any candidate function s 2 S, the corresponding trial proliferation op-
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erator F has each of its components Fi,j, 8 i, j = 1, N , given by

Fi,j(c̃
s(t), ẽs(t), s) :=

X

p,q=0,1

s(⌘l+p, ⇣k+q)�l+p,k+q(c̃
s
i,j(t), ẽ

s
i,j(t)),

with (l, k) being independent of its choice within the associated set of indices ⇤i,j,

namely:

⇤i,j :=

8
<

:(l
0
, k

0)2{1, . . . ,M�1}⇥{1, . . . ,M�1}

������

9El0,k0 2 G
tiles
M

such that:

(c̃si,j(t), ẽ
s
i,j(t))2El0,k0

9
=

; .

(5.5.17)

where c̃
s(t) represents the proliferating cell population, and ẽ

s(t) represents the

tissue environment. In particular, here the proliferating cells population c̃
s(t) :=

{c̃
s
i,j(t)}i,j=1,N and the tissue environment ẽs(t) = ṽ

s(t) := {ṽ
s
i,j(t)}i,j=1,N represent

the solutions at the grid points and time t > 0 for the cancer cells and ECM

densities obtained with model (5.2.1)-(5.2.6) when this uses Fi,j(c̃s(t), ṽs(t), s) as

proliferation law given in (5.5.17). Thus, model (5.2.1)-(5.2.6) can be recasted in

space-discretised form as

@

@t

2

4c̃
s

ṽ
s

3

5 =

2

4 H
1(c̃s, ṽs, s)

H
2(c̃s, ṽs)

3

5 , (5.5.18)

Here, H
1(·, ·, ·) = {H

1
i,j(·, ·, ·)}i,j=1,N represents the spatial discretisation corre-

sponding to equation in (5.2.1), and each of its components H
1
i,j(·, ·, ·), 8 i, j =
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1, N , are given by

H
1
i,j(c̃

s(t), ṽs(t), s) :=

D1

(�x)2
�
c̃
s
i�1,j(t) + c̃

s
i+1,j(t) + c̃

s
i,j�1(t) + c̃

s
i,j+1(t)� 4c̃si,j(t)

�

�
1

(�x)2
�
c̃
s
i�1,j(t) + c̃

s
i+1,j(t)� 2c̃si,j(t)

�

+
1

2�x

�
c̃
s
i,j(t) + c̃

s
i+1,j(t)

�
(Ai,j(t) +Ai+1,j(t))

�
1

2�x

�
c̃
s
i,j(t) + c̃

s
i�1,j(t)

�
(Ai,j(t) +Ai�1,j(t))

�
1

(�x)2
�
c̃
s
i,j�1(t) + c̃

s
i,j+1(t)� 2c̃si,j(t)

�

+
1

2�x

�
c̃
s
i,j(t) + c̃

s
i,j+1(t)

�
(Ai,j(t) +Ai,j+1(t))

�
1

2�x

�
c̃
s
i,j(t) + c̃

s
i,j�1(t)

�
(Ai,j(t) +Ai,j�1(t))

+ Fi,j(c̃
s(t), ṽs(t), s).

(5.5.19)

On the other hand H
2(·, ·, ·) = {H

2
i,j(·, ·, ·)}i,j=1,N represents the discretisation of

the ECM equation corresponding to equation (5.2.6), and each of its components

H
2
i,j(·, ·, ·), 8 i, j = 1, N , are given by

H
2
i,j(c̃

s(t), ṽs(t)) := �⇢c̃
s
i,j(t)ṽ

s
i,j(t) + µv(Kc � c̃

s
i,j(t)� ṽ

s
i,j(t))

+
. (5.5.20)

Finally, considering a time discretisation {tn}n=0,L, with of time step �t := T/(L�

1), for each n 2 {0, . . . , L}, a simple Euler time marching step for system (5.5.18)
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can be formalised as usual via the associated operator

eKs : RN⇥N
⇥ RN⇥N

! RN⇥N
⇥ RN⇥N

given by

eKs

0

@

2

4c̃
s,n

ṽ
s,n

3

5

1

A :=

2

4c̃
s,n

ṽ
s,n

3

5+�t

2

4H
1(c̃s,n, ṽs,n, s)

H
2(c̃s,n, ṽs,n)

3

5 ,

(5.5.21)

where c̃
s,n := c̃

s(tn), and ṽ
s,n := ṽ

s(tn), while the right hand side operators are

correspondingly given H
1(c̃s,n, ṽs,n, s) := H

1(c̃s(tn), ṽs(tn), s) and H
2(c̃s,n, ṽs,n) :=

H
2(c̃s(tn), ṽs(tn)). This however, enables us to formulate “forward operator” K

between the family of function S where we search for the appropriate cancer cells

proliferation function S
c⇤,v⇤ and the space where the discretised measurements

(5.3.9) are recorded. Hence, the “forward operator” K is defined as

K : S ! RN⇥N
⇥ RN⇥N

given by

K(s) := eKs �
eKs � · · · · · · �

eKs| {z }
L�1 times

0

@

2

4c̃0

ṽ0

3

5

1

A

(5.5.22)

where c̃0 := {c0(xi, yj)}i,j=1,N and ṽ0 := {v0(xi, yj)}i,j=1,N are the discretised initial

conditions (5.2.7) for the governing tumour forward model. Hence, for each s 2

S, the forward operator K gives the spatio-temporal progression of the initial

condition [c̃0, ṽ0]T under the invasion model (5.2.1)-(5.2.6), which is obtained when

the cell proliferation law at each instance of time t is given by the trial proliferation

operator F evaluated on the 3rd variable at s (i.e., the proliferation law is given

by F(c̃s(t), ṽs(t), s)).
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5.5.1 Inverse Problem Regularisation Approach for Non-

local Cancer Invasion

In this section we will follow the same structure that is used in the previous

chapters. Thus, the observation that we obtain from (5.5.21) and (5.5.22) is im-

mediately indicate that our forward operator K is given as a finite composition of

a�ne functions of the form

S 3 s 7�! eKs 2 `2(`2(E ⇥ E); `2(E ⇥ E)), (5.5.23)

with `2(`2(E ⇥ E); `2(E ⇥ E)) being the usual finite-dimensional Bochner space of

square integrable vector-value functions [110] with respect to the counting measure

(see [86], p. 27) that are defined on `2(E⇥E) and take values in `2(E⇥E). Following

the same analysis arguments as in the previous chapters, we ensure convergence for

the nonlinear Tikhonov regularisation strategy given by the functionals {J↵}↵>0,

with ↵ := ↵(�) appropriately chosen such that lim
�!0

↵(�) = 0

J↵(�) : S ! R,

defined by

J↵(�) (s) :=

������
K(s)�

2

4c̃
⇤
�

ṽ
⇤
�

3

5

������

2

2

+ ↵(�)ksk22, 8s 2 S,

(5.5.24)

which enables us to identify S
c⇤,v⇤ as the limit as � ! 0 of the points of min-

imum s
↵(�) of J↵(�). Finally, as in the previous chapters, in (5.5.24), c̃

⇤
� and

ṽ
⇤
� represent the discretised measurements of the densities of cancer cells and
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ECM given in equations (5.3.9a)-(5.3.9b), i.e., c̃⇤� := {c
⇤
�(xi, yj)}i,j=1,N and ṽ

⇤
� :=

{v
⇤
� (xi, yj)}i,j=1,N .

Here we consider that the measurements data given in (5.3.9a)-(5.3.9b) are either

exact or are corrupted by a certain noise level � � 0. Thus, maintaining the mea-

surement notation unchanged, the measurements data considered here are those

given by (2.3.7a)-(2.3.7b), and so for convenience we recall these here, namely,

c
⇤(x) = c

⇤
exact(x) + ��c(x), (5.5.25a)

v
⇤(x) = v

⇤
exact(x) + ��v(x), (5.5.25b)

where, 8 x 2 ⌦, we have that c̃⇤exact(x) and ṽ
⇤
exact(x) are assumed to be the exact

data, and �c(x) and �v(x) are signal-independent noise generated from a Gaussian

normal distribution with mean zero and standard deviations �c and �v, respectively

(as detailed in (2.3.8)).

5.5.2 Numerical reconstruction of the logistic and Gom-

pertz laws in nonlocal cancer model

We explore now the inversion approach that we formulated so far in the context of

forward model (5.2.1)-(5.2.6) by proceeding with the reconstruction of two of the

most widely used cancer cells proliferation laws, namely: (1) logistic proliferation;

and (2) Gompertz proliferation.

Initial Conditions. The initial conditions (5.2.7) that we consider in the com-

putations for the forward model (5.2.1)-(5.2.6) are taken here to be of the form
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c0(x) := 0.5

✓
exp

✓
�
kx� (2, 2) k22

0.03

◆
� exp (�9.407)

◆
, (5.5.26a)

v0(x) := 0.5 + 0.3 · sin (4⇡ · kxk2) , 8 x 2 ⌦ (5.5.26b)

To identify the cancer cells proliferation law, we consider both exact and noisy

measurement data (5.3.9a) and (5.3.9b) that are generated with the forward model

(5.2.1)-(5.2.6) in the presence of initial conditions (5.5.26) and boundary conditions

(5.2.8).Specifically, we consider that the exact data (namely c̃
⇤
exact(x) and ṽ

⇤
exact(x))

that appear in (5.5.25) are given by the solution c̄1 and v̄ at the final time tf > 0

for the forward model (5.2.1)-(5.2.6), i.e.,

c̃
⇤
exact(x) := c̄(x, tf ) and ṽ

⇤
exact(x) := v̄(x, tf ), 8x 2 ⌦, (5.5.27)

which is obtained when (5.2.1)-(5.2.6) uses a known proliferation law f(c, v) that

is specified as appropriate for each of the two cases, namely:

Case 1: for the reconstruction of the logistic cancer cell proliferation law, model

(5.2.1) uses the logistic cell proliferation law f̄(c, v) given in (2.2.2), i.e.,

f(c, v) := f̄(c, v)

Case 2: for the reconstruction of the Gompertz cancer cell proliferation law, model

(5.2.1) uses the logistic cell proliferation law f̄(c, v) given in (2.2.3), i.e.,

f(c, v) := f̄(c, v)

For each regularisation parameter ↵ > 0 considered here, the minimisation process

for J↵ is initiated with s0 = I⇥10�3, (where I represents theM⇥M matrix of ones),
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and for the actual minimisation we employed here the nonlinear minimisation

MATLAB function lsqnonlin. Finally, since there are no data to test the trial

proliferating operators beyond the maximal accessible region Ac defined by the

minimum and maximum values of the solution, i.e.,

Ac := [c̄min
, c̄

max]⇥ [v̄min
, v̄

max], with:

c̄
min := min

(x,t)2⌦⇥[0,T ]

c(x, t), c̄
max := max

(x,t)2⌦⇥[0,T ]

c(x, t),

v̄
min := min

(x,t)2⌦⇥[0,T ]

v(x, t), v̄
max := max

(x,t)2⌦⇥[0,T ]

v(x, t),

(5.5.28)

the reconstructions in this section will be attempted only for the restriction of the

sought proliferation laws to Ac. An acceptable numerical reconstruction of the

proliferation law S
c⇤,v⇤ , i.e.,

S
c⇤,v⇤ := s

↵⇤
, (5.5.29)

is obtained for the choice of the regularisation parameter ↵⇤, which throughout

this work is selected based on a standard discrepancy principle argument [69].

Figure 5.3 shows the reconstruction of the logistic cancer cell proliferation law

for cancer model (5.2.1)-(5.2.6) in the presence of the measurements given by

(5.5.25) and (5.5.27) that are considered here both exact and a↵ected by a level

of noise � 2 {1%, 3%}. For comparison, the first row of this figure shows the true

logistic proliferation law restricted at the maximal accessible region Ac where the

reconstruction is being attempted. The second row of the figure show from left to

right the reconstruction of the logistic proliferation law on Ac with no noise, 1%,

and 3% of noise in the measured data, respectively.
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a)

b)

Figure 5.3: Reconstruction of logistic proliferation within model (5.2.1)-(5.2.6) ob-
tained using the parameters given in Table 5.1: row a) the true logistic proliferation
law restricted to Ac; row b) the reconstructed logistic proliferation law on Ac in the
presence of exact and noisy data. Row b) shows the reconstructions of logistic cancer
cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�12; (centre) 1% noisy
data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�2. For all plots in this
figure we have that: 1) the first axis represents the values for c 2 [c̄min, c̄max]; 2) sec-
ond axis represents the values for v 2 [v̄min, v̄max]; and 3) the colour bars represent the
magnitude of proliferation law or its reconstructions at each (c, v) 2 Ac.

Similarly, Figure 5.4 shows the reconstruction of Gompertz cancer cell prolif-

eration law for cancer model (5.2.1)-(5.2.6) in the presence of the measurements

given by (5.5.25) and (5.5.27) that are considered here both exact and a↵ected

by a level of noise � 2 {1%, 3%}. Again, the first row shows the true Gompertz

law restricted to Ac where the reconstruction is attempted. The second row of

the figure show from left to right the Gompertz proliferation reconstruction on Ac

with no noise, 1%, and 3% of noise in the measured data, respectively.

From Figure 5.3 and Figure 5.4 we observe that we obtain good proliferation

laws reconstructions in both cases (i.e., logistic and Gompertz, respectively) when
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a)

b)

Figure 5.4: Reconstruction of Gompertz proliferation within model (5.2.1)-(5.2.6) ob-
tained using the parameters given in Table 5.1: row a) the true Gompertz proliferation
law restricted to Ac; row b) the reconstructed Gompertz proliferation law on Ac in the
presence of exact and noisy data. Row b) shows the reconstructions of Gompertz cancer
cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�12; (centre) 1% noisy
data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�3. For all plots in this
figure we have that: 1) the first axis represents the the values for c 2 [c̄min, c̄max]; 2)
second axis represents the values for v 2 [v̄min, v̄max]; and 3) the colour bars represent
the magnitude of proliferation law or its reconstructions at each (c, v) 2 Ac.

the measurement data are not a↵ected by noise. However, as expected, as soon

as the level of noise increases in the measurements, the reconstruction gradually

looses accuracy both in the case of logistic law (shown in Figure 5.3) and in the

case of Gompertz law (shown in Figure 5.4).

Figure 5.5 shows the reconstruction of the Bertalan↵y cancer cell proliferation

law for cancer model (5.2.1)-(5.2.6) in the presence of the measurements given by

(5.5.25) and (5.5.27) that are considered here both exact and a↵ected by a level

of noise � 2 {1%, 3%}. For comparison, again, row a) of this figure shows the true

Bertalan↵y proliferation law restricted at the maximal accessible region Ac where
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a)

b)

Figure 5.5: Reconstruction of Bertalan↵y proliferation within model (5.2.1)-(5.2.6)
obtained using the parameters given in Table 5.1: row a) the true logistic proliferation
law restricted to Ac; row b) the reconstructed Bertalan↵y proliferation law on Ac in
the presence of exact and noisy data. Row b) shows the reconstructions of Bertalan↵y
cancer cell proliferation law obtained for: (left) exact data and ↵⇤ = 10�3; (centre) 1%
noisy data and ↵⇤ = 10�3; and (right) 3% noisy data and ↵⇤ = 10�2. For all plots in
this figure we have that: 1) the first axis represents the the values for c1 2 [c̄min, c̄max];
2) second axis represents the values for v 2 [v̄min, v̄max]; and 3) the colour bars represent
the magnitude of proliferation law or its reconstructions at each (c, v) 2 Ac.

he reconstruction is being attempted. Row b) of the figure show from left to right

the reconstruction of the Bertalan↵y proliferation law on Ac with no noise, 1%,

and 3% of noise in the measured data, respectively.

Reconstructing the proliferation law of Bertalan↵y type in nonlocal model is

also challenging, which requires further refinement. We follow the same approach

that we used for reconstructing the Bertalan↵y proliferation law in the previous

chapters.

161



5.6 Mutation Law Identification in Extended Non-

local Tumour Invasion Model with Two Can-

cer Cell Sub-populations

We expand now our investigation to explore the reconstruction of the cancer cell

mutation laws in the context of an extended tumour invasion model that assumes

not just one but two cancer cels subpopulations. Indeed, as the tumour evolve,

from the cells from the initial primary tumour cell population undergo genetic

mutations and give rise to a second mutated cancer cell population [43, 98] that

is usually more aggressive [94], spreading faster and further in the human tissue

than the first one. In this context, the identification of the unknown mutation law

from measured data a later time during the tumour evolution remains of critical

interest for the applicability of these models in concrete medical situations, where

the estimate of the true extent of the tumour from available patient data is of

paramount importance.

5.6.1 Two Nonlocal Cancer Cells Sub-Populations Tumour

Invasion Model

Denoting the density of the primary cancer cell subpopulation by c1(x, t) and

the density of mutated cancer cells subpopulation by c2(x, t), these are mixed

with a density of ECM (that continues to be denoted by v(x, t)) and together

exercise a coupled spatio-temporal dynamics (on the tissue region ⌦, over the

time interval [0, tf ]) that is similar in nature to the one discussed in the case of
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a single cancer cel population captured by forward model (5.2.1)-(5.2.6). Indeed,

while per unit time the unknown mutations occur between primary tumour cells

and the mutated cancer cells, both subpopulations exercise a spatial redistribution

dictated by a local brownian movement (approximated through di↵usion) and cell

adhesion in the presence of a proliferation laws for each of the two subpopulations.

On the other hand, both cancer cells degrade the ECM and contribute to its

remodelling. Therefore, the tumour invasion coupled dynamics can be formalised

mathematically in this case as

@c1

@t
= D1�c1| {z }
random motility

�r·[c1A1 (x, t,u (·, t))]| {z }
adhesion

+µcc1

✓
1�

c1 + c2 + v

Kc

◆

| {z }
logistic proliferation

� !(t)|{z}
mutation

switch

Q(·, ·)| {z }
unknown

mutation

,

(5.6.30a)

@c2

@t
= D2�c2| {z }
random motility

�r·[c2A2 (x, t,u (·, t))]| {z }
adhesion

+µcc2

✓
1�

c1 + c2 + v

Kc

◆

| {z }
logistic proliferation

+ !(t)|{z}
mutation

switch

Q(·, ·)| {z }
unknown

mutation

,

(5.6.30b)

@v

@t
= �⇢(c1 + c2)v| {z }

degradation

+µv (Kc � c1 � c2 � v)+| {z }
ECM remodelling

. (5.6.30c)

As before, D1,2 are the di↵usion coe�cients, µc is the cancer cell proliferation

rate, ⇢ is the ECM degradation rate, and µv is the ECM remodelling rate. The

unknown term Q(·, ·) represents the mutation law of cell subpopulation c1 into cell

subpopulation c2, which is assumed to be mediated by a time-dependant mutation

enhancement !(t) that is known a priori and is taken here of the form

!(t) :=

✓
1 + tanh

✓
t�t1,2
ts

◆◆

2
,
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where t1,2 is the time at which mutations from c1 to c2 start occurring, and ts > 0 is

a time-steepness coe�cient for this mutation law. The flux term Ap (x, t,u (·, t)),

p = 1, 2, has been proposed in [28, 33] to describe the directed movement of

cells due to cell-cell and cell-matrix adhesion and are of the same type as the one

considered in Section 5.2 for just a single population of cancer cells, namely:

Ap (x, t,u (·, t)) :=
1

R

Z

B((0,0),R)

n (y) · K (kyk2) · gp (u (x+ y, t) , t)�⌦ (x+ y) dy.

(5.6.31)

Again, it is assumed that the interactions between a cell of each type and its neigh-

bouring cells as well as the components of the ECM occur inside a sensing region

B ((0, 0) , R) ⇢ R2, where R > 0 is the sensing radius. Here the unit direction n(·),

the kernel K(·), and the characteristic function �⌦(·) have the same meanings and

definitions as in Section 5.2. Furthermore, gp (u(x+ y, t) , t) represents the p�th

component of the adhesion function g (u (x+ y, t) , t) that is given by

g (u, t) = (Kc � c1 � c2 � v)+

0

@Scc

2

4c1
c2

3

5+ Scv

2

4v

v

3

5

1

A ,

with Scc =

0

@Sc1c1 Sc1c2

Sc2c2 Sc2c2

1

A and Scv =

0

@Sc1v 0

0 Sc2v

1

A .

(5.6.32)

Here {Scicj}i=1,2 are the non-negative cell-cell adhesion strengths of the adhesion

bonds established between the primary and mutated cancer cell populations, while

{Sciv}i=1,2 are the non-negative cell-matrix adhesion stands for the strengths for the

adhesive interactions between each of the two cancer subpopulation and the ECM.

Finally, no overcrowding of the cell population and ECM over the tumour domain

is ensured here through the term (Kc � c1 � c2 � v)+ := max(Kc � c1 � c2 � v, 0).
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The general mutation law Q(c1, v) is assumed to be unknown and its identi-

fication will be our main focus in this section. Finally, the dynamics described

by (5.6.30a)-(5.6.30c) takes place in the presence of initial conditions (5.5.26) and

zero Neumann boundary conditions (5.2.8).

5.6.2 Inverse problem set up and regularization approach.

Building on the approach described in nonlocal cancer invasion model Section 5.5,

we proceed now to address the reconstruction of the unknown cancer cells mutation

law Q(c1, v) for primary cancer cell subpopulations from measured data

c
⇤
1(·) : ⌦ ! R for the cancer subpopulation c1, (5.6.33a)

c
⇤
2(·) : ⌦ ! R for the cancer subpopulation c2, (5.6.33b)

v
⇤(·) : ⌦ ! R for the ECM density. (5.6.33c)

Furthermore, as we consider here both the case of exact and noisy data, we assume

that the measured data (5.6.33) are of the same type as the ones considered in

Section 5.5, and specifically these are given here as

c
⇤
p(x) = c

⇤
p,exact(x) + ��cp(x), , p = 1, 2, (5.6.34a)

v
⇤(x) = v

⇤
exact(x) + ��v(x), (5.6.34b)

where, 8 x 2 ⌦, we have that c⇤p,exact(x), p = 1, 2, and v
⇤
exact(x) are assumed to be

exact data that may not be accessible in accurate form, and rather they would be

a↵ected by a level of noise � � 0. Further, �cp(x), p = 1, 2, and �v(x) are signal-

independent noise which again are generated from a Gaussian normal distribution
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with mean zero and standard deviations

�cp :=
1

� (⌦)

Z

⌦

c̃
⇤
p,exact(x) dx, p = 1, 2, (5.6.35)

and �v (given in (2.3.8b)), respectively.

Using the setup already developed in Section 5.5, the unknown mutation law is

expressed here again in terms of unknown function m
c⇤1,c

⇤
2,v

⇤
: [0, Kc] ⇥ [0, Kc] !

[0,1). This function is going to be identified within the finite-dimensional space

of functions S (with S being the space defined in (5.5.16)) such that the mea-

surements specified in (5.6.34a)-(5.6.34b) are matched by the solution at the final

time tf that is obtained for the two population cancer invasion model (5.6.30a) -

(5.6.30c) for the resulting cell mutation law

Q
c⇤1,c

⇤
2,v

⇤
(c̃1,i,j(t), ṽi,j(t)) := M

2
i,j(c̃1(t), ṽ(t),m

c⇤1,c
⇤
2,v

⇤
). (5.6.36)

Here, M2 is the trial mutation operator defined as follows:

M
2
i,j(c̃

m
1 (t), ṽ

m(t),m) :=
X

p,q=0,1

m(⌘l+p, ⇣k+q)�l+p,k+q(c̃
m
1,i,j(t), ṽ

m
i,j(t)),

with (l, k) being independent of its choice within the associated set of indices ⇤i,j,

namely:

⇤i,j :=
�
(l0, k0)2{1, . . . ,M�1}⇥{1, . . . ,M�1} |9El0,k0 2 G

tiles
M

such that (c̃m1,i,j(t), ṽ
m
i,j(t))2El0,k0

 
.

(5.6.37)
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Further, we note that, for any m 2 S, an Euler time marching operator similar

to eKs given in (5.5.21) can therefore be defined also in this case as

eeKm : RN⇥N
⇥ RN⇥N

⇥ RN⇥N
! RN⇥N

⇥ RN⇥N
⇥ RN⇥N

given by

eeKm

0

BBB@

2

6664

c̃
m,n
1

c̃
m,n
2

ṽ
m,n

3

7775

1

CCCA
:=

2

6664

c̃
m,n
1

c̃
m,n
2

ṽ
m,n

3

7775
+�t

2

6664

H
1(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n)�M(c̃m,n
1 , ṽ

m,n
,m)

H
1(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n) +M(c̃m,n
1 , ṽ

m,n
,m)

H
2(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n)

3

7775
.

(5.6.38)

In the right hand side, the operators H1 and H
2 are the ones defined in (5.5.19)-

(5.5.20), with H
1(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n) := H
1(c̃m1 (tn), c̃

m
2 (tn), ṽ

m(tn)), and

H
2(c̃m,n

1 , c̃
m,n
2 , ṽ

m,n) := H
2(c̃m1 (tn), c̃

m
2 (tn), ṽ

m(tn)). Finally, M is the trial mutation

operator given in (5.6.37).

Finally, the of operator
eeKm enables us to obtain a similar “forward operator”

to the one given in (5.5.22), which in this case is of the form

K : S ! RN⇥N
⇥ RN⇥N

⇥ RN⇥N

given by

K(m) :=
eeKm �

eeKm � · · · · · · �
eeKm| {z }

L�1 times

0

BBB@

2

6664

c̃0

0

ṽ0

3

7775

1

CCCA
, 8m 2 S.

(5.6.39)

Thus, similar to Section 5.5, also in this case we obtain that the forward operator
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K is given as a finite composition of a�ne functions of the form

S 3 m 7�!
eeKm 2 `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)) (5.6.40)

with `2(`2(E ⇥ E ⇥ E); `2(E ⇥ E ⇥ E)) being the usual finite-dimensional Bochner

space of square integrable vector-value functions defined on `2(E ⇥ E ⇥ E) and

taking values in the same space. From this, we obtain again that the mappings

given in (5.6.40) are both continuous and compact, from where we obtain that K is

also closed sequentially bounded, and so the inverse problems hypotheses assumed

in [31] are again satisfied. This ensures the convergence of the nonlinear Tikhonov

regularisation strategy defined by the functional J↵, with ↵ := ↵(�) appropriately

chosen such that lim
�!0

↵(�) = 0

J↵(�) : S ! R,

defined by

J↵(�)(m) :=

���������

K(m)�

2

6664

c̃
⇤
1,�

c̃
⇤
2,�

ṽ
⇤
�

3

7775

���������

2

2

+ ↵(�)kmk
2
2, 8m :2 S,

(5.6.41)

which enables us to identify the of function m
c⇤1,c

⇤
2,v

⇤
as the limit as � ! 0 of the

points of minimum m
↵(�) of J↵(�). Here, c̃⇤1, c̃

⇤
2, and ṽ

⇤ represent the discretised

measurements of the densities of cancer cells and ECM given in equations (5.6.33a)-

(5.6.33c), i.e., c̃
⇤
1,� := {c

⇤
1,�(xi, yj)}i,j=1,N , c̃

⇤
2,� := {c

⇤
2,�(xi, yj)}i,j=1,N and ṽ

⇤
� :=

{v
⇤
� (xi, yj)}i,j=1,N , respectively.
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5.6.3 Reconstruction of the Mutation Law in the Nonlocal

Cancer Invasion Model

We explore now computationally the inversion approach that we formulated so far

in the context of forward model for tumour invasion with two cancer cells subpop-

ulations (5.6.30). To that end, we proceed with the reconstruction of the mutation

law cancer cell subpopulations in model (5.6.30). Alongside the Neumann zero

boundary conditions, model (5.6.30) assumes here the initial conditions (5.5.26),

whose specific forms for the primary cell population and the ECM, namely c0 and

v0, being the ones given in (5.5.26).

To identify the cancer cells mutation law for cancer cell subpopulation, we con-

sider both exact and noisy measurement data (5.6.33), as in Section 5.5 the exact

data (namely c
⇤
1,exact(x), c

⇤
2,exact(x) and v

⇤
exact(x)) that appear in (5.6.34) are given

by the solution at the final time tf > 0 for the forward model (5.6.30), i.e.,

c
⇤
1,exact(x) :=c̄1(x, tf ), c

⇤
2,exact(x) :=c̄2(x, tf ), and v

⇤
exact(x) :=v̄(x, tf ), 8x2⌦,

(5.6.42)

which are obtained when (5.6.30) uses known mutation law from the primary

cancer cell subpopulations of the form

Q(c1, v) := Q(c1, v), (5.6.43)

where the known mutation law Q(c1, v) used in (5.6.43) is specified as appropriate

for the reconstruction of the mutation law, model (5.6.30) uses the mutation law
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Q(c1, v) given in (4.2.3), which for completion we restate here as:

Q(c1, v) := �0c1
eQ(v), (5.6.44)

with �0 > 0 is the mutation rate and eQ(v) is defined in (4.2.4) and take the form

eQ(v) :=

8
><

>:

exp
⇣

�1
2�(1�v(x,t))2

⌘

exp(� 1
2 )

if 1�  < v (x, t) < 1,

0, otherwise,

(5.6.45)

where  > 0 is a certain level of ECM beyond which mutations can occur.

For each regularisation parameter ↵ > 0 considered here, the minimisation pro-

cess for J↵ is initiated with m0 = I⇥ 10�3, (where I represents the M ⇥M matrix

of ones). We explored the minimisation of J↵ numerically for a range of regu-

larization parameters ↵ 2 {10�i
| i = 1, . . . 12}. Again, for the implementation of

the minimisation of J↵ we employed here the nonlinear minimisation MATLAB

function lsqnonlin.

Figure 5.6 shows the reconstruction of the cancer cell mutation law for cancer

model (5.6.30) in the presence of the measurements given by (5.5.25) and (5.5.27)

that are considered here both exact and a↵ected by a level of noise � 2 {1%, 3%}.

For comparison, the first row of this figure shows the true mutation law restricted at

the maximal accessible regionAc where the reconstruction is being attempted. The

second row of the figure show from left to right the reconstruction of the mutation

law on Ac with no noise, 1%, and 3% of noise in the measured data, respectively.

From Figure 5.6, we observe that we obtain good mutation law reconstruction
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when the measurement data are not a↵ected by noise. However, as expected,

as soon as the level of noise increases in the measurements, the reconstruction

gradually looses accuracy (shown in Figure 5.6).

a)

b)

Figure 5.6: Reconstruction of mutation law within model (5.6.30) obtained using the
parameters given in Table 5.1: row a) the true mutation law restricted to Ac; row b)
the reconstructed mutation law on Ac in the presence of exact and noisy data. Row
b) shows the reconstructions of cancer cell mutation law obtained for: (left) exact data
and ↵⇤ = 10�4; (centre) 1% noisy data and ↵⇤ = 10�4; and (right) 3% noisy data and
↵⇤ = 10�4. For all plots in this figure we have that: 1) the first axis represents the
values for c1 2 [c̄min

1 , c̄max
1 ]; 2) second axis represents the values for v 2 [v̄min, v̄max]; and

3) the colour bars represent the magnitude of proliferation law or its reconstructions at
each (c1, v) 2 Ac.

5.6.4 Reconstruction of the mutation law for di↵erent can-

cer cell proliferation rules

As in Chapter 4 Section 4.4.4, here we investigate the reconstruction of the general

mutation law Q(c1, v) when cancer cell growth is described by di↵erent rules:

logistic proliferation for the c1 cells, and Gompertz proliferation for the c2 cells.

171



Again, we do not see any significant di↵erences between the reconstruction of

mutation law in this case (see Figure 5.7) and in the previous case where both

cell populations grow logistically (see Figure 5.6). We believe that is because in

both cases, the population that starts mutating (i.e., the c1 population) grows

logistically.

a)

b)

Figure 5.7: Reconstruction of mutation law within model (5.6.30) obtained using the
parameters given in Table 5.1: row a) the true mutation law restricted to Ac; row b)
the reconstructed mutation law on Ac in the presence of exact and noisy data. Row
b) shows the reconstructions of cancer cell mutation law obtained for: (left) exact data
and ↵⇤ = 10�4; (centre) 1% noisy data and ↵⇤ = 10�4; and (right) 3% noisy data and
↵⇤ = 10�4. For all plots in this figure we have that: 1) the first axis represents the
values for c1 2 [c̄min

1 , c̄max
1 ]; 2) second axis represents the values for v 2 [v̄min, v̄max]; and

3) the colour bars represent the magnitude of proliferation law or its reconstructions at
each (c1, v) 2 Ac.

For all the cancer cells proliferation laws and mutation laws reconstructions

considered in this and the previous chapters, we use the parameter set specified in

Table 5.1.

172



Parameter Value Description Reference
D1 0.00675 di↵usion of primary tumour [28]
D2 0.00675 di↵usion of secondary tumour [28]
⌘1 2.85⇥ 10�2 haptotaxis to ECM from c1 [75]
⌘2 2.85⇥ 10�2 haptotaxis to ECM from c2 [75]
µc 0.25 proliferation of tumour cells c [89]
Kc 1 tissue carrying capacity [99]
⇢ 2 ECM degradation coe�cient [90]
µv 0.40 ECM remodelling coe�cient [99]

Scc

✓
0.5 0
0 0.3

◆
cell-cell adhesion function [28]

Scv

✓
0.1 0
0 0.5

◆
cell matrix adhesion function [28]

t1,2 10 time initiation for mutations [6, 89]
ts 3 time-steepness coe�cient [89]
�0 0.3 mutation from primary tumour [6, 89]
�x 0.03125 discretisation step size for G⌦ [99]
�t 10�3 time step size [99]
�⌘ 0.0625 mesh size used for G1

M
and G

2
M

Estimated

Table 5.1: Summary of parameter values that have used for two local and nonlocal
sub-population of cancer cells.

5.7 Conclusion

In this chapter we explored a new inverse problem that addresses the reconstruc-

tion of the cancer cells proliferation and mutation laws in nonlocal cancer invasion

modelling from available additional measurements taken in form of a spatial tu-

mour snapshot data (which in practice can be provided through a medical imaging

scan) that is acquired at a later stage in the tumour evolution. The investigation

considers the cancer cells proliferation law reconstruction in the context of single

cancer cell population model (5.2.1)-(5.2.6); and the cancer cells mutation law re-

construction in the context of two cancer cells subpopulations (5.6.30) where an
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initial primary tumour cells population mutates over time into a secondary tumour

cells population whose proliferation law is given as a logistic proliferation. For both

modelling cases, we developed an inverse problem Tikhonov regularisation-based

approach, where the reconstruction of the proliferation law for the single cancer

cell population in the case of model (5.2.1)-(5.2.6) as well as the reconstruction

of the mutation law in model (5.6.30) is identified from additional information

provided in the form of both exact and noisy measurements tumour.

This inverse problem approach is implemented computationally via a mixed fi-

nite di↵erences - finite element numerical scheme. Specifically, on one hand, we

use a Crank-Nicholson type finite di↵erence scheme for the discretisation of the

involved forward model that arises in each of the two tumour invasion dynamics

that we considered here (i.e., corresponding to an invading tumour with: (1) a

single cancer cells population, and (2) two cancer cells subpopulations). On the

other hand, we develop a finite element approach involving a bilinear shape func-

tions on a square mesh for the discretisation of proliferation and mutation laws

candidates recruited from a proposed spaces of functions S, respectively as well

as their evaluation on a maximal accessible regions where the proliferation and

mutation laws reconstruction are performed. Finally, these two parts are appro-

priately assembled in an optimisation solver that seeks to reconstruct the cancer

cell proliferation and mutation laws by minimising over the spaces S the emerging

Tikhonov functionals that are formulated in each of the two cases considered.

Finally, this inversion approach was explored and tested on the reconstruction

cancer cell proliferation laws that are used in single cancer cells, namely: (i) lo-

gistic, (ii) Gompertz, and (iii) von Bertalan↵y. While for exact measurement we
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obtain a good reconstruction both logistic and Gompertz laws, for increasingly

noisy measurements the reconstruction gradually deteriorates. This degradation

of the reconstruction in increasing noise regime is expected. Finally, as the recon-

struction of the von Bertalan↵y law proved to be more challenging numerically

both in the case of exact and measure data, for an acceptable reconstruction we

amended our approach with a mollification approach for the trial proliferation

operator that is involved in the formulation of the associated forward operator.
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Chapter 6

General Conclusions and Future

Work

6.1 Conclusions

The objective of this work was devoted to reconstruct the unknown proliferation

and mutation laws of cancer cells in one and two cancer cell sub-populations in

cancer invasion modelling with local and nonlocal dynamics.

Since one or more of the unknown parameter/s is/are need to be retrieved along

with the main dependent variable, additional information is required for retrieving

the missing quantities. This additional information is usually provided as measured

over-specified observation, which contains random noise. The numerical solution

for such inverse problem is really a↵ected by the noise, which causes huge oscillation

and unbounded behaviour to the numerical solution. Therefore, In order to solve
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this type of ill-posed problem, we combined traditional numerical methods with

some sort of regularisation methods.

In this thesis, the inverse problems have been transformed to nonlinear con-

strained optimisation problems of the least squares objective functionals. The

penalty regularisation term is added in objective functionals to stabilise the solu-

tion. The regularisation parameter multiplied by the penalty term will damp the

influence of random measurement errors in the numerical solution.

There are several methods proposed in order to select the optimal regularisation

parameter, ↵, such as L-curve method, the discrepancy principle, and GCV crite-

rion, to mention just a few. All these methods are popular and successful methods

for choosing the regularisation parameter. Furthermore, L-surface is a proposed

method for selecting two regularisation parameters, this method is a generalisation

of L-curve method used for a selection of a single regularisation parameter. The

L-curve method is a common used method for choosing the regularisation param-

eter because its simplicity. The main idea of this method is to plot the solution

norm versus the corresponding residual norm for many positive regularisation pa-

rameters and select the one that located at the corner of the L-shape. However,

for some reasons, the L-curve method is not guaranteed to take L-shape all the

time. Trail and error is also available for choosing the regularisation parameter,

this method based on choosing a small value of the regularisation parameter and

gradually increasing it until any numerical oscillations in the unknown parameters

are removed. However, this method is not e�cient and time consuming. Alterna-

tively, in this thesis, the selection of the regularisation parameter is based on the

discrepancy principle.
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For all the inverse problems considered in this thesis, the accuracy and stability

of the numerical results have been thoroughly investigated for various noise lev-

els in the measurements. Further, in all problems, we have used finite di↵erence

method to approximate the proposed reaction di↵usion model. Method of lines is

used to discretise the model in space not in time. The space is approximated using

a second order midpoint rule and central di↵erences. For the time-discretisation,

we use the predictor-corrector method. We use, first order Euler method for the

prediction, while for the correction, we use the second-order trapezoidal approxi-

mation. Tikhonov regularisation method is used in order to regularise the solution

due to the ill-posedness of the inverse problem. The idea is to impose the mea-

sured data in a penalised least-square sense. We have employed lsqnonlin from

the MATLAB Optimisation toolbox for the constrained nonlinear minimisation

of the objective function. The reconstruction of proliferation and mutation laws

are obtained here via interpolation between the values of the source, which is ap-

proximated through finite element method based on bilinear shape functions. We

use a mollification approach for the trial proliferation/mutation operator when the

inverse problem is highly ill-posed.

In Chapter 2, three sort of cancer cells proliferation models have been recon-

structed in one cancer cell population and simultaneously reconstructed in Chapter

3, in two cancer cell sub-populations for primary and secondary tumour; logistic

proliferation, Gompertz proliferation and von Bertana↵y proliferation. In the pres-

ence of additional information given at the final time, initial and zero Neumann

boundary conditions, the inverse problem is formulated to be in nonlinear equa-

tion form. This inverse problem approach was implemented computationally via

a mixed finite di↵erences - finite element numerical scheme. Specifically, on one
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hand, we used a Crank-Nicholson-type finite di↵erence scheme for the discretisa-

tion of the forward models. On the other hand, we developed a finite element ap-

proach involving a bilinear shape functions on a square mesh for the discretisation

of proliferation law candidates recruited from a proposed space of functions S, as

well as for their evaluation on a maximal accessible regions where the proliferation

law reconstruction was performed. This provided us with satisfactory results when

the reconstruction is for logistic and Gompertz proliferation. However, as the re-

construction of the von Bertalan↵y law proved to be more challenging numerically,

for an acceptable reconstruction we amended our approach with a mollification ap-

proach for the trial proliferation operator that is involved in the formulation of the

associated forward operator. The solution is regularised by Tikhonov regularisa-

tion method, which provides us with stable reconstruction with respect to vary

level of small perturbation in the measured data.

In Chapter 4, the mutation of cancer cells from primary tumour into secondary

tumour is reconstructed considering three types of mutation. Reconstructing the

mutation from the primary tumour assuming that the mutation depend only on

the surrounding cancer cells (i.e., the ECM plays no role in mutations). Next,

reconstructing the mutation law that depend only on the ECM. The last recon-

struction of the mutation is assuming that there is no prior knowledge about the

mutation. Again in the presence of additional information given at the final time

and initial and zero Neumann boundary conditions, the inverse problem is formu-

lated to be in nonlinear equation form. This inverse problem is solved numerically

based on Crank-Nicolson and predator-corrector finite di↵erence technique com-

bined with finite elements method based on linear and bilinear shape functions to

approximate the mutation in each cases. Tikhonov regularisation method is used
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in order to regularise the solution due to the ill-posedness of the inverse problem.

The e�ciency and the accuracy of the method can be extracted from the presented

numerical results.

In Chapter 5, we reconstruct the proliferation of cancer cells in one cancer cell

population. The proliferation of cancer cell is reconstructed considering three

types of proliferation: Logistic, Gompertz, and von Bertalan↵y proliferation. Fur-

thermore, we reconstruct the mutation of cancer cells in two cancer cells sub-

populations. In this chapter, we considered a non-local adhesion term, which

means that cancer cells exercise not only spatial random movement, but also spa-

tial directional movement. The addition of cell adhesion and a secondary cell

sub-populations enhanced the invasion process of cancer cells. Although the ef-

fects of cell adhesion, in particular cell-cell and cell-matrix adhesion, and how

these influenced the movement of the cancer cells, we manage to reconstruct the

proliferation and the mutation laws of cancer cells. The inverse problem is solved

numerically based on Crank-Nicolson and predator-corrector finite di↵erence tech-

nique combined with finite elements method based on bilinear shape functions

to approximate the unknown proliferation and mutation laws. Again, Tikhonov

regularisation method is used in order to regularise the solution due to the ill-

posedness. The e�ciency and the accuracy of the method can be extracted from

the presented numerical results.

6.2 Future work

The work presented in this thesis concerning inverse proliferation and mutation

laws for one population and two subpopulation of cancer cells can be developed as
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well for multi-scale problem. Some future work may consist of:

• Extending the work to deal with multi-scale due to the highly complex nature

of the process of tumour invasion. This will involve the secretion of matrix

degrading enzymes (MDEs). The idea is to identify the source of the MDEs

that invade the edge of the tumour, as explained in [99].

• Extending this work to investigate multiple-phase inverse problem such as

considering two phase of ECM, fibres and non-fibres, see [90].

• Considering Conjugate gradient or Landweber iteration method to solve one

of the inverse problem in this work and studying the e�ciency of both meth-

ods.

• A natural extension is to apply the inverse problem in higher dimensions for

cancer modelling.

• Assuming that constant coe�cients in Chapters 2-5 are unknown time and

space-dependent coe�cients and retrieve them.
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Appendix A

Appendix

A.1 Logistic Growth Model

Logistic growth model is a classical example of a per capita of tumour growth

model dependent on tumour size relative to the host carrying capacity Kc.

dc

dt
= µcc

✓
1�

c

Kc

◆
, c(0) = c0, (A.1.1)

where µc ¿ 0 is an intrinsic proliferation rate. Hence, for the case when the tissue

contains of mixture of cancer cells and ECM, v, we have that

dc

dt
= µcc (Kc � c� v) , c(0) = c0. (A.1.2)
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A.2 Gompertz Growth Model

Gompertz growth is commonly used tumour growth model, which is given by

dc

dt
= µcc log

✓
Kc

c

◆
, c(0) = c0, (A.2.3)

Again, for the case when the tissue contains of mixture of cancer cells and ECM,

we have that
dc

dt
= µcc log

✓
Kc

c+ v

◆
, c(0) = c0. (A.2.4)

A.3 Von Bertalan↵y Growth Model

The von Bertalany population model may be represented by the following initial

value problem
dc

dt
= ac(t)2/3 � bc(t), c(0) = c0, (A.3.5)

where a, b > 0 are the growth and death rate, respectively. This model has carrying

capacityKc =
�
a
b

�3
, by taking b = 1, we haveKc = a

3. This implies that a = 3
p
Kc.

Again, for the case when the tissue contains of mixture of cancer cells and ECM,

we have that

dc

dt
= 3
p
Kc � vc

2/3

✓
1�

c
1/3

3
p
Kc � v

◆

= c
2/3

⇣
3
p
Kc � v � c

1/3
⌘
.

(A.3.6)
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Appendix B

Appendix

B.1 Bilinear Shape Functions

At any spatial node (xi, yj), which we denote as (i, j) for convenience, the pro-

liferation of cancer cells f (c (i, j) , v (i, j)) is obtained here via interpolation be-

tween the values of the source s (c, v), approximated through the 2D finite element

method, based on bilinear shape functions. Specifically, we consider a uniform dis-

cretization grid {⌘l, ⇣k}l,k=1,M for the 2D domain [0,max (c)]⇥ [0,max (�)], of sizes

�⌘ := max (c1)/M and �⇣ := max (v)/M with

⌘l := l�⌘ and ⇣k := k�⇣,

and for simplicity we identify each node in the new domain (⌘l, ⇣k) by (l, k).

Every square element in the new domain is mapped onto the natural coordinate

(p, q) : [�1, 1] ⇥ [�1, 1], so we obtain the four basis functions by the following
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formulae:

�i (p, q) =
1

4
(1� p) (1� q) ,

�j (p, q) =
1

4
(1 + p) (1� q) ,

�k (p, q) =
1

4
(1 + p) (1 + q) ,

�l (p, q) =
1

4
(1� p) (1 + q) .

(B.1.1a)

Let ⌧⌘ : [�1, 1] �! [⌘l, ⌘l+1]

⌧⌘ (p) = ⌘l +
p� (�1)

1� (�1)
(⌘l+1 � ⌘l)

= ⌘l +
p+ 1

2
(⌘l+1 � ⌘l) ,

(B.1.2)

where p 2 [�1, 1]. We aim to identify the inverse function of ⌧ , which maps the

natural coordinate onto the physical coordinate: ⌧�1
⌘ : [⌘l, ⌘l+1] �! [�1, 1], but

since

⌘l +
p+ 1

2
(⌘l+1 � ⌘l) = ⌘

() p = �1 +
2 (⌘ � ⌘l)

⌘l+1 � ⌘l

() ⌧
�1
⌘ (⌘) = �1 +

2 (⌘ � ⌘l)

⌘l+1 � ⌘l
(B.1.3)

where ⌧�1
⌘ (⌘) = p. and ⌘ 2 [⌘l, ⌘l+1], following the same approach for ⇣, we have

⌧
�1
⇣ (⇣) = �1 +

2 (⇣ � ⇣k)

⇣k+1 � ⇣k
(B.1.4)

Then at the actual point (⌘, ⇣) 2 {(⌘l, ⇣k)}l,k=1,M , where (⌘, ⇣) = (c1 (i, j) , v (i, j)),
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the shape functions are given by

�̃i (⌘, ⇣) = �i

�
⌧
�1
⌘ (⌘) , ⌧�1

⇣ (⇣)
�
,

�̃j (⌘, ⇣) = �j

�
⌧
�1
⌘ (⌘) , ⌧�1

⇣ (⇣)
�
,

�̃k (⌘, ⇣) = �k

�
⌧
�1
⌘ (⌘) , ⌧�1

⇣ (⇣)
�
,

�̃l (⌘, ⇣) = �l

�
⌧
�1
⌘ (⌘) , ⌧�1

⇣ (⇣)
�
.

(B.1.5a)

The proliferation of cancer cell is obtained by the following interpolation

f (⌘, ⇣) = �̃is (⌘l, ⇣k) + �̃js (⌘l+1, ⇣k) + �̃ks (⌘l+1, ⇣k+1) + �̃ls (⌘l, ⇣k+1) .
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