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Abstract

Oncolytic virus (OV) is a potential therapeutic cancer treatment since it has the

ability to selectively infect and reproduce inside cancer cells, killing them while pos-

ing no threat to healthy cells. The ability of viruses to destroy cancer cells has been

known for almost a century, but the specific processes behind tumour-virus inter-

actions have only just begun to be appreciated. Due to the rapid viral replication

rate, infected cancer cells come loose, releasing infectious viral particles into the en-

vironment that can infect new cancer cells. In this work, we present a new non-local

multiscale moving boundary model for the spatio-temporal cancer-OV interactions.

This model investigates a crucial double feedback loop that combines the macro-scale

dynamics of cancer-virus interactions with the micro-scale dynamics of proteolytic

activity at the tumour interface. We explore the non-local cancer cell-cell and cell-

matrix interactions, while assuming local cell-virus interactions. We examine several

cancer treatment scenarios with oncolytic viruses numerically, such as the effect of

injecting the OV inside the tumour, or outside it. We also look into the impact

of varied cell-cell and cell-matrix contact strengths on the success of OV spreading

throughout the tumour, as well as the impact of constant or density-dependent virus

diffusion coefficients. Furthermore, as scientific evidence for the involvement of the

go or grow hypothesis in cancer invasion grows, we continue our research by examin-

ing multiple scenarios for the complicated dynamics of the go or grow hypothesis in
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the presence of tumour-OV interactions. The spatio-temporal model focuses on two

cancer cell types that can either be infected with the OV or maintain uninfected, and

can either migrate in response to extracellular matrix (ECM) density or proliferate.

We investigate the impact of transition rates between moving and growing cancer

cell subpopulations, as well as the impact of viral infection and replication rates on

overall tumour dynamics. Moreover, ECM components are extensively explored by

cancer cells during invasion, and the distinctive contribution of ECM fibrous pro-

tein components, such as collagen and fibronectin, which play a major role in cell

proliferation and migration, is of particular interest in this context. To that end,

we develop our model to investigate this interaction in fibrous ECM, by dividing

the ECM into two subpopulations fibrous ECM and non-fibre ECM to study the

fibre aspect in cancer-ECM-OV interactions. We investigated two approaches for

cell directed movement of infected cancer cells local and non-local, and the role of

cross adhesion strength on cancer-OV interaction between infected and uninfected

cancer cells.
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Chapter 1

Introduction

Cancer is a broad term that refers to a class of diseases that are the greatest cause

of mortality in the globe. Over the last few decades, cancer has become a significant

concern for the humanity, with one in every two people contracting cancer during

their lifetime in UK (Ahmad et al., 2015; Smittenaar et al., 2016), and approximately

10 million deaths worldwide in 2020 (Sung et al., 2021). These statistics illustrate

the need for further study in this area, as well as the development of innovative

treatments.

The current cancer treatments are both physically and psychologically danger-

ous. Extensive research revealed that the complexity of cancer invasion leads to

drug resistance and eventually evasion of current treatment techniques. Oncolytic

virotherapy (OV therapy) represents an emerging treatment approach for cancers,

which involves a naturally or genetically modified viral strain that selectively in-

fects and damages malignant cancer cells without causing harm to the surrounding

healthy cells (Fountzilas et al., 2017; Kaufman et al., 2015; Pol et al., 2016; Russell

et al., 2012). To that end, recent in silico investigations in the area of cancer invasion

1



and treatment enabled by modern mathematical modelling and computational ap-

proaches gained undisputed significance, as these allows researchers to explore new

concepts and potentially develop innovative biological and therapeutical theories for

controlling cancer. The in silico approaches characterize various phases of cancer

development, and explore prospective therapy pathways, all of these being concrete

examples of how mathematical oncology impact on the deeper understanding of this

incredibly difficult medical and societal challenge.

1.1 Biological Background: Cancer Progression

and Treatment Strategies

Cancer invasion is a complex multiscale phenomenon that combines random and di-

rected movements with sophisticated cellular signalling mechanisms while exploiting

every opportunity offered by potential weaknesses in the structure and composition

of the extracellular matrix (ECM). The ECM is an important biological structure

that serves as a platform for cellular communication, as well as providing support to

surrounding cells and tissues, transducing mechanical signals, and functioning as ad-

hesive substrate (Rozario and DeSimone, 2010). The ECM provide the appropriate

media and structure that controls most fundamental behaviours of cells: from pro-

liferation, to adhesion, migration, differentiation and apoptosis (Yue, 2015). These

processes are controlled through the interactions of cells with the components of the

ECM: collagen, proteoglycans, elastin and cell-binding glycoproteins (Yue, 2015).

The matrix components are continuously deposited, degraded or modified, and thus

the ECM is continuously undergoing remodelling. This remodelling process (which

involves matrix degrading enzymes that can be secreted by the cancer cells and
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normal cells) impacts also the evolution of cancer invasion. A fundamental process

in the invasive potential of cancer cells is the cell-ECM adhesion (through adhe-

sion molecules such as integrins) (Gkretsi and Stylianopoulos, 2018). In addition,

the collective movement of cancer cells is the result of cell-cell adhesion (through

adhesion molecules such as E-cadherins) (Gkretsi and Stylianopoulos, 2018). Un-

derstanding these cell-cell and cell-matrix adhesion processes is important not only

for our understanding of the evolution of cancer and its invasion of the surrounding

tissue, but also for our understanding of the efficacy of various anti-cancer therapies.

In this section, we provide an overview of biological background relevant to our goal.

1.1.1 Classical cancer therapies

There are many types of therapies for cancer treatment, the type and stage of cancer

determine the treatment patient receives. One can divide cancer treatment in term

of the effects on human body into local therapy, which includes surgery and radiation

therapy, and systemic therapy, which includes chemotherapy, targeted therapy and

immunotherapy. Some people receive one type of treatment while others receive a

combination of treatments. In the following, we discuss and summarise potential

cancer treatments.

Surgery This cancer therapy procedure is said to be one of the most crucial for

removing or decreasing tumours from the body and curing cancer. The size, loca-

tion, and stage of the disease all affect the occurrence of a surgical cure. It can also

be used to obtain small samples of tissue for examination, which indicates kind, size

and stage of the tumour (Ko et al., 2008). This treatment is usually performed in

combination with other treatments for examples radiation therapy and chemother-

apy, and the reasons behind that including, but not limited to, visibility, removal
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applicability and/or reassurance (Price and Sikora, 2020).

Radiation Therapy Radiation therapy also known as radiotherapy is a cancer

treatment that involves applying high doses of radiation to cancer cells in order to

kill them and shrink tumours. Although radiation itself is painless therapy unlike

chemotherapy and considered local treatment, it can also harm healthy cells nearby

Ko et al. (2008).

In systemic therapy, the medicine circulates in the bloodstream, killing both

remaining cancer cells at the tumour site and cancer cells that already have migrated.

Radiation therapy, on the other hand, is a localized treatment that is a better

alternative in the early stages of cancer (Price and Sikora, 2020).

Chemotherapy Chemotherapy is a medication treatment that employs the use

of strong chemicals to kill, prevent, or control rapidly multiplying cells in the human

body. Since cancer cells grow and proliferate significantly faster than the rest of the

body’s cells, chemotherapy is commonly prescribed to treat cancer by restraining

DNA replication and rupturing their DNA. Chemotherapy anti-cancer drugs are

chemicals that interact with proteins in the body to modify physio-logical function-

ality. However, this kind of treatment can also interact with healthy cells that are

not cancerous, for instance, blood cells, cells lining the intestines, cells inside the

mouth and throat, cells in hair follicles (Price and Sikora, 2020).

The effectiveness of this treatment depends on many factors including, but not

limited to, the stage of cancer at diagnosis, type of cancer, cancer progression, and

health of the body (Ko et al., 2008).

Immunotherapy Immunotherapy is a medication treatment that employs the

use of substances to stimulate or suppress the immune system by targeting specific
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immune cells or affecting the immune system as a whole to help the body fight cancer,

infection, and other diseases. Types of immunotherapy for cancer include immune

checkpoint inhibitors, adoptive cell therapies, monoclonal antibodies, oncolytic virus

therapy, immune system modulators (Liu et al., 2012; Prendergast and Jaffee, 2011).

The immune system is a collection of cells, tissues, and organs that work to-

gether to defend the body against foreign invaders including bacteria and viruses.

Lymphocytes are a type of white blood cell (WBC) that plays a critical role in the

body’s defence. Lymphocytes are divided into three categories: Natural killer (NK)

cells, B-cells, and T-cells (Prendergast and Jaffee, 2011; Price and Sikora, 2020). To

identify and destroy cancer cells, the immune system has two reactions that work

together: innate immunity and adoptive immunity response. Nonspecific defensive

mechanisms that activate in within hours of an antigen being detected in the body

are referred to as innate immunity, whereas adaptive immunity refers to specialised

antigen-recognition-based defensive systems (Liu et al., 2012; Prendergast and Jaf-

fee, 2011).

1.1.2 Oncolytic viral therapy

The capacity of viruses to kill cancer cells has been acknowledged for almost a cen-

tury (Fountzilas et al., 2017), but the detailed mechanisms behind tumour-virus

interactions have started to be understood only over the last few decades. These

oncolytic viruses can enter cancer cells either through receptor binding or through

fusion with plasma membrane, and once inside they replicate by taking advan-

tage of pathways disregulated inside cancer cells or by genetic modification of these

cells (Fountzilas et al., 2017). Due to high viral replication, the infected cancer cells

burst open releasing new viral particles in the environment, which can infect new

5



cancer cells. Although the oncolytic viruses can enter also healthy cells, they do not

usually replicate inside these cells and thus do not kill them. Recent advances in

the understanding of tumour-virus interactions at molecular and cellular levels led

in 2015 to the approval by the United States of America Food and Drug Adminis-

tration (FDA) of the first genetically engineered OV (a Herpex Simplex Virus) that

can be used for treating melanoma patients (Pol et al., 2016).

Even if multiple oncolytic viruses (OVs) are currently under clinical develop-

ment (Timalsina et al., 2017), the OV-therapies still have some limitations (Fountzi-

las et al., 2017). These limitations are the result of many factors: from premature

virus clearance due to circulating antibodies and various immune cells, to physical

barriers inside tumours (e.g., interstitial fluid pressure, extracellular matrix (ECM)

deposits, tight inter-cellular junctions, or stromal cells that hinder virus movement),

and various cellular defences against viruses (e.g., anti-viral innate immunity) (Ale-

many, 2013; Forbes et al., 2013; Fountzilas et al., 2017; Vähä-Koskela and Hinkka-

nen, 2014). To overcome these limitations, numerous experimental and clinical ap-

proaches are currently being considered: from genetically manipulating natural OVs

to include additional features for improving safety and efficiency (Timalsina et al.,

2017), to modifications of the immune responses to enhance virus replication and

tumour lysis, or modifications of the physical barriers (e.g., via ECM degradation)

to improve virus spread (Dmitrieva et al., 2011; Vähä-Koskela and Hinkkanen, 2014;

Wong et al., 2010).

Understanding the interactions between cancer cells and ECM during cancer in-

vasion could shed a light on the biological mechanisms that might help OV spread

by overcoming the physical barriers inside the tumour microenvironment (as OVs

are usually administered during the late stages of cancer, when cancer invasion is
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an important and well matured process). It is worth mentioning here that cancer

invasion involves several significant steps: reduction or loss of cell-cell adhesion, en-

hanced cancer cell adhesion to the extracellular matrix, secretion of matrix degrading

enzymes (MDEs) leading to extracellular matrix degradation, which facilitate the

movement of cancer cells (Weinberg, 2006). In particular, the degradation of the

ECM can help also OV spread (Vähä-Koskela and Hinkkanen, 2014), and therefore a

better understanding of the cancer-ECM-OV dynamics might help improve current

OV therapies.

1.1.3 The go or grow hypothesis for cancer progression

The go or grow (GOG) hypothesis or the migration-proliferation dichotomy, pro-

poses that cell proliferation and cell migration are two temporally exclusive events:

cells either migrate or proliferate and they can periodically switch between prolif-

erative and migratory states (Corcoran and Del Maestro, 2003). Studies on the

GOG hypothesis are conflicting, with some studies supporting and confirming this

hypothesis in vitro for different cancer cell types (e.g., glioma, melanoma, or breast

cancer) (Gallaher et al., 2019; Giese et al., 2003, 1996; Godlewski et al., 2010; Hoek

et al., 2008; Jerby et al., 2012; Metzcar et al., 2019; Tektonidis et al., 2011) and other

studies challenging this hypothesis (Corcoran and Del Maestro, 2003; Garay et al.,

2013; Vittadello et al., 2020). For example, Tektonidis et al. (2011) presented a com-

putational data-driven study of in vitro glioma invasion based on three experimental

papers, and concluded that the GOG mechanism combined with self-repulsion and

a density-dependent phenotypic switch is mandatory to duplicate the experimental

results Alfonso et al. (2017); Metzcar et al. (2019). On the other hand, Corcoran

and Del Maestro (2003) used time-lapse video-microscopy to monitor directional mi-
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gration, invasion and mitosis of cancer cells, and concluded that in medulloblastoma

cell lines there is no evidence to support the GOG hypothesis. More precisely, their

results suggested that migrating and non-migrating cell lines have similar mitotic

activities. Similarly, Garay et al. (2013) tested this hypothesis on 12 mesothelioma,

13 melanoma and 10 lung cancer cell lines using time-lapse video-microscopy, and

their results also contradicted the concept of GOG hypothesis.

1.2 Overview of Relevant Mathematical Models

for Tumour-Virus Interactions

Mathematical models can describe, in an abstract way, the interactions between the

various components of the tumour microenvironment (Eftimie et al., 2011a; Santi-

ago et al., 2017). They can also be used to perform in silico (i.e., computational

modelling) experiments when in vivo or in vitro experiments are too expensive or

too difficult to be performed. There are currently many mathematical studies that

focus on cancer growth and its interactions with the oncolytic viruses; see, for ex-

ample (Crivelli et al., 2012; Eftimie et al., 2011b, 2016; Gevertz and Wares, 2018;

Heidbuechel et al., 2020; Mahasa et al., 2017; Nowak, M. A. and May, 2000; Wang

et al., 2019; Wodarz, 2016) and the references therein. While most of these mod-

els focus on the temporal dynamics of OVs-tumour interactions (mainly because

of the availability of temporal data for tumour growth in the presence/absence of

various OV therapies), recent advances in tumour imaging have led to the recent

development of models investigating the spatio-temporal dynamics of tumour-OV

interactions (Berg et al., 2019; Jacobsen and Pilyugin, 2015; Malinzi et al., 2015; Tao

and Winkler, 2020; Wodarz et al., 2012). The large majority of these temporal and
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spatio-temporal models focus on tumour-OV interactions at single spatial and/or

temporal scale. However, since cancer invasion is a complex multiscale phenomenon

occurring across different spatial and temporal scales, it is important to capture

and model these multiscale processes also for tumour-OV interactions. The last two

decades have seen the development of various mathematical models for multiscale

cancer dynamics (Alemani et al., 2012; Martins et al., 2007; Peng et al., 2017; Trucu

and Chaplain, 2014; Trucu et al., 2016b, 2013). Nevertheless, there are not many

multiscale mathematical models for oncolytic viral therapies and tumour-viral in-

teractions; among the very few multiscale models we mention those in Alzahrani

et al. (2019, 2020); Paiva et al. (2009, 2013). These models focus on local cancer

cell dynamics and local interactions between cells, ECM and viruses. In particular,

the models assume that cells move randomly and in a directed manner in response

to local densities of other cells or ECM.

In general, mathematical models for cancer growth and spread, and tumour-OV

interaction can be categorised as follows: discrete (individual-based (IB)), contin-

uum, and hybrid. Cellular automata (CA) and lattice gas cellular automata (LGCA)

are types of discrete mathematical modelling lattice-based. Types of continuum

mathematical models includes local ODEs and PDEs models, and nonlocal PDEs

models. Hybrid mathematical models are a combination of discrete and continuum

mathematical models and sometimes considered a multiscale mathematical models.

Following is an overview of recent advances in mathematical modelling of cancer

invasion and growth and tumour-OV interaction that are relevant to the research

presented in this thesis.
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1.2.1 Temporal dynamics

Depending on the subject under investigation and the biological complexity consid-

ered, mathematical models of viral dynamics have used a variety of mathematical

techniques and approaches. There are two types of mathematical models discribes

viral infection: explicit and implicit. Explicit models require an explicit population

of virus to describe, whereas implicit models require implicit representation of virus

particles, see Figure 1.1 for more details. A general implicit mathematical model for

tumour-OV interaction introduced by Wodarz and Komarova (2009). The tumour

cells are split into two populations: uninfected tumour cells c(t) and infected tumour

cells i(t) by the virus, with the free viruses population not explicitly modelled as

follows

dc

dt
= cF (c, i)− γG(c, i)i,

di

dt
= γG(c, i)i− βii, (1.1)

where the uninfected tumour cells’ growth properties are described by function F ,

while the rate at which tumour cells become infected by the virus is described by

function G. The authors examined a range of approaches to describe how these

two functions depend on the biological aspects accounted for in the model. Here,

γ represents the rate of infection, and βi represent the infected tumour cells death

rate.

On the other hand, one of the basic explicit mathematical model for viral dy-

namics introduced by Nowak, M. A. and May (2000). The model divides the host

cells into two subpopulations depending on virus infection (uninfected cells c(t) and

infected i(t)) and also includes the free virus particles v(t). This is expressed by
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Figure 1.1: Schematic description of explicit and implicit mathematical model of
cancer-OV interaction. Uninfected tumour cells c, infected tumour cells i, and free
virus particles v. (A) Implicit model: the uninfected cancer proliferate at rate αc,
the function G describes the growth properties of the uninfected tumour cells, βii
represents the population of dying infected cells, and the virus spreads to tumour
cells at a rate γ. (B) explicit model: the viral infection term is γvc, αv is rate of the
virus production caused by infected cells, and βv is the virus death rate.

nonlinear coupled ordinary differential equations:

dc

dt
= αc − βc c− γcv,

di

dt
= γcv − βii, (1.2)

dv

dt
= αvi− βvv,

where αc is the production rate of uninfected cells, βc is the death rate of uninfected

cells, γ is the infection rate caused by the virus, βi is the death rate of infected

cells, αv is rate of the virus production caused by infected cells and βv is the virus

decay rate. The production rate for uninfected cells is fixed in this model and

the virus production depends on the infected cells. The infection term γcv implies
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that the amount of viruses and target cells are proportional to the rate at which

new productively infected cells are produced. This basic model has been used to

investigate the dynamics of population behaviour over time for a variety of viruses,

including HIV, Hepatitis B, and C.

Yet another model considered by Wodarz (2003), assuming a logistic growth for

uninfected tumour cells, is given by

dc

dt
= αc c

(
1− c+ i

k

)
− βc c− γcv,

di

dt
= γcv − (βc + βi)i, (1.3)

dv

dt
= αvi− βvv,

where k is maximal tumour size. The rate of death for infected tumour cells is

affected not just by βi, but also by the death rate of uninfected tumour cells βc.

Furthermore, Tian (2011) includes the viral infection term into the virus equation

and neglects uninfected tumour cells natural death, resulting in nonlinear ODEs as

follows:

dc

dt
= αc c

(
1− c+ i

k

)
− γcv,

di

dt
= γcv − βii, (1.4)

dv

dt
= αvi− βvv − γcv.

Under the premise that αv = bβi, where b is the virus burst size, the author offered a

comprehensive analysis of the model, emphasising the importance of the virus burst

size in oncolytic virus treatment.

Incorporating the immune system’s effects on virotherapy is a typical strategy
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for modelling cancer-OV interaction. Malinzi et al. (2015) introduced an implicit

mathematical model that describes the dynamical interactions of cancer-immune

interactions. Cytotoxic T-cells T (t), uninfected cancer cells c(t), and infected cancer

cells by oncolytic virus i(t). Its dynamics is mathematically given as

dT

dt
= s− βTT +

fci
g1 + i

− a1Ti+ (a2 + a3p) ci,

dc

dt
= αc c (1− kcc)−

bic

g2 + i
, (1.5)

di

dt
= αi i (1− kii) +

bic

g2 + i
− a1Ti+ (a2 + a3(1− p)) ci,

where βT is the death rate of cytotoxic T-cells, a1 is the connection rate between c to

i, a2 is rate of infected cells death, a3p is the probability of the complex cells death

rate. The term fci
g1+i

is the immune responses which is cytotoxic T-cells proliferation.

αc and αi are the logistic growth rates of uninfected and infected cancer cells with

k−1
c and k−1

i are the carrying capacities, respectively. The term bic
g2+i

represent the

oncolytic virus replication into the cancer cells where b is the replication rate of OV.

Finally, the “complex cancer-cytotoxic T-cells” represented by ci is the output cell of

the link between T and i, according to receptor-ligand kinetics theory. This complex

cell resulted in the death of infected cells or the inhibition of cytotoxic T-cells.

Furthermore, the infected cells that are destroyed release additional virus particles,

which trigger anti-tumour cytotoxic T-cell responses, and this is mathematically

described as follows:

dci
dt

= a1Ti+ (a2 + a3) ci.

Next, given the disparities in time scale between cancer and T-cells (slow-time-scale)
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and complex cells (fast-time-scale), ci = 0 is assumed, resulting in the system:

dT

dt
= s− βTT +

δTTi

g1 + i
− l T i,

dc

dt
= αc c (1− kcc)−

bic

g2 + i
, (1.6)

di

dt
= αii (1− kii) +

bic

g2 + i
−mTi,

where l = Ka3(1− p), δT = fK,m = Ka3 p and K =
a1

(a2 + a3)
.

1.2.2 Reaction-diffusion models

Reaction-diffusion models are described by the conservation equation, as follows

∂c

∂t
+∇ · J = f(c, x, t), (1.7)

where J a general flux transport and f is the source term. In here, we are only

consider classical diffusion that is J = −D∇c where D may be a constant or a

function of x and c. The source term usually represents the birth-death process. The

earliest reaction diffusion mathematical model describing the interaction between

tumour cells and viruses was introduced by Nowak, M. A. and May (2000). The

model assumed c is the uninfected cancer cells, i is the infected cancer cells, and v

is the virus and logistic growth for proliferation, so the spatio-temporal dynamics

were mathematically given as:
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∂c

∂t
= Dc∆c+ µ1c

(
1− c+ i

k

)
− %cv,

∂i

∂t
= Di∆i− δii+ %cv, (1.8)

∂v

∂t
= Dv∆v + bi− δvv,

where Dc, Di, Dv > 0 are the diffusion constants for uninfected cancer cells, infected

cancer cells, and virus particle, respectively. µ1 is the growth rate of cancer cells

with carrying capacity k, % is the infection rate of cancer cells, δi is death rate of

infected cells, δv is the death rate of free-virus and b is the virus replication rate.

Camara et al. (2013) looked at the interaction between aggressively invasive

Glioma cancer cells and the free oncolytic virus “ONYX-015” (ONYX-015 is an

experimental modified adenovirus). The highly migratory Glioma cancer cells in

that study shows diffusive behaviour for both uninfected and infected cancer cells,

as well as virus particles, into various neural axis. The presence of the main recep-

tor of adenovirus which is the Coxsackievirus and Adenovirus Receptor (CAR), is

essential for viral particle entrance into target cells, affecting cancer cells treatment

through OV-therapy. Furthermore, inhibitors of the mitogen-activated protein ki-

nase, sometimes known as “MEK”, aid CAR in improving its ability to track cancer

cells. The model considered logistic growth for proliferation with measure of optimal

MEK inhibitor application as follow:
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∂c

∂t
= Dc∆c+ µ1(1− u)c

(
1− c

kc

)
− δcc− %cv,

∂i

∂t
= Di∆i+ %cv − δii− ai(1− n), (1.9)

∂v

∂t
= Dv∆v + µ2i(1− u)− δvv,

where (1 − u) such that u ∈ (0, 1) represent the intensity of MEK inhibitor appli-

cation, assuming that it slows down the logistic growth of cancer cells and effecting

both infected cancer cells and viruses. % = βr
1+εv

infection rate depends on the av-

erage number of receptors on the cell surface r > 0, the density of the virus v, and

the concentration of susceptible cells c. The authors concluded that by limiting

the levels of u to the interval (0, 1), there are conditions of cancer persistence and

appropriate therapy in decreasing cancer cell growth in such circumstances. In cer-

tain cases, a comparison of the untreated cancer model to the cancer virotherapy

model leads to the conclusion that cancer virotherapy considerably reduces cancer

cell proliferation and inhibits cancer invasion.

1.2.3 Haptotaxis

Haptotaxis is a directed movement of cells in response to gradients of bound macro-

molecules such as fibronectin. Mathematically the flux in equation (1.7) would be

J = JD + JH ,

where JD is the classical diffusion and JH = ηc∇e is the haptotaxis directed move-

ment. Anderson et al. (2000) introduced two types of mathematical model for cancer

invasion: continuous and discrete, and their continuum model focused on three key
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variables in cancer invasion, namely, tumour cells denoted by c(x, t), extracellular

matrix (ECM) denoted by e(x, t), and matrix degrading enzymes (MDE) denoted

by m(x, t) as follows

∂c

∂t
= Dc∆c− ηc∇ · (c∇e),

∂e

∂t
= −αme, (1.10)

∂m

∂t
= Dm∆m+ µmc− δmm,

where Dc, Dm > 0 are diffusion coefficients for cancer cells and MDE cells, respec-

tively. ηc is the haptotactic rate for cancer cells haptotactic directional motility, α

is degradation rate of ECM by MDEs, µm is the rate of birth of MDEs created by

cancer cells, and δm is death rate of MDEs. There is no proliferation for cancer cells

in this model. One of the fundamental findings of this study is that ECM hetero-

geneity and associated directional movement are crucial, these should be taking into

consideration in any cancer model due to their highly accurate proximity to the real

ECM.

Cancer proliferation is essential for mathematical model to describe cancer in-

vasion, Chaplain and Lolas (2006) upgraded the model in (1.10) to include cancer

proliferation under the assumption of logistic growth that depends on cancer cells

and ECM. However, instead of MDEs the authors considered the proteolytic en-

zymes system enabled by the urokinase plasminogen activator system (uPA). Tao

and Winkler (2020) provided an extensive analysis of the local macroscale math-

ematical model for cancer-OV interaction introduced by Alzahrani et al. (2019),
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where they considered haptotaxis for directed movement of cancer cells, as follows:

∂c

∂t
= Dc∆c− ηc∇ · (c∇e) + µ1c(1− c)− %ccv,

∂i

∂t
= Di∆i− ηi∇ · (i∇e) + %icv,

∂e

∂t
= µ2(1− e)− e(αcc+ αii), (1.11)

∂v

∂t
= Dv∆v + bi− δvv − %ccv,

where Dc, Di, Dv > 0 are the constant diffusion coefficients, µ1 is the rate of pro-

liferation for cancer cells, ηc, ηi > 0 are constant haptotactic coefficients, µ2 > 0

is a constant ECM remodelling rate, αc, αi are the ECM degradation rates caused

by the uninfected and infected cancer cells, and b is a viral replication rate. There

distinct viral infection rate varies upon the population %c, %i and %v. Indeed, the

authors accomplish to reveal global classical solvability for the system.

1.2.4 Non-local approach

Continuing on the directed movement, another approach than haptotaxis previously

discussed in Section 1.2.3 is non-local where we consider the directed movement of

cells in response to the adhesive forces made through cell binding. One of the first

model describing non-local introduced by Armstrong et al. (2006), in which the flux

in equation (1.7) becomes

J = JD + Ja,

where JD is the classical diffusion and Ja is the adhesive flux. Their mathematical

model describing cell-cell adhesion of mixtures of different cell types is suitable

for application in a more general context. Another approach for cancer invasion

was proposed by Gerisch and Chaplain (2008), which clearly addresses the crucial
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biological processes of cell-cell and cell-matrix adhesion by incorporating non-local

terms for cancer cells c(x, t), also includes ECM as e(x, t) and MDEs as m(x, t).

This was governed by the following system:

∂c

∂t
= ∇ · [Dc∇c− cA(u(t, ·))] + µ1c(1− c− e),

∂e

∂t
= −αme+ µ2(1− c− e), (1.12)

∂m

∂t
= ∇ · [Dm∇m] + µmc− δmm,

where the term A(u(t, ·)) represent the adhesive flux, and takes the form in 1D as:

A(u(t, ·))(x) =
1

R

∫ R

0

1∑
k=0

η(k) · Ω(r)g(u(t, x+ rη(k)))dr, (1.13)

where η(k) = (−1)k, k = 0, 1 outer normal unit vector. Furthermore, the adhesive

flux in 2D is given as:

A(u(t, ·))(x) =
1

R

∫ R

0

r

∫ 2π

0

1∑
k=0

η(θ) · Ω(r)g(u(t, x+ rη(θ)))dθdr (1.14)

with η(θ) = (cos(θ), sin(θ))T is the outer normal unit vector corresponding to angle

θ. R > 0 is the sensing radius, Ω(r) is radial dependency function, and g(u(t, x+rη))

represents the velocity of the cancer cells at time t and spatial point x. Chaplain

et al. (2011) investigated these models analytically, using a system of nonlinear, non-

local partial integro-differential equations to describe the spatio-temporal dynamics

of cancer invasion. The importance of cell-cell and cell-matrix adhesion in cancer

invasion was also highlighted, as well as some rigorous results on the existence, reg-

ularity, and uniqueness of solutions. Also, Domschke et al. (2014) further developed
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this model to investigate the time-dependent adhesion features within the cell pop-

ulation as well as those between the cells and extracellular matrix components, the

model explored the change of adhesion properties throughout cancer growth and

development. Futhermore, Painter et al. (2010) investigated and developed the role

of cell-cell adhesion and cell-matrix adhesion in cancer invasion and provided re-

markable results on the impact of ECM structure and heterogeneity on shaping the

dynamics of cancer invasion.

1.2.5 Mathematical modelling for go or grow hypothesis

Over the last decades, mathematical models have been used in addition to exper-

imental studies to shed some light on this go or grow hypothesis. Many of these

models are discrete models of cellular automata (CA) type or lattice gas cellular

automata (LGCA) type (Böttger et al., 2012, 2015; Gerlee and Nelander, 2012;

Hatzikirou et al., 2012; Metzcar et al., 2019; Weerasinghe et al., 2019). There are

also various continuum models described by partial differential equations (Kim et al.,

2014; Kolobov et al., 2011; Pham et al., 2012; Saut et al., 2014; Scribner et al., 2014;

Stepien et al., 2018; Stinner et al., 2016; Vittadello et al., 2020; Zhigun et al., 2018).

These continuum models can either model separately the migrating and prolifera-

tive cancer cell sub-populations (Pham et al., 2012; Saut et al., 2014; Scribner et al.,

2014; Stepien et al., 2018), or can model them via a single equation for one cancer

population that can move for some time instances and proliferate for other time

instances (Kim et al., 2014; Vittadello et al., 2020). Those models that consider

separate sub-populations of migrating and proliferative cancer cells incorporate also

transition (i.e., switching) rates between these two sub-populations. These transi-

tion rates can be either constant (Lewis and Schmitz, 1996) or density dependent:
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they can depend for example on the total density of cells (Pham et al., 2012; Stepien

et al., 2018), on the concentration of integrins bound to extracellular matrix (ECM)

fibres (Stinner et al., 2016), on the density of ECM fibres (Zhigun et al., 2018), on

the level of oxygen (Kolobov et al., 2011; Scribner et al., 2014).

Lewis and Schmitz (1996) studied the transition of microbes from stationary to

mobile states according to Poisson process and assumed logistic growth for stationary

state as follows:

∂s

∂t
= µs

(
1− s

k

)
+ λmsm− λsms,

∂m

∂t
= D∇2m+ λsms− λmsm− δm, (1.15)

where µ is the rate of production for stationary state, s(x, t), and k is the carrying

capacity, λms is the rate of switching from a mobile to stationary state and λsm is

the rate of switching from a stationary to mobile state, D is the diffusion coefficient,

and δ is the death rate for mobile state. Furthermore, the authors assumed that

µ > λsm the rate of production in the stationary state exceeds the transition rate

from stationary to mobile.

Another approach for go or grow hypothesis considered in Pham et al. (2012),

where the authors decompose the tumour cells into two sub-populations: a migrat-

ing population cm and a proliferating population cp with c = cp + cm is the total

population density as follows

∂cm
∂t

= D∆cm + λ [Γ(c)cp − (1− Γ(c))cm] ,

∂cp
∂t

= λ [(1− Γ(c))cm − Γ(c)cp] + µcp

(
1− c

k

)
, (1.16)

where λ is the rate at which cells change their phenotype. The transition term in
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this model is density dependent on the total cancer cells, as investigated by two

complementary mechanisms for the phenotypic transitions defined by the following

normalised sigmoidal functions:

(A1) Γ(c) =
1

2
(1 + tanh (k∗ [ω∗ − c])) ,

(A2) Γ(c) =
1

2
(1− tanh (k∗ [ω∗ − c])) ,

where ω∗ is a density threshold and k∗ describes the sharpness of phenotypic switch.

It should be mentioned here that some GOG models have been reduced to simpler

forms; for example, in Pham et al. (2012) the authors assumed that proliferating cell

sub-population could stop proliferating (µ = 0) and thus their go-or-growth model

was reduced to a go-or-rest model.

The majority of continuum mathematical models in the literature for the GOG

hypothesis focus mainly on local interactions between cells. However, it is known

that cells can mechanically sense and react to the presence of other cells up to

100µm away (Ma et al., 2013), and thus more and more mathematical models have

been recently developed to consider such non-local cell-cell and cell-ECM interac-

tions (Ahn et al., 2021; Armstrong et al., 2006; Eckardt et al., 2020). Nevertheless,

these nonlocal models do not usually incorporate the GOG hypothesis.

1.3 Thesis Outline

The primary goal of this thesis is to investigate the dynamic interactions between

tumour invasion (within the surounding extracellular matrix) and an oncolytic virus

(OV), and study the significant interactions between infected and uninfected cancer

cells and their surroundings by accounting for crucial interconnected processes oc-
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curring at both the cell and tissue scales. To that end, we expand Trucu et al. (2013)

moving boundary multiscale model to characterise and explore the truly multiscale

nature of tumour-OV-ECM interaction.

In Chapter 2, we describe the fundamental multiscale moving boundary frame-

work introduced in Trucu et al. (2013) and how it would be used in our study. The

key of this approach is the investigation of cancer-ECM-MDEs dynamics in a multi-

scale framework involving cell-scale refered to as microscale and tissue-scale refered

to as macroscale. The framework takes into consideration cancer cell population

dynamics and their interactions with the surrounding extracellular matrix (ECM)

at the macro-scale, while MDEs dynamics within the cell-scale neighbourhood of

the tumour boundary are accounted for at the micro-scale.

In Chapter 3, we investigate the cancer responses to oncolytic viral therapy in

multiscale framework. To accommodate cancer invasion interactions in the pres-

ence of oncolytic virus, we extend the the moving boundary multiscale approach

introduced by Alzahrani et al. (2019) to include the non-local directed movement

technique first introduced by Shuttleworth and Trucu (2018) and further developed

by Shuttleworth and Trucu (2019, 2020). We study different approaches for OV

cells migration which are diffusion, haptotaxis, and heterogeneous diffusion. Fur-

thermore, we numerically examine the macroscale dynamics possibilities for the

parameter regimes that we explored for achieving cancer response to oncolytic viral

therapy. Next, we investigate the impact of multiple virus shots at distinct times

during cancer invasion. Finally, we explore the impact of varying the cell-cell and

cell-matrix adhesion strengths. Numerically, we extend the novel numerical multi-

scale framework previously introduced by Shuttleworth and Trucu (2019) to include

our new macro-micro dynamics.
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In Chapter 4, we introduce a new non-local multiscale moving boundary mathe-

matical model for go or grow hypothesis within cancer-OV interaction. This model

is an extension to our previous non-local multiscale mathematical model for cancer-

oncolytic viruses interactions introduced in Chapter 3. Multiple proliferative and

migrating cancer cell subpopulations are considered, with the assumption that they

can be infected with an oncolytic virus. We study multiple combination of local

and non-local cell adhesion approaches for cancer cells subpopulation including the

assumption that all cancer cells subpopulation directed movement are non-local.

Moreover, we investigate the impact of cancer cells transition rate from proliferative

to migrating and vice versa. Lastly, we present results that highlight the significance

of OV infection and replication rates.

In Chapter 5, we develop the multiscale moving boundary mathematical model

within a fibrous extracellular matrix introduced by Shuttleworth and Trucu (2019)

to integrate the cancer invasion interactions in the presence of oncolytic virus. This

model is a variation of our prior non-local multiscale mathematical model for cancer-

oncolytic virus interactions, which is presented in Chapter 3. However, in this Chap-

ter we divide the ECM into two subpopulations fibrous ECM and non-fibre ECM to

investigate fibre aspect in cancer-ECM interaction. Furthermore, we studied two ap-

proaches for cell directed migration of infected cancer cells local and non-local. Also,

we investigated the role of cross adhesion strength on cancer-OV interaction. Our

results shows the impact of varying fibre portion in ECM. Numerically, we extend

the novel numerical multiscale framework previously introduced by Shuttleworth

and Trucu (2019) to include our new macro-micro dynamics in terms of relocation

of new fibre points and fibre relocation tolerance.
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Chapter 2

Multiscale Mathematical Model

The innovative two-scale mathematical modelling and analysis framework consid-

ered here for cancer cell invasion into tissue that integrates macroscopic and mi-

croscopic tumour activity in a dynamic way was first introduced by Trucu et al.

(2013). In a nutshell, macroscopic dynamics that describe the evolution of cancer

cells and extracellular matrix ECM densities are combined with microscopic dy-

namics that investigate the spatio-temporal development of the matrix degrading

enzymes (MDEs). The source for the microscale is induced by macro-dynamics

and in turn the microscale dynamics responsible for the macro-scale tumour border

relocation law.

2.1 Multiscale Moving Boundary Overview

In this section, we give a brief detail of the novel multiscale mathematical model

framework (Trucu et al., 2013). Since cancer invasion is a multi-scale phenomenon

that occurs on multiple temporal and spatial scales (Hanahan and Weinberg, 2011),

e.g., molecular, cellular, and tissue, the involvement of multiple dynamic components
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at critical spatial scales necessarily requires a multiscale modelling platform, as

counting two very different in size components on the same scale is not realistic (for

instance MDEs is a very small substance in a comparison with a cancer cell size).

The two-scale framework in which we will build our unique cancer invasion model

is described here.

We start by defining the domain in which the tumour and ECM are located, we

assume the tumour evolution occurs on a domain Ω(t0) ⊂ Y , where Y is maximal

tissue cube Y ⊂ Rn ( n = 2, 3 ) over a time interval [0, T ], as illustrated in Figure

2.1. εY is small scale of Y such that 0 < ε < 1 and representing a negative power of

2 by using a uniform decomposition of Y (see for more details (Trucu et al., 2016b))

in the corresponding collection of ε-size cubes (εY ), in which the union present an

ε-resolution of Y. These micro-domains εY lay on the interface and collect crucial

aspects of the tumour’s inside and outside regions where proteolytic activity occurs.

Then a family of “halfway shifted” duplicates of εY in every direction (see Figure

2.2), is formed as follows

zε :=
⋃

i,j,k∈{−1,0,1}

{
εY i

2
, j
2
, k
2
| εY is in the ε-resolution of Y

}
,

where, for any (i, j, k) ∈ {(i, j, k) | i, j, k ∈ {−1, 0, 1}}, the ”half-way shifted” cubes

in the direction iē1 + jē2 + kē3 are given by:

εY i
2
, j
2
, k
2

= εY +
ε (iē1 + jē2 + kē3)

2
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Figure 2.1: Schematic diagram showing the cubic tissue region Y . In yellow we
illustrate the growing cancer cluster Ω(t0), and the small red cube εY belongs of
the family of micro-domains εY covering the tumour boundary ∂Ω(t0). The arrows
indicates the Euclidean directions {e1, e2, e3}.

with

ē1 := e1, ē2 := e2, and, ē3 :=


0 for n = 2

e3 for n = 3

where {e1, e2, e3} representing the standard Euclidean basis of R3 (see Figure 2.1

for more details). Furthermore, we denote the subfamily of zε that has only one

complete face included inside of Ω(t0) by

z∗ε := {εY ∈ zε | εY ∩ (Y \Ω(t0)) 6= ∅, and has exactly one face included in int(Ω(t0))}

where int(Ω(t0)) is the natural topological interior of Ω(t0) on Rn. Next, we define

face notation for each εY ∈ z∗ε as illustrated in Figure 2.2 as follows

• ΓintεY is the interior face of εY that is ΓintεY ⊂ int(Ω(t0)),

• Γj,⊥εY , j = 1, 2 is the perpendicular sides to the interior side that is Γj,⊥εY ⊥ ΓintεY ,

• ΓextεY is the exterior side of εY .
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Figure 2.2: Schematic of micro-domain εY with detailed notation displayed for its
properties

Further, we denote

[∂Ω(t0)]εY := {(∂Ω(t0) ∩ εY ) ∩ Γj,⊥εY 6= ∅, j = 1, 2}

the part of the tumour interface that corresponds to the only connected component

of ∂Ω(t0)∩ εY that has non-empty intersection with each of the perpendicular sides

of the ε-cube. Hence, the topological closure of the only connected component of

Ω(t0) ∩ εY which is bounded by [∂Ω(t0)]εY and ΓintεY defined as

[Ω(t0)]εY := {(Ω(t0) ∩ εY ) ∩ Γj,⊥εY 6= ∅, j = 1, 2}.

As described in Trucu et al. (2013), we select now the following subfamily z∗∗ε ⊂ z∗ε
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of boundary ε−cubes

z∗∗ε :=
{
εY ∈ z∗ε | [Ω(t0)]εY ⊂ εY and [∂Ω(t0)]εY ∩ ΓextεY = ∅

}
.

which contains only of those ε-cubes that have the connected component [Ω(t0)]εY

not intersecting with ΓextεY . Following Trucu et al. (2016b), taking the union over all

dyadic ε−cubes that belongs to the subfamily z∗∗ε

Hε :=
⋃

z∗∗ε , with ε ∈ {2−p | p ∈ N},

which produces an infinite covering of ∂Ω(t0). We obtain the ε-microscale size via

an argument involving the compactness features of the tumour interface and the

properties of the dyadic εY cubes by sub-selecting a finite complete sub-covering

Hε∗ ⊂ Hε such that ε∗ ∈ ε that forms small cubes of equal sizes ε∗Y that provides

a finite covering of ∂Ω(t0), defined as follows:

ε∗ := sup{ε | ∃Hε∗ ⊂ Hε, with |Hε∗ | <∞, such that
⋃

ε∗Y ∈Hε∗

ε∗Y ⊃ ∂Ω(t0)}.

Lastly, Pε(t) := Hε∗ is the ε-scale covering bundle for ∂Ω(t0) and referred to as

micro-domains. For simplicity of notation, we drop ∗ from ε∗ for the rest of the

thesis. We could indeed decompose the proteolytic cell-scale dynamics occurring

on the cell-scale neighbouring region
⋃

∈Y ∈Pε(t)
εY into a bundle of micro-dynamics

occurring on individual micro-domains εY ∈ Pε(t). Finally, for any micro-domain

εY , we distinguish the following topological details, as illustrated in Figure 2.2, as

follows

• xcεY denotes the centre of the face ΓintεY ,

29



• µεY is the line that passes through xcεY and is perpendicular on ΓintεY ,

• x∗εY ∈ [∂Ω(t0)]εY which will be referred to as the “midpoint” of [∂Ω(t0)]εY ,

that symbolizes the point of the intersection µεY ∩ [∂Ω(t0)]εY positioned at the

smallest distance with respect to xcεY .

Remarkable here is that through this framework, we obtain that the movement

of the tumour boundary is controlled by the MDEs microscale dynamics, part that

we have excluded here, but a detailed explanation will be provided in the following

chapters. Each unique midpoint x∗εY of the tumour interface captured by each εY

moves across ECM components within the peritumoural region, and represents the

choreographic movement of the entire ∂Ω(t0) ∩ εY . This relocation depends on the

strength of peritumoural ECM degradation by the approaching front of MDE inside

the micro-domain εY and is mediated by a naturally arising transitional measure:

q∗(A) :=
1∫

Am (y, τf ) dy

∫
A\Ω(t0)

m (y, τf ) dy, ∀A ∈
∑

(
⋃

εY ∈Pε

εY )

where
∑

(
⋃

εY ∈Pε
εY ) is the usual Borel σ-algebra on εY , and m (y, τf ) the amount

of proteolytic enzyme distributed at a given micro-scale node (y, τ) ∈ εY × [0,∆t].

Thus, for each εY , the likelihood for movement is given by the measure of εY \Ω(t0),

which induces a discrete transitional measure that is formally evaluated at x∗εY , i.e.,

q̃∗ (x∗εY ) := q∗(εY ). Thus, if q̃∗ (x∗εY ) exceeds a certain tissue threshold ωεY ∈ (0, 1),

to indicate that enough but not complete ECM degradation occurred, the movement

prescribed earlier will be exercised in the moving direction and with a displacement

magnitude. As a result, the new tumour edge will be formed of both unmoved and

moved points, and the new tumour boundary will be composed of the union of both
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sets of points: {
x̃∗εY | εY ∈ Pε such that q∗ (x∗εY ) ≥ ωεY

}
and

{x∗εY | εY ∈ Pε such that q∗ (x∗εY ) < ωεY }

The tissue threshold plays a significant role in this process, according to Trucu

et al. (2013), the tissue thresholds ω(β, εY ) investigate the level of ECM degradation

on εY \Ω (t0) for each εY ∈ Pε (t), assessing the likelihood of movement of the

midpoint x∗εY to the new location prescribed by s (x∗εY ), namely to its new position

x̃∗εY := x∗εY + s (x∗εY ):

ω(β, εY ) =



Q1(β, εY ), if
eΩ(t0)

(
x̃∗εY , t0 + ∆t

)
sup

z∈∂Ω(t0)

(
eΩ(t0) (z, t0 + ∆t)

) ≤ β

Q2(β, εY ), if
eΩ(t0)

(
x̃∗εY , t0 + ∆t

)
sup

z∈∂Ω(t0)

uΩ(t0) (z, t0 + ∆t)
> β

where e is ECM density, β ∈ (0, 1) represents the most suitable conditions that

facilitate invasion, with the expressions Q1(β, εY ) and Q2(β, εY ) denoting

Q1(β, εY ) := sin

π
2

1− 1

β

eΩ(t0)

(
x̃∗εY , t0 + ∆t

)
sup

z∈∂Ω(t0)

eΩ(t0) (z, t0 + ∆t)




and

Q2(β, εY ) := sin

 π

2(1− β)

 eΩ(t0)

(
x̃∗εY , t0 + ∆t

)
sup

z∈∂Ω(t0)

eΩ(t0) (z, t0 + ∆t)
− β


 ,

respectively.
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2.2 Source of MDEs on Each Boundary Micro-

Domain

As mentioned previously, the macroscale dynamics produce the source of MDEs

which is dependent on total cancer density as follows:

fεY (z, τ) =



∫
B(z,r)∩Ω(t0)

c(x, t0 + τ) dx

λ(B(z, r) ∩ Ω(t0))
, z ∈ εY ∩ Ω(t0),

0, otherwise,

(2.1)

λ(·) is the standard Lebesgue measure on RN , B(z, r) := {x ∈ Y : ‖z − x‖∞ ≤ r}.

We use mid-point rule to numerical approximate this integral (Trucu et al., 2013)

as follows ∫
M

f =
∑

f (Ec)λ(E)

where Ec is the central mass of E and λ(E) is the Lebesgue measure of E. Defining

the common points between the macro and micro domains as follows

JεY := {x1, x2, ... ∈ εY },

as demonstrated by red points in Figure 2.3. Thus, for each node y of the micro-

domain who is not a tissue domain node as shown in Figure 2.3 blue, and by convex

combination principle, we define any three points xi1, xi2, xi3 ∈ JεY within the clo-

sure of εY ⊂ Pε(t), red points on the green line in Figure 2.3. This virtual line

represent the edge of the convex hull εY ∩ ∂Ω(t0) and passes through the common

points JεY , which is now become the micro-domain boundary. Next, we divide each

εY into four boxes (εY i where i = 1, 2, ..., 4) to approximate the source at the micro-
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Figure 2.3: Schematic description of εY box grid, shows the convex hull separating
the inside εY ∩Ω(t), the blue point illustrate the points from micro-domain and red
ones shows the macro-domain points.

domain points by using the following bilinear rectangular shape functions, for any

y 6∈ JεY :

fεY (y) = fεY (x1)φ1(y) + fεY (x2)φ2(y) + fεY (x3)φ3(y) + fεY (x4)φ4(y)

where x1, x2, ..., x4 ∈ JεY and represent the corner points of εY i, and

Bf = {φc | c = 1, 2, . . . . . . , 4}
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are the isoparametric shape functions defined as follows:

φ1 =
1

4
(ξ − 1)(η − 1),

φ2 =
1

4
(ξ + 1)(η − 1),

φ2 =
1

4
(ξ + 1)(η + 1),

φ2 =
1

4
(ξ − 1)(η + 1),

where (ξ, η) are the natural coordinate system (ξ, η) ∈ [−1, 1]× [−1, 1] mapped from

our global coordinate system (x, y) ∈ R2. Otherwise, when y ∈ εY \ Ω(t0):

fεY (y) = 0,

As a result, the source function in equation (2.1) values are acquired for all micro-

domain nodes, i.e. for all εY ∈ Pε(t).

2.3 Numerical Methods Involved in Spatial Dis-

cretisation and Time Marching

In this section, we provide a detailed description of numerical methods that are

involved in addressing the system of PDEs in both macroscale and microscale dy-

namics.

2.3.1 Method of lines

The method of lines (MOL) is a method for solving partial differential equations

(PDEs) in general. The MOL’s core idea is to use algebraic approximations to
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substitute the spatial (boundary value) derivatives in the PDE (LeVeque, 2007).

This can be done by using finite difference (FD) or finite element (FE) techniques.

Thus, the spatial derivatives are no longer expressed explicitly in terms of the spa-

tial independent variables which yields a large system of semi-discrete ODEs, each

component of which corresponds to the solution at some grid point as a function of

time. As a result, just the initial value variable, which is often time in a physical

problem, remains. Consequently, one of the MOL’s distinguishing aspects is the

utilisation of existing, and typically well established, numerical methods for ODEs.

To illustrate this procedure, we apply MOL to simple diffusion equation formulated

as follows

∂u

∂t
= ∇ · (D∇u), (2.2)

where u = u(x, t) is a vector of dependent variables on time and space, D is the

diffusion coefficient, subject to appropriate boundary and initial conditions. Using

central difference in space in one dimension we get

∂2u

∂x2
≈ ui−1 − 2ui + ui+1

h2
+O(h2),

where i = 1, ...,M is an integer associated with spatial discretisation of x, and h is

the mesh width. For constant D the equation (2.2) becomes

dui
dt

= D
ui−1 − 2ui + ui+1

h2
, (2.3)

a system of M discrete ODEs. To find the solution of the PDEs in equation (2.2),

we need to solve the transformation (system of M discrete ODEs) in equation (2.3)

using numerical ODEs methods. For instance, applying explicit Euler’s method that

is un+1 = un + kf(un), with un ≈ ui(t
n) at discrete points in time which are exactly
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the points (xi, tn) and k is the size of time step. Therefore, equation (2.3) becomes

un+1
i = uni + r(uni−1 − 2uni + uni+1), (2.4)

where n = 1, ..., N is an index for the variable t, and r =
kD

h2
. This is a one-

step method in time, which is also called a two-level method. Applying instead

an implicit ODE numerical method such as the trapezoidal method results in the

one step implicit Crank-Nicolson method. One might use multi-stage methods such

as Runge Kutta methods or linear multistep numerical method, e.g., predictor-

corrector methods.

Diffusion in heterogeneous media is typically associated with a non-constant

diffusion coefficient. The diffusion coefficient in (2.2) is considered here as a space-

dependent coefficient D(x). According to conservation law the following two equa-

tion are equivalent, in one dimensional space:

∂u

∂t
=

∂

∂x

(
D(x)

∂u

∂x

)
(2.5)

and

∂u

∂t
=
∂u

∂x

∂D

∂x
+D(x)

∂2u

∂x2
. (2.6)

There are two approaches to approximate equations (2.5:2.6), the conservative ap-

proach for equation (2.5) and non-conservative approach for equation (2.6) schemes.

The conservative approach for equation (2.5) in one dimensional, given as:

un+1
i = uni +

k

h2

(
Di+ 1

2

(
uli+1 − uli

)
−Di− 1

2

(
uli − uli−1

))
, (2.7)
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where Di+ 1
2

= 1
2
(Di + Di+1) are the mid-point rule approximation. The scheme is

equivalent to the two level scheme given in equation (2.4) when D is constant. The

non-conservative for equation (2.6) in one dimensional space:

un+1
i = uni +

k

h2

(
(Di+1 −Di−1)

2

(
uni+1 − uni−1

)
2

+Di

(
uni+1 + uni−1 − 2uni

))
.

In this thesis, we will employ the conservative scheme, and also the scheme in two

spatial dimensions described below:

un+1
i,j = uni,j +

k

∆x2

(
Di+ 1

2
,j

(
uni+1,j − uni,j

)
−Di− 1

2
,j

(
uni,j − uni−1,j

))
+

1

∆y2

(
Di,j+ 1

2

(
uni,j+1 − uni,j

)
−Di,j− 1

2

(
uni,j − uni,j−1

))
,

(2.8)

where Di+ 1
2
,j = 1

2
(Di,j + Di+1,j) and Di,j+ 1

2
= 1

2
(Di,j + Di,j+1) and ∆x,∆y> 0 are

the size of spatial discretisation for x and y, respectively.

2.3.2 Predictor-Corrector

The aim behind predictor-corrector approaches is to combine an explicit and an

implicit strategy to create a method with better convergence characteristics for

ODEs (Iserles, 2008). This method is often used to tackle implicit numerical ODEs

methods, such as trapezoidal method and implicit linear multi-step method. The

concept is to employ two linear multi-step methods. The method is commonly

performed by pairs of Adams-Bashforth and Adams-Moulton methods, with the

predictor step using an explicit linear multi-step and the corrector step using an

implicit linear multi-step. This process can be repeated often called predictor-

corrector-evaluation method ((PECE)k or P (ECE)k where k is number of repe-

titions). Heun’s technique is a well-known example of such a method, in which the
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predictor is forward Euler’s method and the corrector is trapezoidal rule, mathe-

matically:

ȳn+1 = yn + kf(tn, yn),

yn+1 = yn +
k

2
(f(tn, yn) + f(tn+1, ȳn+1)), (2.9)

where tn+1 = tn + k and n = 1, ..., N .

2.4 Parameter Approximation

To approximate the values of the parameters used in this thesis, we need to discuss

the obstacles of determining the exact values. Many studies in mathematical and

computational oncology have used parameters that have already been published in

the literature either obtained from previous published mathematical and computa-

tional models or measured experimentally following some specific experimental in

vivo and/or in vitro investigations. This is a significant issue because very few labs

measure and estimate kinetics parameters, and even in this case, the parameters

are estimated for specific systems and may vary between studies (depending on the

estimation method used, the cell lines and virus strains used in the experiments, and

so on). The ultimate rigorous option to dealing with this obstacle, which is both

complicated and expensive but potentially result in data with predictive value, is to

estimate all parameters that occur in a model experimentally. We do not employ

this strict method in this thesis, but rather the approaches taken by the majority of

studies in the literature.

Moreover, for complex multiscale biological problems it is difficult to discern be-
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tween the different biological mechanisms behind the infected cells distribution (i.e.,

viral infection patterns), and directional versus omni-directional invasion of infected

and non-infected tumour cells into the surrounding tissue. This uncertainty is also

because many model parameters (and parameter ranges) used for the simulations

were unknown and were estimated (i.e., “guessed”).

The parametrisation of these types of multiscale moving-boundary models, to

make them more quantitatively relevant, is an open problem which involves dif-

ferent aspects. First, multiscale data is not always available, and when such data

exists it is the result of multiple experiments performed in different conditions for

different biological systems and therefore it might not be at all relevant. Second,

to apply the results to clinically-relevant situations one needs to perform an uncer-

tainty and sensitivity analysis – which again, is an open problem for such multiscale

moving boundary models. To make some progress with this issue, one needs to have

multiscale data from one single experimental setting, parametrise the model using

this data, and then make further computational predictions that could be tested

experimentally.
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Chapter 3

Non-local multiscale approaches

for tumour-oncolytic viruses

interactions

3.1 Introduction

Oncolytic virus (OV) therapy is a promising treatment for cancer due to the OV

selective ability to infect and replicate inside cancer cells, thus killing them, without

harming healthy cells (see Figure 3.1). In this chapter, we present a new non-local

multiscale moving boundary model for the spatio-temporal cancer-OV interactions.

This model explores an important double feedback loop that links the macro-scale

dynamics of cancer-virus interactions and the micro-scale dynamics of proteolytic

activity taking place at the tumour interface. The cancer cell-cell and cell-matrix

interactions are assumed to be non-local, while the cell-virus interactions are as-

sumed local. With the help of this model we investigate computationally various

cancer treatment scenarios involving oncolytic viruses (i.e., the effect of injecting
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Figure 3.1: Caricature description of the interactions between oncolytic viruses
(OVs) and healthy and cancerous cells: the OVs replicate inside cancer cells, leading
to their lysis; the OVs do not usually replicate inside healthy cells.

the OV inside the tumour, or outside it). Moreover, we investigate the effect of

different cell-cell and cell-matrix interaction strengths on the success of OV spread-

ing throughout the tumour, and the effect of constant or density-dependent virus

diffusion coefficients on viral spread.

We develop further the multiscale approach for modelling cancer-OV interac-

tions introduced in Alzahrani et al. (2019, 2020), and consider non-local cell-cell

and cell-matrix interactions for cancer dynamics. We are particularly interested in

investigating the role of cell-cell and cell-matrix adhesion on cancer cell movement

and degradation of ECM - since this further impacts the spread of OVs. These cell-

cell and cell-matrix adhesion forces are modelled with the help of non-local terms,

which describe long-distance interactions with other cells or with various components

of the ECM, which occur when cells extend long pseudopods to migrate (Baumann,

2007; Caswell et al., 2007). These non-local adhesive interactions create an adhe-

sive flux that bias significantly the direction of cell movement (Armstrong et al.,
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2006; Domschke et al., 2014; Gerisch and Chaplain, 2008). With the help of this

new non-local multiscale model for cancer-OV interactions we investigate the impact

of cancer cell-cell and cell-matrix adhesion to the spread of OV through the solid

tumour.

In Section 3.2 we describe the new multiscale mathematical model. In Sec-

tion 3.3 we describe the numerical approach used to discretise the macro-scale and

micro-scale equations, while in Section 3.4 we present the results of the numerical

simulations. We conclude in Section 3.5 with a summary and discussion of the re-

sults. The content of this Chapter has been thoroughly discussed and presented in

our recent publication Alsisi et al. (2020).

3.2 Mathematical Model

Building on the multiscale moving boundary model for cancer invasion introduced

in Trucu et al. (2013) and the multiscale model of cancer response to OV proposed

in Alzahrani et al. (2019), in this work we address the multiscale nature of tumour-

OV interactions through a new non-local modelling approach. This modelling cap-

tures the complex tumour-virus-ECM dynamics by exploring the genuine multiscale

character of this interaction. Indeed, the tissue-scale (macro-scale) dynamics of can-

cer cells, ECM and the virus particles, is investigated here in conjunction with the

crucial cell-scale (micro-scale) proteolytic activity of the MDEs occurring along the

invasive edge of the tumour, while exploring the key double-feedback loop that links

these processes across the two spatial scales. This double feedback loop is realised

via a top-down link and a bottom-up link, as illustrated schematically in Figure

3.3. The top-down link leads to a MDE source for the cell-scale proteolytic micro-

dynamics occurring at the leading edge of the tumour. In turn, this micro-dynamics

42



Figure 3.2: Schematic diagram showing the cubic tissue region Y . In yellow we
illustrate the growing cancer cluster Ω(t0), and the small red cube εY belongs of the
family of micro-domains εY covering the tumour boundary ∂Ω(t0).

induces a bottom-up link that describes how the tumour boundary moves.

3.2.1 Macro-Scale dynamics

At the macro-scale, on a maximal tissue cube Y ⊂ RN (N = 2, 3), we explore the

coupled dynamics of a population density of uninfected cancer cells, c(x, t), and an

ECM density, e(x,t), which interact with a population density of oncolytic virus

v(x, t), resulting in an emergent density of infected cancer cells i(x, t). Denoting,

for convenience, the total population of infected and uninfected cancer cells by

c(x, t) := [c(x, t), i(x, t)],

as illustrated also in Figure 3.2, the evolving tumour domain Ω(t0) ⊂ Y represents

the support of c(·, t), where the combined distributions of uninfected cancer cells

c(x, t) and infected cancer cells i(x, t) exercise their dynamics and interact with the

oncolytic virus density v(x, t) within the supporting density of ECM e(x, t). Thus,
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Macroscale (Tissue level)

Microscale (Cell level)

Direction and 
Displacement

Top-down
link

Bottom-up
link

Ω(t0) Ω(t0)

x*εY 

x*εY 

εY εY 

Figure 3.3: Schematics showing the interactions between the macro-scale (tissue-
level) dynamics of solid tumours and the proteolytic MDEs micro-scale dynamics
which controls tumour boundary relocation. The top-down link describes the in-
teractions between various cells and their production of MDEs for the proteolytic
micro-dynamics. The bottom-up link focuses on the boundary relocation triggered by
the micro-dynamics. All the notation in this figure were chosen to be consistent with
the ones used in Trucu et al. (2013), and in this context, x∗

εY
represents a “mid-

point” boundary location on εY ∩Ω(t0), as determined in Trucu et al. (2013), whose
spatial relocation is representative for the choreographic movement exercised by the
localised tumour interface εY ∩ Ω(t0) over a small time interval [t0, t0 + ∆t].
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since the available macro-scale space is a key condition for this complex dynamics

to take place, denoting by u the total tumour vector, namely

u (x, t) = (c(x, t), e(x, t))T ,

then the volume fraction of space occupied by the tumour is given as

ρ(x, t) ≡ ρ(u(x, t)) := νee(x, t) + νc
(
c(x, t) + i(x, t)

)
. (3.1)

Here νe represents the fraction of physical space occupied by the ECM and νc is the

fraction of physical space occupied by c and i.

Throughout this study we assume that cancer cells proliferate logistically. More-

over, we assume that the uninfected cell population exercises a random movement

that is biased by emerging cell adhesion fluxes (enabled by the underlying cell-

cell and cell-matrix processes (Bhagavathula et al., 2007; Cavallaro and Christofori,

2001; Humphries et al., 2006; Ko et al., 2001; Wijnhoven et al., 2000)). This cancer

cell population can be infected by the oncolytic virus at a rate % > 0. We can recast

these assumptions mathematically through the non-local equation

∂c

∂t
= ∇ · [Dc∇c− cA(t, x,u(t, ·))] + µ1c(1− ρ(u))− %cv, (3.2)

where Dc > 0 is a constant diffusion coefficient, µ1 > 0 is a constant proliferation

coefficient, while A(t, x, u(t, ·)) is a non-local term accounting for cell adhesion pro-

cesses for which we adopt a formulation similar to the one proposed in Armstrong

et al. (2006); Domschke et al. (2014); Gerisch and Chaplain (2008); Shuttleworth

and Trucu (2018). Indeed, at each spatio-temporal point (x, t), the cell adhesion

flux captures cumulative influence of the cell-cell and cell-matrix adhesion junctions
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established between the cells distributed at (x, t) and the cells and the ECM dis-

tributed at any spatial position y within a maximal sensing region B(x,R), of radius

R > 0, as shown in Figure 3.4 and so this can be mathematically formulated as

A(t, x,u(t, ·)) =
1

R

∫
B(0,R)

n(y)K(‖y‖2)[Scc c(x+ y, t)

+ Sce e(x+ y, t)] (1− ρ(u))+ χ
Ω(t0)

(x+ y, t)dy. (3.3)

Figure 3.4: Schematic diagram showing the sensing region B(x,R)∩Ω(t0) used in
the non-local adhesion flux A(t, x, u(t, ·)).

Here χ
Ω(t0)

(·) is the characteristic function of Ω(t0), the term (1 − ρ(u))+ :=

max{(1 − ρ(u)), 0} enables the avoidance of local overcrowding, and n(y) denotes

the unit vector originating from x and pointing to x+ y that is given by:

n(y) :=


y
‖y‖2

if y ∈ B(0, R) \ {(0, 0)},

(0, 0) otherwise,

(3.4)
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with ‖ · ‖2 representing the usual Euclidean norm. Furthermore, the radially sym-

metric kernel K(·) explores the fact that the adhesion junctions established with both

cells and ECM distributed at y ∈ B(x,R) decrease as the distance r :=‖ x − y ‖2

increases, and so this is taken here as

K(r) :=
3

2πR2

(
1− r

2R

)
. (3.5)

Finally, Scc > 0 and Scv > 0 are the strengths of cell-cell and cell-ECM adhesion

Figure 3.5: Graphical description of the cell-cell adhesion strength as given by
equation (3.6).

bonds that are established between the cancer cells distributed at x and the cells and

ECM phase distributed at x+ y, respectively. While the cell-matrix adhesion Scv is

considered to be constant, the cell-cell adhesion strength Scc models the ability of the

cell distributed at x to establish cell-cell adhesive junctions with the cells distributed

at the other locations y ∈ B(x,R), which depends on the amount of intercellular

Ca2+ ions available within the ECM (Gu et al., 2014; Hofer et al., 2000). Adopting

a similar approach to the one in Shuttleworth and Trucu (2019), we assume here

that Scc is dependent on the ECM density and it takes the form

Scc(e) = Smax exp

(
1− 1

1− (1− e(x, t))2

)
, (3.6)
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with Smax representing the maximum strength of cell-cell adhesive junctions, as

shown in Figure 3.5. Finally, as the non-local adhesion flux is effectively formed by

summing up the radially distributed adhesive interactions between the cells at x and

the cells and ECM distributed at x + y with y ∈ B(0, R), and since the influence

of the interaction distance is accounted for through the radially symmetric diffusion

kernel K, the term 1
R

that appears in the front of the expression is simply here an

interaction range normalisation factor.

The infected cancer cell population that emerges due to the OV presence exercises

also a spatio-temporal dynamics in which the spatial redistribution per unit time is

driven by local random motility that is biased by the haptotactic movement against

ECM gradients. Simultaneously, the infected cell population expands due to the

viral infection of uninfected cancer cells at rate % > 0, and reduces due to infected

cells dying at rate δi > 0. Therefore, the dynamics of the infected cancer cell

population can be formulated mathematically as

∂i

∂t
= Di∆i− ηi∇·(i∇e) + %cv − δii, (3.7)

where Di > 0 is a constant random motility coefficient, and ηi > 0 is a constant

haptotactic coefficient.

Further, the ECM is degraded by both uninfected and infected cancer cell pop-

ulations and is remodelled within the limit of available space. Thus, its dynamics

can be captured mathematically by the following equation,

∂e

∂t
= −e(αcc+ αii) + µ2e(1− ρ(u)), (3.8)
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where µ2 > 0 is a constant ECM remodelling rate, while αc and αi are the ECM

degradation rates caused by the uninfected and infected cancer cells populations,

respectively.

Finally, the virus is assumed here not only to diffuse but also to exercise a

“haptotactic-like” spatial transport towards higher ECM levels. Further, while ex-

ercising the spatial movement, the oncolytic virus replicates itself at a given rate

and is eliminated from the system not only by being untaken by the uninfected cells

during the infection process, but also via natural decay. Hence, its dynamics can be

formulated mathematically as

∂v

∂t
= ∇·(Dv(c)∇v)− ηv∇·(v∇e) + bi− %cv − δvv (3.9)

where ηv > 0 is a constant haptotactic coefficient, b > 0 is a viral replication rate,

δv > 0 is the viral decay rate, and Dv(c) > 0 is a diffusion coefficient that may be

dependent on the presence of the cancer population as only in the presence of cancer

the virus exercise spatial transport.

Thus, in summary, the non-local model that we obtained for the macro-scale

dynamics is as follows:

∂c

∂t
= ∇ · [Dc∇c− cA(t, x,u(t, ·))] + µ1c(1− ρ(u))− %cv, (3.10a)

∂i

∂t
= Di∆i− ηi∇·(i∇e) + %cv − δii, (3.10b)

∂e

∂t
= −e(αcc+ αii) + µ2e(1− ρ(u)), (3.10c)

∂v

∂t
= ∇·(Dv(c)∇v)− ηv∇·(v∇e) + bi− %cv − δvv, (3.10d)

This macro-dynamics will be addressed in the results section both for the case
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of constant Dv(c), namely

Dv(c) := D̃v, (3.11)

and for the full cancer-dependent viral diffusion coefficient, Dv(c), which here is

considered to be of the Hill-type saturated form

Dv(c) =
αvc

1 + c
. (3.12)

3.2.2 Micro-Scale dynamics and its top-down and bottom

up connection to macro-scale

While exercising their macro-scale dynamics, the cells from both the uninfected and

infected cancer populations that arrive close to the tumour interface (within the

outer proliferating rim of the tumour) secrete matrix degrading enzymes (MDE) such

as the matrix metallo-proteinases (Hanahan and Weinberg, 2011; Weinberg, 2006),

enabling this way the formation of an enzymatic source for a cell-scale (micro-scale)

proteolytic micro-dynamics that takes place along the invasive edge of the tumour.

In the presence of this source, a cross-interface micro-scale MDE spatial transport

occurs within a micro-scale neighbourhood of thickness ε > 0 of the tumour bound-

ary, which we formally denote by Nε(∂Ω(t0)). The pattern of propagation of the

advancing front of MDEs within the peritumoural region Nε(∂Ω(t0)) \ Ω(t0) corre-

sponds to the areas of significant ECM degradation, which will ultimately enable

us to determine (from the micro-scale MDE dynamics) the law of the macro-scale

tumour boundary movement.

Adopting here the modelling approach introduced in Trucu et al. (2013), the
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micro-scale neighbourhoodNε(∂Ω(t0)) is described by the union of a covering bundle

of ε− size overlapping micro-domains {εY }εY ∈Pε(t), as illustrated in Figures 3.2-3.3.

These micro-domains εY “sit on the interface” and capture relevant parts of both

inside and outside regions of the tumour where the proteolytic activity takes place,

enabling us to decompose and explore the proteolytic dynamics on

Nε(∂Ω(t0)) :=
⋃

εY ∈P(t)

εY

as a union of micro-dynamic processes occurring on each εY ∈ Pε(t). At any

instance in time t0 > 0, on each micro-domain εY ∈ Pε(t0), a source of MDEs

emerges at every micro-scale location z ∈ εY ∩ Ω(t0) as a collective contribution

of all the cells (both infected and uninfected) from the tumour outer proliferating

rim that arrive during their dynamics within a distance r > 0 from z. Thus, this

MDEs source induced by the macro-dynamics at micro-scale realises a key “macro-

to-micro” top-down link within the overall tumour dynamics. Mathematically, over

a small time interval of length ∆t > 0 and at any micro-scale spatial location z ∈ εY ,

this MDEs source is therefore given as

fεY (z, τ) =



∫
B(z,r)∩Ω(t0)

γc c(x, t0 + τ) + γi i(x, t0 + τ) dx

λ(B(z, r) ∩ Ω(t0))
, z ∈ εY ∩ Ω(t0),

0, otherwise,

(3.13)

where λ(·) is the standard Lebesgue measure on RN , B(z, r) := {x ∈ Y : ‖z − x‖∞ ≤

r}, and γc > 0 and γi > 0 represent the contributions (per unit time) of the unin-

fected and the infected cancer cells to the formation of the micro-source of MDEs,

respectively. Once secreted, these matrix degrading enzymes exercise a diffusion

transport process within the entire εY , and so, to describe mathematically their
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spatio-temporal micro-dynamics, let us denote by m(z, τ) the MDEs distribution at

(z, τ) ∈ εY × [0,∆t]. With this notation, under the presence of the micro-source

(3.13), the rate of change of the MDEs distribution per unit time is therefore given

by

∂m

∂τ
= Dm∆m+ fεY (z, τ) (3.14)

where z ∈ εY , τ ∈ [0,∆t]. Furthermore, as we assume no memory of previous

molecular proteolytic dynamics within εY and that the molecular dynamics takes

place entirely on εY , for (3.14) we assume zero initial conditions as well as no-flux

boundary conditions, and so these can be summarised mathematically as

m(z, 0) = 0,

n · ∇m |∂Ω = 0,

(3.15)

where n is the outward unit normal.

Finally, during the micro-dynamics (3.14)-(3.15), the MDEs conveyed across the

interface in the peritumoural area εY \ Ω(t0) interact with ECM distribution that

they confront, resulting in degradation of its components. The pattern of this ECM

degradation caused by the advancing front of MDEs corresponds to the choreo-

graphic direction of movement of the tumour interface, and following the derivation

in Trucu et al. (2013), a direction of movement ηεY and a displacement magnitude

ξεY is this way established for the movement macro-scale cancer boundary. These

key characteristics for the macro-scale boundary movement that are determined

at micro-scale realise therefore a “micro-to-macro” bottom-up feedback link that is

crucial within the overall tumour dynamics, with direct impact on the changes in

tumour morphology. This is represented back at macro-scale through the movement

of appropriately defined boundary mid-points x∗εY uniquely associated to each εY ,
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which exercise their relocation in the direction ηεY and with the displacement mag-

nitude ξεY to the new spatial positions x̃∗εY , as illustrated in Figure 3.3, leading

to the expansion of the tumour boundary Ω(t0) to an evolved domain Ω(t0 + ∆t)

where the multiscale dynamics is continued. For completeness, we briefly outline

below the main steps involved in deriving the boundary relocation characteristics

that were introduced in Trucu et al. (2013).

On the cell-scale neighbouring bundle Nε(∂Ω(t0)) of the tumour interface, for each

of the boundary micro-domains εY ∈ P(t0) at a given a time instance t0 > 0,

we use the regularity property of Lebesgue measure (Halmos, 1950) to depict the

first dyadic decomposition {Dk}k∈I
εY

of εY that has the property that the union of

those dyadic cubes Dk included in the complement of Ω(t0) approximate to a given

global micro-scale accuracy δ
Ω(·) > 0. This is schematically illustrated by the small

green squares in Figure 3.3 that are situated outside the black tumour boundary

∂Ω(t0) ∩ εY . Further, denoting by yk the barycenter of Dk, we sub-select a sub-

family of dyadic cubes {Dk}k∈I∗
εY
⊂ {Dk}k∈I

εY
that consists only of those dyadic

cubes that are situated furthest away from the boundary midpoint x∗
εY

(correspond-

ing to εY ) with the property that they carry an amount of MDEs above the mean

of MDEs transported within the entire preritumoural region εY \ Ω(t0), hence cov-

ering precisely the region of significant ECM degradation cause by MDEs within

εY \Ω(t0), as illustrated in Figure 3.3. Thus, by cumulating the contribution to the

significant ECM degradation within εY \ Ω(t0) of all the dyadic cubes {Dk}k∈I∗
εY

while accounting on both their relative spatial location with respect to x∗
εY

and the

amount of MDEs that they get to carry at time τf := t0 + ∆t, we obtain the di-

rection of choreographic boundary relocation (exercised by the ∂Ω(t0) ∩ εY ) due

to micro-scale MDEs degradation. Therefore, this boundary movement direction is
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given by the positive direction of the emerging line defined by the position vectors

involved
{−−−→
ykx

∗
εY

}
k∈I∗

εY

magnified accordingly by the MDEs mass that each dyadic

cube in {Dk}k∈I∗
εY

, carries, namely

ηεY = x∗
εY

+ ν
∑
k∈I∗

εY

(∫
Dk

m(z, τf )dz

)
(yk − x∗εY ), ν ∈ [0,∞). (3.16)

Furthermore, the magnitude of the actual boundary movement in direction ηεY is

appropriately given as a weighted sum of the Euclidean magnitudes of the position

vectors {‖ ykx∗εY ‖2}k∈I∗
εY

, with the weights accounting on the relative contribution

brought to the ECM degradation of each of the corresponding dyadic cubes. Thus

the movement magnitude in direction ηεY is given by

ξεY (x) :=
∑
k∈I∗

εY

∫
Dk
m(z, τf ) dz∑

k∈I∗
εY

∫
Dk
m(z, τf ) dz

‖ −→xyk ‖2 . (3.17)

Therefore, as the tumour boundary relocation induced by the micro-dynamics on

each εY is represented at macro-scale through the movement of the boundary mid-

point x∗
εY

, in the context that enough but not complete ECM degradation occurs

within εY \ Ω(t0) (tissue condition that is detailed and explored in full in Trucu

et al. (2013)), we have that x∗
εY

exercises a relocation to a new position x̃∗
εY

that is

given by

x̃∗
εY

= x∗
εY

+ ξεY (x)
η̃εY
‖ η̃εY ‖2

, (3.18)

where

η̃εY :=
∑
k∈I∗

εY

(∫
Dk

m(z, τf )dz

)
(yk − x∗εY ), (3.19)

and is illustrated through the dark arrow and the green star in Figure 3.3. Thus, a
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law for macro-scale tumour boundary movement is this way induced by the MDEs

micro-dynamics, enabling us to capture the evolution of the tumour boundary over

the time interval [t0, t0 + ∆t] from its state Ω(t0) at t0 to a new spatial configuration

at Ω(t0 + ∆t) at t0 + ∆t. This relocated domain Ω(t0 + ∆t) allows the initiation

of the dynamics on the next time interval [t0, t0 + ∆t] where the tumour-oncolytic

virus interaction continues its proceedings.

3.3 Numerical Approach

As discussed previously, the implementation of the novel multiscale moving bound-

ary model require a number of extensive computational steps, which were built

within the multiscale moving boundary computational framework initially intro-

duced by Trucu et al. (2013) and further expanded in Shuttleworth and Trucu

(2019).

3.3.1 Macro-Scale computations on the expanding tumour

domain

For the computational approach, we consider that the tumour growth and tumour-

OV interaction takes place within a maximal tissue domain Y ⊂ R2, which is taken

here to be Y = [0, 4]×[0, 4]. This macro-scale domain Y is discretised with a uniform

grid {(xs, xp)}s,p=1...M of spatial step size ∆x = ∆y := h, see Table 3.1. Further,

considering a uniform discretisation {tl}l=0...k of time step δt > 0 for any given small

macro-scale time interval [t0, t0 +∆t], with k := ∆t/δt, let us denote by cls,p, i
l
s,p e

l
s,p,

Als,p, and vls,p the discretised values of c, i, e,A, and v at any spatio-temporal node

((xs, xp), tl), respectively.
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As the expansion of the macro-scale tumour interface ∂Ω(t0) is induced by the

boundary MDEs micro-dynamics, to address the macro-dynamics on a continuously

evolving domain Ω(t0), our macro-scale scheme follows the approach introduced

in Shuttleworth and Trucu (2019) and explianed in details later. Focusing now

on the discretisation of the spatio-temporal operators in (3.10a)-(3.10d) over any

given small macro-scale time interval [t0, t0 + ∆t], we solve the macro-dynamics

(3.10) via a finite differences Method of Lines type scheme, using the non-local

predictor-corrector method for time marching introduced in Shuttleworth and Trucu

(2019) and detailed for completeness in Section 3.3.6, while the involved spatial

operators are discretised via a combination of local “on grid” and non-local “off

grid” approaches that we will detail as follows.

For spatial operators of the same types appearing in (3.10a)-(3.10d) we adopt

identical steps in their discretisation. Indeed, except for the adhesion flux term

A(t, x,u(t, ·)) which will be addressed in Section 3.3.5, the diffusion and haptotaxis

terms ∇· (Dc∇c), Di∆i + ηi∇· (i∇e), and ηv∇· (v∇e) (with constant coefficients

Dc, Di, ηi, ηv), are all discretised through a combination of mid-point and central

differences schemes.

3.3.2 Indicator function

To ensure that the macroscale computation exclusively on the evolving tumour

Ω(t0) we define the on-grid cancer indicator function Υ(·, ·) : {1, ...,M}×{1, ...,M} →
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{0, 1} given as usual by

Υ(s, p) :=


1 if (xs, xp) ∈ Ω(t0),

0 if (xs, xp) /∈ Ω(t0).

(3.20)

Further, let’s observe that the on-grid closest neighbour indicator functions Ψx,+1(·, ·),

Ψx,−1(·, ·), Ψy,+1(·, ·), Ψy,−1(·, ·) : {2, ...,M − 1} × {2, ...,M − 1} → {0, 1}, defined

by

Ψx,±1(s, p) := |Υ(s, p)−Υ(s, p± 1)| ·Υ(s, p),

Ψy,±1(s, p) := |Υ(s± 1, p)−Υ(s, p)| ·Υ(s, p),

(3.21)

Using these functions we limit our computations for cancer cells inside the initial

cancer region Ω(t0), as the points of nonzero values along each spatial direction,

given by the union of preimages Ψ−1
x,−1({1}) ∪Ψ−1

x,+1({1}) ∪Ψ−1
y,−1({1}) ∪Ψ−1

y,+1({1})

for x-direction and y-direction respectively.

3.3.3 Finite difference-midpoint involving indicator function

At any spatial node (xs, xp) ∈ Ω(t0), the no-flux across the moving boundary dy-

namics is accounted for via the indicators in equations (3.20,3.21) on the expanding

spatial mesh, and results into the midpoint approximations for both the uninfected

cancer cells

cl
s,p± 1

2
:=

cls,p +
[
Ψx,±1(s, p)cls,p + Υ(s, p± 1)cls,p±1

]
2

,

cl
s± 1

2
,p

:=
cls,p +

[
Ψy,±1(s, p)cls,p + Υ(s± 1, p)cls±1,p

]
2

,

(3.22)
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and for the infected cancer cells

il
s,p± 1

2
:=

ils,p +
[
Ψx,±1(s, p)ils,p + Υ(s, p± 1)ils,p±1

]
2

,

il
s± 1

2
,p

:=
ils,p +

[
Ψy,±1(s, p)ils,p + Υ(s± 1, p)ils±1,p

]
2

,

(3.23)

as well as for the adhesion fluxes

Al
s,p± 1

2
:=
Als,p +

[
Ψx,±1(s, p)Als,p + Υ(s, p± 1)Als,p±1

]
2

,

Al
s± 1

2
,p

:=
Als,p +

[
Ψy,±1(s, p)Als,p + Υ(s± 1, p)Als±1,p

]
2

,

(3.24)

while the central differences at the virtual nodes (s, p± 1
2
) and (s± 1

2
, p) are given

by:

for c:

[cx]
l
s,p+ 1

2
:=

[
Ψx,+1(s, p)cls,p + Υ(s, p+ 1)cls,p+1

]
− cls,p

∆x
,

[cx]
l
s,p− 1

2
:=

cls,p −
[
Ψx,−1(s, p)cls,p + Υ(s, p− 1)cls,p−1

]
∆x

,

[cy]
l
s+ 1

2
,p :=

[
Ψy,+1(s, p)cls,p + Υ(s+ 1, p)cls+1,p

]
− cls,p

∆y
,

[cy]
l
s− 1

2
,p :=

cls,p −
[
Ψy,−1(s, p)cls,p + Υ(s− 1, p)cls−1,p

]
∆y

,

(3.25)

for i:

[ix]
l
s,p+ 1

2
:=

[
Ψx,+1(s, p)ils,p + Υ(s, p+ 1)ils,p+1

]
− ils,p

∆x
,

[ix]
l
s,p− 1

2
:=

ils,p −
[
Ψx,−1(s, p)ils,p + Υ(s, p− 1)ils,p−1

]
∆x

,

[iy]
l
s+ 1

2
,p :=

[
Ψy,+1(s, p)ils,p + Υ(s+ 1, p)ils+1,p

]
− ils,p

∆y
,

[iy]
l
s− 1

2
,p :=

ils,p −
[
Ψy,−1(s, p)ils,p + Υ(s− 1, p)ils−1,p

]
∆y

,

(3.26)
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for e:

[ex]
l
s,p+ 1

2
:=

els,p+1 − els,p
h

, and [ex]
l
s,p− 1

2
:=

els,p − els,p−1

h
,

[ey]
l
s+ 1

2
,p :=

els+1,p − els,p
h

, and [ey]
l
s− 1

2
,p :=

els,p − els−1,p

h
.

(3.27)

Hence, the discretisation of the spatial operator ∇ · [Dc∇c− cA(t, x,u(t, ·))] in

(3.10a) is obtained by

(∇ · [Dc∇c− cA(t, x,u(t, ·))])ls,p ≈
1

∆x

(
Dc

(
[cx]

l
s,p+ 1

2
− [cx]

l
s,p− 1

2

)
− cl

s,p+ 1
2
· Al

s,p+ 1
2

+ cl
s,p− 1

2
· Al

s,p− 1
2

)
+

1

∆y

(
Dc

(
[cy]

l
s+ 1

2
,p − [cy]

l
s− 1

2
,p

)
− cl

s+ 1
2
,p
· Al

s+ 1
2
,p

+ cl
s− 1

2
,p
· Al

s− 1
2
,p

)
. (3.28)

Denoting now by F ls,p the discretised value of the flux F := Dc∇c−cA(t, x,u(t, ·)) at

the spatio-temporal node ((xs, xp), tl), we observe that the discretisation of ∇ ·F =

∇ · [Dc∇c− cA(t, x,u(t, ·))] given in equation (3.10a) can therefore be equivalently

expressed in a compact form as

(∇ · F)ls,p '
F l
s,p+ 1

2

−F l
s,p− 1

2

+ F l
s+ 1

2
,p
−F l

s− 1
2
,p

h
, (3.29)

where h = ∆x = ∆y, and

F l
s,p± 1

2
= Dc [cx]

l
s,p± 1

2
− cl

s,p± 1
2
· Al

s,p± 1
2
,

F l
s± 1

2
,p

= Dc [cy]
l
s± 1

2
,p − c

l
s± 1

2
,p
· Al

s± 1
2
,p
.

Finally, for the spatial operator Di∆i−ηi∇·(i∇e) in (3.10b) we obtain the discreti-
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sation

(∇ · [Di∇i− ηii∇e])ls,p ≈
1

∆x

(
Di

(
[ix]

l
s,p+ 1

2
− [ix]

l
s,p− 1

2

)
− ηiils,p+ 1

2
· [ex]ls,p+ 1

2
+ ηii

l
s,p− 1

2
· [ex]ls,p− 1

2

)
+

1

∆y

(
Di

(
[iy]

l
s+ 1

2
,p − [iy]

l
s− 1

2
,p

)
− ηiils+ 1

2
,p
· [ey]ls+ 1

2
,p

+ ηii
l
s− 1

2
,p
· [ey]ls− 1

2
,p

)
. (3.30)

and for the haptotactic-like virus spatial operator ηv∇·(v∇e) is discretised as

(−ηv∇·(v∇e))ls,p ≈
−ηvvls,p+ 1

2

· [ex]ls,p+ 1
2

+ ηvv
l
s,p− 1

2

· [ex]ls,p− 1
2

∆x

+
−ηvvls+ 1

2
,p
· [ey]ls+ 1

2
,p

+ ηvv
l
s− 1

2
,p
· [ey]ls− 1

2
,p

∆y
,

(3.31)

3.3.4 Density dependent OV diffusion

For the discretisation on the entire Y of the oncolytic virus diffusion operator

involved in (3.10d), where the cell population dependent diffusion Dv(c) defined in

(3.12) is involved, we proceed as follows.

Using second-order midpoint rule accompanied by central differences applied at

“virtual midpoints” (s± 1
2
, p) and (s, p± 1

2
) corresponding to ((xs, xp)+(xs±1, xp))/2

and ((xs, xp) + (xs±1, xp))/2, for every s, p = 1 . . .M and l = 1 . . . k, we denote

Dl
v,s,p := Dv(c

l
s,p) and we have that the diffusion coefficient values at these midpoints
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are given by

Dl
v,s,p± 1

2
:=

Dl
v,s,p +Dl

v,s,p±1

2
, and Dl

v,s± 1
2
,p

:=
Dl
v,s,p +Dl

v,s±1,p

2
, (3.32)

while the central differences for the derivatives of the virus distribution at these

midpoints are

[vx]
l
s+ 1

2
,p :=

vls+1,p − vls,p
h

, and [vx]
l
s− 1

2
,p :=

vls,p − vls−1,p

h
,

[vy]
l
s,p+ 1

2
:=

vls,p+1 − vls,p
h

, and [vy]
l
s,p− 1

2
:=

vls,p − vls,p−1

h
.

(3.33)

Therefore, the approximation of the diffusion part in equation (3.10d) becomes:

(∇·(Dv(c)∇v))ls,p '
1

h

(
Dl
v,s+ 1

2
,p

[vx]
l
s+ 1

2
,p −D

l
v,s− 1

2
,p

[vx]
l
s− 1

2
,p

+Dl
v,s,p+ 1

2
,j

[vy]
l
s,p+ 1

2
−Dl

v,s,p− 1
2

[vy]
l
s,p− 1

2

)
. (3.34)

Finally, we note that the derivation of the discretisation of this term for the case

when Dv(c) is constant is only a particular of the approach exposed above.

3.3.5 Adhesive flux computation

An important part of our mathematical model is the non-local adhesive flux term

A(t, x,u(t, ·)), which addresses the effects of cell-cell and cell-ECM adhesion of the

uninfected cancer cell population and that requires a special numerical treatment.

To that end, we follow an approach initially introduced in Shuttleworth and Trucu

(2018) and further enhanced in Shuttleworth and Trucu (2019), which involves a

series of off-grid computations on a particular decomposition of the sensing region

B(x,R). Specifically, at any given spatio-temporal node ((xs, xp), tl), we decompose
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Figure 3.6: (a) Sensing region B(0, R) approximated by the annulus radial sectors
with the barycentre bSν associated with each sector Sν highlighted in red and its
centroid points highlighted with a blue dot. (b)The normalised direction of each
centroid point corresponding to sub-panel (a); note that these directions are not
overlapping, enabling a balanced discretised covering of the radial vector field across
the sensing region.

the sensing region B((xs, xp), R) as a union of

q :=
k∑
j=1

2n+(j−1) annulus radial sectors S1, ..., Sq, (3.35)

which are obtained by intersecting each annulus j ∈ {1, ..., k} annuli with a cor-

responding dyadically increasing number of 2n+(j−1) uniformly distributed radial

sectors of B((xs, xp), R), while the circle at the centre is considered of a numerically

negligible radius, as shown in Figure 3.6(a). Further, for each ν ∈ {1, . . . , q}, denot-

ing by bSν the centroid of the sector Sν , from Figure 3.6(b) we observe that these are

distributed so that the position vectors indicating their associated normalised radial

directions enables are across the sensing region in a balanced manner, leading to a

robust approximation of the adhesion flux. On each annulus sector Sν we calculate

the mean values of all the macro-scale densities of both uninfected infected as well
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Figure 3.7: Plot of the non-local cell-ECM adhesion flux given by (3.40), while
ignoring there the cell-cell adhesion and the effect of overcrowding.

as ECM namely:

ωlSν ,c =
1

λ(Sν)

∫
Sν

c(ξ, tl)dξ, (3.36)

ωlSν ,i =
1

λ(Sν)

∫
Sν

i(ξ, tl)dξ, (3.37)

ωlSν ,e =
1

λ(Sν)

∫
Sν

e(ξ, tl)dξ, (3.38)

respectively. Furthermore, for each centroid bSν we evaluate the associated radial

unit vector denoted by nν := n(bSν ) (that points from the centre of the sensing

region to bSp) and given as

nν =
bSν − (xs, xp)

‖bSν − (xs, xp)‖2

. (3.39)

Thus, finally, the approximation of the adhesion flux A(t, x,u(t, ·)) at the spatio-
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temporal node ((xs, xp), tl) is given by

Als,p =
1

R

q∑
ν=1

bSν∈Ω(t0)

nνK(bSν )
[
Sccω

l
Sν ,c + Sceω

l
Sν ,e

] (
1− ρ(ulbSν )

)+

λ(Sν), (3.40)

where ulbSν = [ωlSν ,c, ω
l
Sν ,i

, ωlSν ,e]
T , we have that ρ(ulbSν ) is a mean-value approxima-

tion of the tumour volume fraction given in (3.1) associated to the centroid bSν .

Figure 3.7 shows the simplified case of “duro-taxis” that is mimicked by the cell-

adhesion flux approximated in (3.40) where only the cell-ECM adhesion is considered

while assuming there the absence of cell-cell-adhesion (i.e., Scc = 0) and ignoring

the tumour volume fraction term. We observe that the adhesion vector field follows

regions of high ECM density, being directed out of low density into high density.

3.3.6 Predictor-Corrector

Let us start by denoting H(·, ·, ·) to be the right-hand side spatial operator of

equation (3.10a). At any instance in time and any corresponding triplet (F̄ , c̄, ū)

of given spatially discretised values for the flux F , the cell population c, and the

tumour vector u, by ignoring for simplicity the time notation we have that

H(F̄s,p, c̄s,p, ūs,p) :=
(
∇ · F̄

)
s,p

+ µ1c̄s,p(1− ρ(ūs,p))− %c̄s,pvs,p, (3.41)

where the spatial discretization
(
∇ · F̄

)
s,p

is given by equation (3.29) but applied

to the spatial flux F̄ , and ρ(ūs,p) is the volume fraction defined in equation (3.1)

evaluated for the discrete vector ūs,p = [c̄s,p, īs,p, ēs,p],∀s, p = 1...M . On the time
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interval [tl, tl+1], we first predict c at tl+ 1
2

using an explicit method as follows

c̃
l+ 1

2
s,p = cls,p +

∆t

2
H(F ls,p, cli,j,uls,p), (3.42)

where uls,p = [cls,p, i
l
s,p, e

l
s,p], ∀s, p = 1...M and ∆t is the time step. Next, using c̃

l+ 1
2

s,p

we calculate the corresponding predicted flux F̃ l+ 1
2 at tl+ 1

2
. Then, we construct a

non-local corrector that involves the average of the flux at the active neighbouring

spatial locations

{(xs, xp±1)}, {(xs±1, xp)}, {(xs±1, xp−1)}, {(xs±1, xp+1)} ∩ Ω(t0). (3.43)

Now, let us denote the set of indices corresponding to these active locations by N ,

we have that the corrector flux is calculated as

F∗l+
1
2 =

1

card(N )

∑
(σ,ζ)∈N

F̃ l+
1
2

σ,ζ , (3.44)

ultimately enabling us to use the trapezoidal approximation to obtain the corrected

value for c at tl+ 1
2

as

c
l+ 1

2
s,p = cls,p +

∆t

4

[
H(F ls,p, cli,j,uls,p) +H(F∗l+

1
2

s,p , c̃
l+ 1

2
s,p , ũ

l+ 1
2

s,p )
]
, (3.45)

ũ
l+ 1

2
s,p = [c̃

l+ 1
2

s,p , ils,p, e
l
s,p],∀s, p = 1...M . By averaging we get

c̃
l+ 1

2
s,p :=

c
l+ 1

2
s,p + cls,p

2
, (3.46)

and then we compute the flux F l+ 1
2 at tl+ 1

2
, in which we use the values of c̃

l+ 1
2

s,p . Next,

we use it to initiate the predictor-corrector steps described above on this new time
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interval
[
tl+ 1

2
, tl+1

]
. Therefore, the predictor step obtained as follows

c̃l+1
s,p := c̄

l+ 1
2

s,p +
∆t

2
H(F l+

1
2

s,p , c̄
l+ 1

2
s,p , ū

l+ 1
2

s,p ) (3.47)

where ū
l+ 1

2
s,p = [c̄

l+ 1
2

s,p , ils,p, e
l
s,p],∀s, p = 1...M . Finally, we correct these values at tl+1

with the same non-local trapezoidal-type corrector as described in equation (3.45),

here involving the corrector flux calculated as average of the predicted flux values

F̃ l+1 (corresponding to the predicted values c̃l+1) at the active neighbouring locations

given in equation (3.43)

F∗l+1 =
1

card(N )

∑
(σ,ζ)∈N

F̃ l+
1
2

σ,ζ , (3.48)

Thus, this last corrector step gives us ultimately the values that we accept at tl+1,

namely

cl+1
s,p = c̄l+1

s,p +
∆t

4

[
H(F l+

1
2

i,j , c̄
l+ 1

2
s,p , ū

l+ 1
2

s,p ) +H(F∗l+1
s,p , c̃l+1

s,p , ũ
l+1
s,p )
]
, (3.49)

where ũl+1
s,p = [c̃l+1

s,p , i
l
s,p, e

l
s,p],∀s, p = 1...M .

3.3.7 Approximating the micro-dynamics and its impact on

the macro-scale tumour boundary movement

Each of the boundary micro-domain εY ∈ Pε(t0) are considered here to be squares

of micro-scale size ε := 2h (where h is the step size used for the discretisation of the

macro-domain), which are centred at each of the interface point (xs, xp) from the

discretisation of the macroscopic tumour boundary ∂Ω(t0). Hence, we have that

εY := B‖·‖∞((xs, xp), ε) for some boundary point (xs, xp),,
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where ‖·‖∞ is the usual ∞−norm, and so we simply have that εY is given by the

union of the four squares on the macro-grid that have (xs, xp) as a vertex. Thus,

adopting a similar approach as this stage as in Trucu et al. (2013), this enables us

to use bilinear shape functions on each of these four squares (that have (xs, xp) as

a vertex) alongside midpoint averaging to evaluate the MDE source on the entire

micro-domain εY given in (3.13). Next, we solve MDEs system (3.14) by using back-

ward Euler in time combined with central differences for the spatial discretisation.

After finding the MDE distribution m(z, τ) on εY × [0,∆t], we then follow precisely

the modelling and computational approach and steps introduced by Trucu et al.

(2013) to determine the direction and magnitude for the boundary movement as

well as to proceed with the actual expansion of the tumour boundary ∂Ω(t0) to its

new spatial configuration ∂Ω(t0 + ∆t) that emerged over during multiscale tumour

evolution over the time interval [t0, t0 + ∆t].

3.4 Computational Results

As mentioned in the previous section, the simulations are run on a spatial domain

Y = (0, 4) × (0, 4). The initial condition for the uninfected cancer cells population

(c) is given by (see also Figure 3.8 (a)):

c(x, 0) = 0.5

(
exp

(
−‖x− (2, 2)‖2

2

2h

)
− exp (−3.0625)

)(
χ

B((2,2),0.5−γ)
∗ ψγ

)
,

(3.50)

where ψγ : RN → R+ is the standard mollifier that acts within a radius γ << ∆x
3

from ∂B((2, 2), 0.5−γ) to smooth the characteristic function χ
B((2,2),0.5−γ)

. This way

we assure that the uninfected cancer cell population occupies the region Ωt0(0) =

B((2, 2), 0.5) positioned in the centre of Y . This mollifier ψγ was introduced in
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Figure 3.8: Initial conditions used for the numerical simulations: (a) uninfected
cancer cells density, as described by equation (3.50); (b) ECM density, as described
by equation (3.54); (c) OV density (one initial dose), as described by equation (3.55);
(d) OV density (two initial doses), as described by equation (3.59). The white curve
indicates the tumour boundary (uninfected and infected cells).
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Trucu et al. (2013):

ψγ(x) :=
1

γN
ψ

(
x

γ

)
, (3.51)

where ψ is the smooth compact support function given by

ψ(x) :=


exp 1

‖x‖22−1
if ‖x‖2 < 1,

0 otherwise.

(3.52)

For the infected cancer cells (i), we assume that there are no such cells at the

beginning of the simulations:

i(x, 0) = 0. (3.53)

The initial condition for the ECM (e) is given by the following distribution that was

previously introduced in Shuttleworth and Trucu (2019) (see also Figure 3.8(b)):

e(x, 0) =
1

2
min{h(x1, x2), 1− c(x, 0)}, (3.54)

where c(x, 0) is the initial condition of uninfected cancer cells given by equation

(3.50), and

h(x1, x2) =
1

2
+

1

4
sin (ξx1x2)3 · sin

(
ξ
x2

x1

)
,

(x1, x2) =
1

3
(x+

3

2
) ∈ [0, 1]2 ∀x ∈ Y, ξ = 7π.

Finally, we consider two types of initial conditions for OV (v), describing current

approaches for OV administration: intravenous and/or intra-tumoural administra-

tion. The two cases considered here are: (1) one OV dose is injected outside the

tumour (via intravenous administration), and (2) two OV doses are injected: one
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inside the tumour (via intra-tumoural administration) and one outside the tumour

(via intravenous administration); see Figure 3.8(c),(d).

1. The one-dose initial condition for v(x, t), shown in Figure 3.8(c), is given as

follows

v(x, 0) = Φ(x) · θ(v), (3.55)

where

Φ(x) =
1

8

(
exp

(
−‖x− (2.5, 2.5)‖2

2

2h

)
− exp (−1.6625)

)
, (3.56)

θ(v) =


1 if Φ(x) > 5× 10−5,

0 otherwise.

(3.57)

Let Γ be the boundary of v(x, 0). In order to smooth the characteristic function

θ(v), we take the average of the boundary points of v(x, 0) ∈ Γ, as follows

v(x, y) =
1

8

∑
i

∑
j

v (x+ ih, y + jh)−v(x, y), ∀x, y ∈ Γ, where i, j = −1, 0, 1.

(3.58)

2. The two-dose initial condition, shown in Figure 3.8(d), is defined as follows

v(x, 0) := β(x) · θ̄(v), (3.59)
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where

β(x) =
1

8

(
exp

(
−‖x− (1.5, 1.5)‖2

2

2h

)
+ exp

(
−‖x− (2, 2)‖2

2

2h

)

− 2 exp (−1.6625)

)
(3.60)

θ̄(v) =


1 if β(x) > 5× 10−5,

0 otherwise.

(3.61)

To smoothen the characteristic function θ(v), we are using the same boundary

averaging mentioned previously in eq. (3.58).

The numerical results presented in this Chapter are obtained with the parameter

values described in Table 3.1. Whenever we vary these parameters, we state clearly

the new values we use for the simulations.

3.4.1 Results of baseline parameters

In this section we investigate the effect of haptotactic cell and virus movement (as

given by parameters ηi and ηv) when one OV dose is administered (Figure 3.9) or

two OV doses are administered (Figure 3.10):

Table 3.1: Baseline parameters values used for our multiscale computations.

Param. Value Description Reference

Dc 0.00035 Uninfected cancer cell Domschke et al. (2014)

diffusion coeff.

Di 0.0054 Infected cancer cell Camara et al. (2013)

diffusion coeff.

Continued on next page
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Table 3.1 – Continued from previous page

Param. Value Description Reference

D̃v 0.0036 Constant diffusion coeff. Camara et al. (2013)

for OV

ηi 0.0285 Infected cancer cell Alzahrani et al. (2019)

haptotaxis coeff.

ηv 0.0285 OV haptotaxis coefficient Alzahrani et al. (2019)

µ1 0.5 Proliferation rate for Chaplain and Lolas (2006)

uninfected cancer cells

Smax 0.1 Maximum rate of cell-cell Gerisch and Chaplain (2008)

adhesion strength

Sce 0.5 Rate of Cell-ECM adhesion Painter et al. (2010)

strength

αc 0.15 ECM degradation rate by Alzahrani et al. (2019)

uninfected cancer cells

αi
αc
2

ECM degradation rate by Alzahrani et al. (2019)

infected cancer cells

αv 0.1 Maximum diffusion coeff. Estimated

level for cancer-dependent

Dv(c)

µ2 0.02 Remodelling term coefficient Shuttleworth and Trucu (2020)

% 0.079 Infection rate of cells by OV Alzahrani et al. (2019)

δi 0.05 Death rate of infected Camara et al. (2013)

cancer cells

Continued on next page
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Table 3.1 – Continued from previous page

Param. Value Description Reference

b 20 Replicating rate of OVs in Camara et al. (2013)

infected cancer cells

δv 0.025 Death rate of OV Camara et al. (2013)

νe 1 Fraction of physical space Shuttleworth and Trucu (2019)

occupied by the ECM

νc 1 Fraction of physical space Shuttleworth and Trucu (2019)

occupied by cancer cells

γc 1 MDEs secretion rate by Shuttleworth and Trucu (2020)

uninfected cancer cell

γi 1.5 MDEs secretion rate by Shuttleworth and Trucu (2020)

infected cancer cell

Dm 0.0025 MDE diffusion coefficient Peng et al. (2017)

h 0.03125 spatial discretisation step Shuttleworth and Trucu (2019)

size in both x and y

directions

• One OV dose. In Figure 3.9(a) we show the dynamics of our multiscale model

in the absence of haptotactic terms for the infected cells and virus particles

(ηi = ηv = 0), while in Figure 3.9(b) we show the dynamics of this model in

the presence of such haptotactic terms (where ηi = ηv = 0.0285, as given in

Table 3.1). We can see that, for the parameter values used in these simula-

tions, there is no difference in the spatial distribution of uninfected cancer cells
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between panels (a) and (b). However, the addition of haptotactic movement

impacts the spatial distribution of infected cancer cells and OVs, leading to

more localised viral infections. Since the change in ECM density follows the

uninfected cancer cells distribution, we choose to show the ECM separately in

Figure 3.9(c), where we illustrate its distribution at two macro-micro stages:

I) stage 50; II) stage 75.

• Two OV doses. In Figure 3.10(a) we show the dynamics of our multiscale

model in the absence of any haptotactic movement for the infected cells and

virus particles, while in Figure 3.10(b) we show what happens when we con-

sider haptotactic movement. As for the one-dose case, the haptotactic terms

do not affect the spatial distribution of the uninfected cancer cells. The in-

clusion of the haptotaxis leads to slightly higher densities of infected cells and

virus particles, compared to the case of no haptotaxis. Also the presence of

haptotactic terms seems to lead to more localised viral infections.

If we compare the one-dose OV case (Figure 3.9) with the two-dose OV case (Fig-

ure 3.10) we observe, as expected, that the injection of two OV doses leads to better

elimination of uninfected cancer cells through a much better viral replication. We

also observe that the injection of two OV doses leads to a faster movement of outside

virus particles inside the tumour (e.g., in Figure 3.9 the outside viruses is still en-

tering the tumour at stage 50, while in Figure 3.10 the outside viruses have already

entered the tumour by stage 50).

3.4.2 The impact of adhesion strength

In this Section we investigate the impact of cell-cell and cell-matrix adhesion strengths

on the spread of OV, and the elimination of tumour cells.
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50

Uninfected Cancer Cells 

St.

75

Infected Cancer Cells OV

50

75

ECM:

(a)

(b)

(c) �) ��)

Figure 3.9: Simulations of system (3.3) using the parameters in Table 3.1 with
one-dose OV initial condition (see eq. (3.55)). Here we show the cell and virus
distribution at two different micro-macro stages: 50 and 75. (a) No haptotactic
behaviours (ηi = ηv = 0); (b) With haptotactic behaviours (ηi = ηv = 0.0285). In
sub-panels (c) we show ECM density when we consider haptotactic cell movement for
I) stage 50, II) stage 75. (We don’t show the ECM for the case without haptotactic
cell movement, since the ECM follows the uninfected cancer cells distribution, which
is the same for both cases.)
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Stage

50

Uninfected Cancer Cells 

50

75

75

Infected Cancer Cells OV

(a)

(b)

Figure 3.10: Simulations of system (3.3) investigating the injection of two doses
of OV (see the initial condition given by eq. (3.59)). We show the densities of
uninfected and infected cancer cells, and the OV densities at two macro-micro stages
(50 and 75). (a) Without haptotactic movement (ηi = ηv = 0); (b) With haptotactic
movement (ηi = ηv = 0.0285). The rest of parameter values are as in Table 3.1.

• Constant vs. density-dependent Scc. In equation (3.6), we defined the cell-cell

adhesion strength (Scc) as a function of the ECM density, with a maximum of
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Smax (see also Figure 3.5). In Figure 3.11 we investigate the assumption that

this cell-cell strength is a constant: Scc = Smax. As with the previous figures,

in panels (a) we show model dynamics without haptotactic cell movement,

while in panels (b) we show model dynamics with haptotactic cell movement.

Comparing Figure 3.9 (where Scc = Smax) with Figure 3.11 (where Scc =

Scc(e)), we notice a difference in cancer invasion, with a slightly larger invasion

range when Scc = Smax. However, Scc seems to have no impact on the densities

of cells and virus particles. Regarding the role of haptotactic terms (i.e., panels

(a) vs. (b)), we see again that these terms have no effect on the uninfected

tumour cells, but they impact the spatial distributions of infected tumour cells

and virus particles, which become more localised.

• Different adhesion strengths: Scc > Sce vs. Scc < Sce. In Figure 3.12, we vary

the cell-cell and cell-matrix adhesion strengths from the baseline values listed

in Table 3.1 (i.e., max(Scc) = Smax = 0.1, Sce = 0.5) to max(Scc) = Smax = 0.5,

Sce = 0.01, to investigate the case where Scc > Sce. In this Figure 3.12 we

also investigate the effect of increasing the ECM degradation on overall cancer

invasion, by changing the baseline rate αc = 0.15 to αc = 2. Comparing

Figure 3.9(a) (where Scc < Sce) with Figure 3.12 we observe that high cell-cell

adhesion (Scc > Sce) leads to a very-high density tumour mass which does not

spread too much. Moreover, as expected, the increase in the ECM degradation

rate αc leads to an almost complete degradation of ECM in the regions with

high tumour densities (see the ECM distribution in Figures 3.12 and 3.9(c)).
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50

Uninfected Cancer Cells 

50

75

75

Infected Cancer Cells OV

(a)

(b)

Figure 3.11: Simulations of system (3.3) investigating the case of constant Scc:
Scc = Smax. We plot the macroscopic densities of uninfected and infected cancer
cells, as well as the densities of OVs at two macro-micro stages (50,75), when we
inject two-dose OVs (inside and outside the tumour; see eq. (3.55)). (a) Without
haptotactic behaviours (ηi = ηv = 0); (b) With haptotactic behaviours (ηi = ηv =
0.0285). The rest of the parameters values are as in Table 3.1.
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Figure 3.12: Simulations of system (3.3) investigating the case Smax > Sce. We
show the densities of cancer cells, OVs (top two rows) and ECM (bottom row) at
two macro-micro stages (50 and 75), when we ignore the haptotactic movement of
infected cells and virus particles (i.e., ηi = ηv = 0). We consider only one dose of
OV as initial condition (see eq. (3.55)). Most of the parameters values are as in
Table 3.1, with the exception of max(Scc) = Smax = 0.5, Sce = 0.01, αc = 2.

3.4.3 Non-Constant OV diffusion coefficient

In all previous simulations we assumed that the diffusion coefficients were constant.

However, in equation (3.12) we modelled the assumption that the virus diffusion

coefficient might depend on the uninfected cancer cell density (Dv(c)). In Figure 3.13

we show numerically the dynamics of our multiscale model (with haptotactic cell
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and virus movement) when we assume that Dv(c) is given by equation (3.12) with

αv = 0.1. In panels (a) we show cancer-OV dynamics when we inject one-dose of OV,

while in panels (b) we show model dynamics when we inject two doses. Comparing

Figure 3.13(a) with Figure 3.9(a), we see that the assumption of a density-dependent

diffusion allows the virus to spread faster through the whole tumour. However, in

the absence of a higher virus proliferation, the density of infected cancer cells is lower

than for the baseline case. A similar conclusion can be obtained when comparing

Figure 3.13(b) with Figure 3.10(a).

3.4.4 Multiple virus shots at different times

In this final section, we explore the effect of multiple virus injections when these

are applied at the same location and with the same dose levels (as the initial viral

condition) but at different times during tumour evolution. To capture this multiple

temporal viral injections at the same initial location, we amend the virus equation

(3.10d) by adding the following viral source term

gv(x, t) =

p∑
i=1

r̄ti(t) · v(x, 0), (3.62)

where p represents the number of shots distributed at different times, v(x, 0) are OV

initial viral conditions, and

r̄ti (t ) = exp

(
−θ2

θ2 − (ti − t)2
+ 1

)
, (3.63)

represents the time distribution of OV shots which are localised in time in the

neighbourhood of the time instances {t1, . . . , tp}, each shot having a total time span

of 2θ, i.e., occurring on the time interval [ti − θ, ti + θ], for a very small θ > 0, so
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75
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(a)

(b)

Figure 3.13: Simulations of system (3.3) investigating the role of density-dependent
viral diffusion Dv(c) coefficient (given by eq. (3.12) with αv = 0.1). As for other
cases before, we ignore the haptotactic movement of infected cancer cells and virus
particles (ηi = ηv = 0). We show the densities of uninfected and infected cancer cells,
and densities of OVs at two macro-micro stages (50 and 75), when we inject: (a)
one-dose OV (see initial condition given by eq. (3.55)); (b) two-dose OV (see initial
condition given by eq. (3.59)). The rest of parameter values are as in Table 3.1.

81



that consecutive injection intervals would not overlap. Thus, with this amendment,

equation (3.10d) becomes

∂v

∂t
= ∇·(Dv(c)∇v)− ηv∇·(v∇e) + bi+ gv(x, t)− %cv − δvv. (3.64)

We explored this numerically by considering virus injection of the same spatial

distribution but administered at two different times t1 and t2 during the tumour

evolution. These injection times were chosen during the 25th and 50th stages of the

tumour evolution as follows:

t1 = 25∆t+ 3δt and t2 = 50∆t+ 3δt,

and so the viral injections scheduling could therefore be captured by gv(x, t) =

r̄t1(t) + r̄t2(t) while taking θ := 3δt in (3.63). Figure 3.14 shows that when we give

multiple virus injections at the same position but at different times, we obtain better

tumour control than the case where there is one viral injection at one position in

space (shown in Figure 3.9b). Moreover, as shown in Figure 3.14, increasing the viral

infection rate gives better tumour control results (i.e., the middle of the tumour is

eliminated by the viral therapy).
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(a)

(b)

Figure 3.14: Simulations of system (3.3) using the parameters in Table 3.1 with
multiple-dose OV initial conditions (see eq. (3.62)).Here we show the cell and virus
distribution at two different micro-macro stages: 50 and 75. (a) multiple OVs in-
jections (b) multiple OVs injections with increased rate of viral infection % = 0.158.
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3.5 Summary and Conclusions

In this study we presented a novel multiscale moving boundary model introduced

to characterise the complex non-local macro-scale interactions between cancer cells

(uninfected and infected), ECM, and oncolytic viruses, in the presence of the micro-

scale cancer-MDE interactions that control the tumour invasive edge. The novelty of

our approach was to incorporate the non-local cell-cell and cell-matrix interactions

that lead to an adhesive cancer cell flux, which impacted also local cancer-OV inter-

actions. With the help of this model we have investigated the impact of cell-cell and

cell-matrix adhesion strengths on the spread of the oncolytic virus, and showed that

large cell-cell adhesion leads to high cancer densities, and higher OV densities inside

these solid tumours. But the virus cannot spread efficiently through the tumour

mass, and thus the tumour size cannot be reduced significantly.

Moreover, we used this new non-local multiscale model to investigate numerically

the role of haptotactic behaviour for the infected cancer cells and virus particles,

which seems to lead to more localised regions infected by the oncolytic virus. Finally,

we have investigated the impact of constant virus diffusion versus cancer-dependent

virus diffusion, and observed larger viral spread. However, this larger viral spread

did not lead to better tumour killing, due to the relatively lower infection rates. It is

expected that an increase in viral infection rate could lead to better outcomes (i.e.,

less uninfected tumour cells).

Our current work can be further generalised to investigate various aspects of the

interactions between virus particles and the tumour micro-environment: from the

importance of fibrous component of the ECM on virus spread, to the interactions

between virus particles and other types of cells inside the tumour microenvironment,

or the local/non-local interactions between the infected cancer cells and ECM (and
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the further spread of viruses released from the infected cells).
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Chapter 4

Non-local multiscale approach for

the impact of go or grow

hypothesis on tumour-viruses

interactions

4.1 Introduction

We propose and study computationally a novel non-local multiscale moving bound-

ary mathematical model for tumour and oncolytic virus (OV) interactions when

we consider the go or grow hypothesis for cancer dynamics. This spatio-temporal

model focuses on two cancer cell phenotypes that can be infected with the OV or re-

main uninfected, and which can either move in response to the extracellular-matrix

(ECM) density or proliferate. The interactions between cancer cells, those among

cancer cells and ECM, and those among cells and OV occur at the macro-scale. At

the micro-scale, we focus on the interactions between cells and matrix degrading
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enzymes (MDEs) that impact the movement of tumour boundary. With the help

of this multiscale model we explore the impact on tumour invasion patterns of two

different assumptions that we consider in regard to cell-cell and cell-matrix inter-

actions. In particular we investigate model dynamics when we assume that cancer

cell fluxes are the result of local advection in response to the density of extracellular

matrix (ECM), or of non-local advection in response to cell-ECM adhesion. We

also investigate the role of the transition rates between mainly-moving and mainly-

growing cancer cell sub-populations, as well as the role of virus infection rate and

virus replication rate on the overall tumour dynamics.

In this study we plan to investigate (for the first time – to our knowledge)

the impact of the GOG hypothesis on oncolytic virotherapies. These oncolytic

virotherapies are cancer therapies that use oncolytic viruses (OVs), i.e., viruses

that replicate inside and destroy cancer cells. Despite some clinical successes with

these oncolytic virotherapies (currently a few such viruses are in the late stages of

various clinical trials (Alemany, 2013)) there are still many open questions related

to the interactions between oncolytic viruses and tumour cells (Vähä-Koskela and

Hinkkanen, 2014). And, to our knowledge, it is not clear at this moment how

the spread of oncolytic viruses through the solid tumours is affected by the GOG

hypothesis. In this study, we investigate this particular aspect using a modelling

and computational approach, which allows us to test numerically various hypotheses

related to cancer-OV interactions.

To this end, we extend our previous non-local multi-scale mathematical model

for cancer-oncolytic viruses (OV) interactions Alsisi et al. (2020), by considering

also the GOG hypothesis. We consider distinct proliferative and migrating cancer

cell subpopulations, and assume that they can become infected with an oncolytic
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virus (see Figure 4.1). With the help of this new model, we explore numerically

different aspects of the GOG hypothesis, as well as the possibility of having local

vs. non-local cell interactions and their impact on cancer invasion in the context of

oncolytic virotherapies. We need to emphasise here that with the help of this new

model we investigate (for the first time – to our knowledge) the impact of the GOG

hypothesis on oncolytic virotherapies.

We describe the new multiscale model in Section 4.2. The computational ap-

proach used to simulate numerically this model is described briefly in Section 4.3.

Then, numerical simulations are presented in Section 4.4. We conclude in Section 4.5

with a brief summary and discussion of the results. The content of this Chapter

has been thoroughly discussed and presented in our recent publication Alsisi et al.

(2021).

4.2 Mathematical Model

Adopting the multiscale moving boundary modelling approach introduced initially

in Trucu et al. (2013), in the following we explore the dynamic interaction between

an invading heterotypic tumour and an oncolytic virus. Indeed, considering here

the go or grow hypothesis (Corcoran and Del Maestro, 2003), the invading tumour

is assumed to consist of two subpopulations of cancer cells, namely migrating and

proliferative, which exercise their dynamics within the surrounding ECM and that

can become infected by an oncolytic virus over a time interval [0, T ]. For t ∈ [0, T ],

denoting by Ω(t) the spatial support of the progressing tumour that evolves inside

a maximal tissue cube Y (i.e., Ω(t) ⊂ Y ), for any x ∈ Ω(t), let cm(x, t), cp(x, t), and

e(x, t) represent the spatial densities of the migrating cancer cells subpopulation, the

proliferating cancer cells subpopulation, and the ECM, respectively. Furthermore,
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denoting here the oncolytic virus density by v(x, t), ∀x ∈ Ω(t), as both the migrating

and the proliferating cancer cells can become infected by the oncolytic virus v(x, t),

let im(x, t) and ip(x, t) represent the densities of infected migrating cancer cells and

proliferating cancer cells, respectively (see Figure 4.1).

OV

OV

Figure 4.1: Schematic diagram illustrating the splitting of the overall cancer cells
population into the migrating and proliferative subpopulations (according to GOG
hypothesis), with each of these subpopulations further branching into corresponding
infected and uninfected sub-subpopulations.

By incorporating here the GOG hypothesis, we expand and generalise the mod-

elling framework for tumour-OV interaction proposed in Alsisi et al. (2020); Alzahrani

et al. (2019). Indeed, building on the multiscale framework introduced in Trucu et al.

(2013), we explore these complex cancer – OV interactions by accounting for the

interlinked two-scale dynamics that connects the tissue-scale (macro-scale) tumour

macro-dynamics with the cell-scale (micro-scale) proteolytic activity of MDEs that

occurs along the invasive edge of the tumour. In the following we describe in detail

the macro-dynamics, the micro-dynamics, as well as the double feed-back loop that
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connects the two scales of activity in our new model.

4.2.1 Tumour − OV interacting macro-dynamics

For each t ∈ [0, t], and each x ∈ Ω(t), denoting the total cancer cell population by

ctotal(x, t)

ctotal(x, t) = cp(x, t) + ip(x, t) + cm(x, t) + im(x, t), (4.1)

and defining the total tumour vector to be

u (x, t) = (cp(x, t), ip(x, t), cm(x, t), im(x, t), e(x, t))T ,

the volume fraction of space occupied by the tumour can therefore be expressed

mathematically as

ρ(u) = νee(x, t) + νc(ctotal(x, t)), (4.2)

where νe represents the fraction of physical space occupied by the ECM and νc is

the fraction of physical space occupied collectively by all cancer subpopulations.

For the tumour dynamics, we assume that the motility of each of the cancer cells

subpopulations is due to a combination of random movement (described by linear

diffusion term) and a directed migration due to cell-cell and cell-ECM adhesion.

The spatial fluxes triggered by cell adhesion that cause the directed cells migration

are considered here both from a local and non-local perspective (Bhagavathula

et al., 2007; Cavallaro and Christofori, 2001; Chaplain and Lolas, 2006; Humphries

et al., 2006; Ko et al., 2001; Wijnhoven et al., 2000), and in following we will detail

their mathematical formulation. For convenience, for each cancer cell subpopulation

c ∈ {cp, cm, ip, im}, we consider a global notation ϕc(u) describing the effect of the

cell adhesion processes either locally, through adhesive interactions between cancer

90



cells and ECM (whereby the tumour cells exercise haptotactic movement (Oudin

et al., 2016) towards higher levels of ECM), or non-locally, where both cell-cell and

cell-ECM adhesive interactions are accounted for within an appropriate cell sensing

region. Thus, ϕc(u) is mathematically formalised as

ϕc(u) :=


ηc∇·

(
c∇e

)
, local haptotactic interactions between cancer cells and ECM,

∇·
(
cAc(·,·,u(·,·))

)
, non-local cell−cells and cell−ECM interactions,

(4.3)

where, for any given subpopulation c ∈ {cp, cm, ip, im}, we have that ηc > 0 is a

constant haptotactic rate associated to c, while Ac(x, t,u(·, t)) is a non-local spa-

tial flux term that is detailed as follows. Indeed, following a similar approach as

in Armstrong et al. (2006); Domschke et al. (2014); Gerisch and Chaplain (2008),

∀c ∈ {cp, cm, ip, im}, at each spatio-temporal point (x, t) the cell adhesion flux

Ac(x, t,u(·, t)) cumulates the strengths of the cell-cell and cell-matrix adhesion junc-

tions that cells from cancer subpopulation c that distributed at (x, t) establish with

the other cell subpopulations and the ECM distributed within an appropriate max-

imal sensing region B(x,R) of radius R > 0. This is formulated mathematically

as

Ac(x, t,u(·, t)) =
1

R

∫
B(0,R)

n(y)K(‖y‖2)[Scc c(x+ y, t)

+ Sce e(x+ y, t)] (1− ρ(u))+ χ
Ω(t)

(x+ y, t)dy. (4.4)

Here, χ
Ω(t)

(·) is the characteristic function of Ω(t), while the term (1 − ρ(u))+ :=

max{(1 − ρ(u)), 0} enables the avoidance of local overcrowding. Further, for any

y ∈ B(0, R), n(y) denotes the unit radial vector originating from x and pointing to
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x+ y ∈ B(x,R), which is given by

n(y) :=


y

‖y‖2

if y ∈ B(0, R) \ {(0, 0)},

(0, 0) otherwise.

(4.5)

with ‖ · ‖2 being the usual Euclidean norm. Moreover, K(·) : [0, R] → [0, 1] is

a radially symmetric kernel that explores the dependance of the strengths of the

established cell adhesion junctions on the radial distance from the centre of the

sensing region x to ζ ∈ B(x,R). Since these adhesion junction strengths are assumed

to decrease as the distance r :=‖ x− ζ ‖2 increases, K therefore is taken here of the

form

K(r) :=
3

2πR2

(
1− r

2R

)
, ∀r ∈ [0, R]. (4.6)

Furthermore, since in this study we focus only on self-adhesion and we do not

consider cross-adhesion bonds between four cancer cells subpopulation, in (4.4) we

have that Scc and Sce for any given cancer cell subpopulation c ∈ {cp, cm, ip, im}

represent the adhesive interaction strengths for the self − cell−cell adhesion and

cell - ECM, respectively. While the cell-ECM adhesion strength Sce is considered

to be a positive constant, the cell-cell adhesion strength Scc explores here the fact

that the ability of the cell distributed at x to establish cell-cell adhesive junctions

with the cells distributed at the other locations y ∈ B(x,R) depends on the amount

of intercellular Ca2+ ions available within the ECM (Gu et al., 2014; Hofer et al.,

2000). As a consequence, adopting a similar approach to the one in Shuttleworth

and Trucu (2019), we assume here that Scc is dependent on the ECM density and
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it takes the form

Scc(e) = Smaxcc exp

(
1− 1

1− (1− e(x, t))2

)
, (4.7)

with Smax
cc representing the maximum strength of cell-cell adhesive junctions estab-

lished by the cancer cells subpopulation c ∈ {cp, cm, ip, im} . Therefore, the adhesive

strengths for cell-cell and cell-ECM adhesion for all four cancer subpopulation can

be compactly expressed via the diagonal matrices

S
cell−cell =



Scpcp 0 0 0

0 Sipip 0 0

0 0 Scmcm 0

0 0 0 Simim


and S

cell−ECM =



Scpe 0 0 0

0 Sipe 0 0

0 0 Scme 0

0 0 0 Sime


,

(4.8)

respectively.

Finally, in the context of the GOG hypothesis, another important aspect that

occurs during the tumour dynamics is the transitions between from the proliferative

cancer subpopulation and the migrating one. Adopting a similar form to the one

proposed in Gerlee and Nelander (2012); Hatzikirou et al. (2012); Lewis and Schmitz

(1996), the transition from proliferative to migrating cancer cells is captured here

through the switching term λcp,cm that is given by

λcp,cm = ω2cm − ω1cp, (4.9)

where ω1 is the rate of switching from proliferative state cp to migration state cm,

and ω2 is the rate of switching from migration to proliferative state. On the other

hand, the transition from migrating to proliferative cancer cells is expressed through
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the switching term λcm,cp defined as

λcm,cp = −λcp,cm . (4.10)

Thus, for each of the cancer cells subpopulation c ∈ {cp, cm, ip, im}, the spa-

tial transport is a combination of random movement (expressed through diffusion)

and directed movement due adhesion (explored either locally or non-locally, and

represented compactly through ϕc(u)). Furthermore, for the particular case of the

migrating and proliferative cells subpopulation cp, and cm, besides the spatial trans-

port and in addition to their own proliferation (considered here of logistic type Guiot

et al. (2003); Laird (1964)), their dynamics is also affected by the cell population

“exchanges” due to proliferative-migrating transitions (i.e., transitions between pro-

liferative and migrating subpopulations) as well as by the presence of the oncolytic

virus that is able to infect cells from both populations. Finally, for their part, the

infected cancer cells subpopulations, while exercising a spatial transport of the type

described above, they contribute to virus replication and die. Therefore, the dy-

namics for each cancer cell population can be expressed mathematically as follows.

First, the governing equation for the uninfected proliferative cancer cell subpop-

ulation is given by

∂cp
∂t

= Dcp∆cp − ϕcp(u) + µpcp(1− ρ(u))− %pcpv + λcp,cm , (4.11)

where Dcp > 0 is a constant diffusion coefficient, the term ϕcp(u) represents the

directed movement triggered by cell-adhesion processes that corresponds to cp and

is described in (4.3) for c = cp. For the non-local case, the non-local spatial flux for
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cp given by

Acp(t, x,u(t, ·)) =
1

R

∫
B(0,R)

n(y)K(‖y‖2)[Scpcp cp(x+ y, t)

+ Scpe e(x+ y, t)] (1− ρ(u))+ χ
Ω(t)

(x+ y, t)dy. (4.12)

Further, µp > 0 is an intrinsic constant proliferation rate, %p > 0 is the rate at which

the oncolytic virus infects the proliferative cancer cell population, and λcp,cm is the

switching term given in (4.9), representing the process through which migrating

cancer cells transition towards proliferative state during the tumour dynamics.

The infected proliferative cancer cell population, ip(t, x), which emerges within

this dynamics due to the OV infection of cp, also exercises a spatio-temporal dy-

namics that is governed by the following equation

∂ip
∂t

= Dip∆ip − ϕip(u) + %pcpv − δipip, (4.13)

where Dip > 0 is a constant random motility coefficient, and ϕip(u) is the spatial

influence of the cell-adhesion processes that is described in (4.3) and corresponds to

ip and the corresponding non-local adhesive flux given by

Aip(t, x,u(t, ·)) =
1

R

∫
B(0,R)

n(y)K(‖y‖2)[Sipip ip(x+ y, t)

+ Sipe e(x+ y, t)] (1− ρ(u))+ χ
Ω(t)

(x+ y, t)dy. (4.14)

The cancer cell population increases with at rate %p due to the new infections of the

proliferative cancer cells, and decreases at rate δip > 0 due to infected cell death.

Further, since for the migrating cancer cell population we always take into ac-

count not only cell-ECM adhesion but also cell-cell self-adhesion, the directed cell
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migration term ϕcm(u) that is defined in (4.3) and corresponds to cm is in this case

constantly of the non-local form

ϕcm(u) = ∇·
(
cmAcm(·,·,u(·,·))

)
,

where the spatial flux Acm(·,·,u(·,·)) is the one defined in (4.4) for c = cm, defined

as follows

Acm(t, x,u(t, ·)) =
1

R

∫
B(0,R)

n(y)K(‖y‖2)[Scmcm cm(x+ y, t)

+ Scme e(x+ y, t)] (1− ρ(u))+ χ
Ω(t)

(x+ y, t)dy. (4.15)

As a consequence, the governing equation for the uninfected migrating cell popula-

tion is

∂cm
∂t

= Dcm∆cm −∇ · (cmAcm) + µmcm(1− ρ(u))− %mcmv + λcm,cp , (4.16)

where Dcm > 0 is a constant diffusion coefficient, µm > 0 is a constant proliferation

coefficient, %m > 0 is a constant rate at which the uninfected migrating population

diminishes due infection by the oncolytic virus v. Further, λcm,cp is the switching

term given in (4.10) that represents the net transition from the proliferative into the

uninfected migrating state that occurs per unit time during the tumour dynamics.

The fourth tumour cell population is the infected migrating cancer cell subpop-

ulation im(t, x) that emerges within this dynamics due to infections by the OV, and

its spatio-temporal dynamics is governed by the following equation

∂im
∂t

= Dim∆im − ϕim(u) + %mcmv − δimim. (4.17)
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where Dim > 0 is a constant random motility coefficient, and ϕim(u) represents the

directed migration induced by the cell-adhesion processes that corresponds to im

and is described in (4.3) for c = im. Therefore, in the case of non-local directed

movement the adhesive flux term defined as follows

Aim(t, x,u(t, ·)) =
1

R

∫
B(0,R)

n(y)K(‖y‖2)[Simim im(x+ y, t)

+ Sime e(x+ y, t)] (1− ρ(u))+ χ
Ω(t)

(x+ y, t)dy. (4.18)

Further, the infected migrating population expand at a rate %m due to new infections

occurring among the uninfected migrating cells, and they also die at rate δim > 0.

At the same time, the ECM is degraded by both uninfected and infected cancer

cell populations and is remodelled within the limit of available space. Thus, its

governing dynamics is given mathematically by

∂e

∂t
= −e(αcpcp + αipip + αcmcm + αimim) + µ2e(1− ρ(u)), (4.19)

where αcp > 0, αip > 0, αcm > 0, and αim > 0 are the ECM degradation rates caused

by cancer cells subpopulation cp, ip, cm, and im, respectively. Further, µ2 > 0 is a

constant ECM remodelling rate.

Concerning the oncolytic virus spatio-temporal dynamics, we adopt here a similar

reasoning as in Alsisi et al. (2020), and we assume that the OV motion is described by

a random movement that is biased by a ”haptotactic-like” spatial transport towards

higher ECM levels. Thus, the dynamics of the oncolytic virus that we consider here

is governed by

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bmim + bpip − (%mcm + %pcp)v − δvv, (4.20)
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where Dv > 0 is a constant random motility coefficient, ηv > 0 is a constant hapto-

tactic coefficient, bm, bp > 0 are a viral replication rates within infected proliferating

and infected migrating cancer cells, respectively, and δv > 0 is the viral decay rate.

Finally, the coupled interacting tumour − OV macro-dynamics is governed by

(4.11)-(4.20) in the presence of initial conditions

cp(x, 0) = c0
p(x), ip(x, 0) = i0p(x), cm(x, 0) = c0

m(x), and im(x, 0) = i0m(x),

(4.21)

∀x ∈ Ω(0), while assuming zero-flux boundary conditions at the moving tumour

interface ∂Ω(t).

4.2.2 Micro-Scale dynamics

During their macro-scale dynamics, the four cancer cells subpopulations that get

near the tumour interface (i.e., within the outer proliferating rim of the tumour) are

able to secrete matrix degrading enzymes (such as the matrix metalloproteinases

(Hanahan and Weinberg, 2011; Weinberg, 2006)), providing this way a source of

MDEs for a cell-scale (micro-scale) proteolytic micro-dynamics that takes place along

the invasive edge of the tumour. Indeed, in the presence of this source of MDEs (in-

duced by the tumour macro-dynamics), a cross-interface micro-scale MDEs spatial

transport occurs within a micro-scale neighbourhood of the tumour boundary of an

appropriate cell-scale thickness ε > 0, denoted here simply by Nε(∂Ω(t)). The areas

of significant ECM degradation caused by the pattern of propagation of the advanc-

ing front of MDEs within the peritumoural region Nε(∂Ω(t))\Ω(t) will ultimately be

explored by the cancer cells that will progress in those regions (Weinberg, 2006), and

so precisely these boundary regions (affected by significant ECM degradation) will
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shape the pattern of tumour progression. Thus, following the modelling approach

introduced in Trucu et al. (2013) we depict these regions of significant ECM degra-

dations by exploring the MDEs micro-dynamic processes within Nε(∂Ω(t)), which

enables us ultimately to determine the law of the macro-scale tumour boundary

movement.

To formalise these laws of macro-scale boundary movement induced by the

boundary MDEs micro-dynamics, we adopt here the approach introduced in Trucu

et al. (2013). Therefore, the micro-scale neighbourhood Nε(∂Ω(t)) is given here as

a union of a covering bundle of ε − size overlapping micro-domains {εY }εY ∈Pε(t),

namely,

Nε(∂Ω(t)) :=
⋃

εY ∈P(t)

εY.

This enables us to decompose the MDEs micro-dynamics on Neε(∂Ω(t)) by exploring

this as a union of micro-dynamic processes occurring on each εY ∈ Pε(t). At any

instance in time t0 > 0, on each micro-domain εY ∈ Pε(t0), a source of MDEs

appears at every micro-scale location z ∈ εY ∩ Ω(t0) as a collective contribution of

all the cells (both infected and uninfected) from the tumour outer proliferating rim

that arrive during their dynamics within a distance ρ > 0 from z. Thus, over any

small time interval of length ∆t > 0, [t0, t0 + ∆t] and at any micro-scale spatial

location z ∈ εY , this MDEs source is therefore given as

fεY (z, τ) =



∫
B(z,ρ)∩Ω(t0)

(γcpcp + γipip + γcmcm + γimim)(x, t0 + τ)dx

λ(B(z, ρ) ∩ Ω(t0))
, z ∈ εY ∩ Ω(t0),

0, otherwise,

(4.22)

where λ(·) is the standard Lebesgue measure on RN , the ball B(z, r) := {x ∈

Y : ‖z − x‖∞ ≤ ρ} is the maximal outer proliferating rim region from where cells
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that get to contribute to the formation of MDEs source at (z, τ) ∈ εY × [t0, t0 +

∆t], and γcp , γip , γcm ,γim are all positive constants representing the contributions

of the cancer subpopulations of uninfected proliferative cells, infected cancer cells,

uninfected migrating cells, and infected migrating cells, respectively.

In the presence of the micro-scale source of MDEs induced from the macro-

dynamics on each micro-domain εY , these matrix degrading enzymes exhibits a

diffusion transport process within the entire εY . Thus, denoting the MDEs distri-

bution at (z, τ) ∈ εY × [0,∆t] by m(z, τ), the MDEs micro-dynamics on each εY is

given by

∂m

∂τ
= Dm∆m+ fεY (z, τ) (4.23)

where z ∈ εY , τ ∈ [0,∆t]. Furthermore, since we assume no pre-existing MDEs

within εY prior to the initiation of the proteolytic micro-dynamics, the MDEs micro-

dynamics (4.23) takes place in the presence of zero initial conditions. Furthermore,

we assume the presence of zero-flux boundary condition, namely

m(z, 0) = 0,

nεY · ∇m |∂Ω = 0,

(4.24)

where nεY is the outward unit normal on the frontier of the micro-domain ∂εY .

4.2.3 Bottom-up feedback: the macro-scale tumour bound-

ary movement induced by the boundary MDEs micro-

dynamics

During the micro-dynamics equations (4.23-4.24), the MDEs transported across the

interface in the peritumoural region εY \Ω(t0) interact with ECM distribution that
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they encounter, resulting in degradation of ECM constituents. The advancement of

MDEs within the peritumoural region εY \ Ω(t) lead to a degradation of the ECM

in that cell-scale region, and determines the way the macroscopic tumour boundary

evolves, leading to the establishment of a boundary movement law. Indeed, following

the derivation in Trucu et al. (2013), the MDEs micro-dynamics on each micro-

domain εY enables us to derive the movement characteristics for the relocation of the

macro-scale tumour boundary ∂Ω(t) ∩ εY , expressing these through the derivation

of a direction of movement ηεY (as given in equation (3.16)) and a displacement

magnitude ξεY (as shown in equation (3.17)) in that direction for the advancement

of ∂Ω(t) ∩ εY within the peritumoural region Nε(∂Ω(t)) \ Ω(t). To simplify the

representation, the choreographic movement exercised by the ∂Ω(t)∩εY over a given

time span [t0, t0 + ∆t] is represented back at macro-scale through the movement of

the associated boundary midpoint x∗
εY

of εY (defined topologically with full details

in Trucu et al. (2013), and which can be regarded as “the center of ∂Ω(t) ∩ εY ”,

and given in equation (3.2.2)), as illustrated in Figure 4.2.
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Figure 4.2: Illustration of the two-scale dynamics with the links between the tumour
macro-dynamics and the boundary MDEs micro-dynamics that triggers the macro-
scale cancer boundary movement. In orange we have the peritumoural region of
significant degradation of ECM caused by the MDEs transported on εY \Ω(t0) during
the micro-dynamics, which ultimately determines the direction and magnitude of
tumour boundary movement at macro-scale

.
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4.2.4 Brief summary of the multiscale model

In summary, the multiscale moving boundary model that we obtained for the tumour

− OV interaction (schematically illustrated in Figure 4.2) is structured as follows

the tumour − OV

macro-dynamics:

∂cp
∂t

= Dcp∆cp − ϕcp(u) + µpcp(1− ρ(u))− %pcpv + λcp,cm , (4.25a)

∂ip
∂t

= Dip∆ip − ϕip(u) + %pcpv − δipip, (4.25b)

∂cm
∂t

= Dcm∆cm −∇ · (cmAcm) + µmcm(1− ρ(u))− %mcmv + λcm,cp ,

(4.25c)

∂im
∂t

= Dim∆im − ϕip(u) + %mcmv − δimim, (4.25d)

∂e

∂t
= −e(αcpcp + αipip + αcmcm + αimim) + µ2e(1− ρ(u)), (4.25e)

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bmim + bpip − (%mcm + %pcp)v − δvv,

(4.25f)

boundary MDEs

micro-dynamics:

∂m

∂τ
= Dm∆m+ fεY (z, τ) (4.25g)

The macro-dynamics and micro-dynamics are connected through a double feedback

loop enabled by:

• a top-down link by which the macro-dynamics induces the source for the micro-

dynamics given in (4.22)

• a bottom-up link by which the MDEs micro-dynamics induces and determines
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the law for the macro-scale tumour boundary movement.

4.3 Numerical Approach

The numerical approach and computational implementation of the novel multiscale

moving boundary model require a number of steps that build on the multiscale mov-

ing boundary computational framework initially introduced by Trucu et al. (2013)

and further expanded in Alsisi et al. (2020); Shuttleworth and Trucu (2019).

4.3.1 Brief overview of the multiscale computational ap-

proach

Macro-scale computations.

The maximal macro-scale tissue domain Y ⊂ R2, where the tumour − OV inter-

acting macro-dynamics (4.25a)-(4.25f) takes place, is considered here to be Y :=

[0, 4] × [0, 4] and is discretised uniformly using a spatial step size ∆x = ∆y := h,

with h > 0. Let’s denote by Y d the discretised Y , i.e., Y d := {(x1
i , x

2
j)}i,j=1...N , with

N = [4/h] + 1. Further, as the macro-dynamics (4.25a)-(4.25f) is addressed only on

the expanding tumour domain Ω(t) ⊂ Y , for convenience, for any t > 0, we denote

the discretised tumour domain by Ωd(t) (i.e., Ωd(t) = Y d∩Ω(t)) and the discretised

tumour boundary by ∂Ωd(t) (i.e., the frontier of Ωd(t) is ∂Ωd(t)). To carry out the

computations exclusively on the expanding tumour, the numerical scheme that we

developed here involves a method of lines-type approach combined with a non-local

predictor corrector time-marching method, all of which are fully explained in Section

3.3. Finally, as the tumour progresses, Ωd(t) is appropriately expanded by activating

and including within tumour domain the new points invaded by cancer within Y d.
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Approximating the micro-dynamics and its top-down and bottom-up links

with the tumour − OV macro-dynamics.

At any instance of time t0, we consider that the cell-scale covering bundle {εY }εY ∈Pε(t0)

of the discretised tumour interface ∂Ωd(t0) consists of overlapping squares εY of

micro-scale size ε := 2h, which are centred at each of the tumour interface spatial

node (x1
s, x

2
p) ∈ ∂Ωd(t0), i.e.,

{εY }εY ∈Pε(t0) =
{

B‖·‖∞((x
1
s, x

2
p), ε/2) | (x1

s, x
2
p) ∈ ∂Ωd(t0)

}

where ‖ · ‖∞ is the usual ∞−norm, and B‖·‖∞((x
1
s, x

2
p), ε/2) := {(z1, z2) ∈ R2 | ‖

(x1
s, x

2
p) − (z1, z2) ‖∞≤ ε/2} is the closed ball of radius ε/2. By adopting a similar

approach to the one introduced in Trucu et al. (2013), we use using bilinear shape

functions to calculate the MDE source given by equation (4.22) on each micro-

domain εY . To solve MDEs micro-dynamics (4.25g), we use backward Euler in time

combined with central differences for the spatial discretisation. After finding the

MDE distribution m(z, τ), with (z, τ) ∈ εY × [0,∆t], we follow the modelling and

computational approach introduced in Trucu et al. (2013) to determine the direction

ηεY and displacement magnitude ξεY for the movement of the tumour boundary

∂Ω(t0) ∩ εY that is captured by each micro-domain εY := B‖·‖∞((x
1
s, x

2
p), ε) and is

represented trough the movement of its midpoint (x1
s, x

2
p) ∈ ∂Ωd(t0) . Finally, we use

these movement characteristics induced from the micro-dynamics (i.e., ηεY and ξεY ,

∀ εY ∈ Pε(t0)) to proceed with the corresponding global relocation of the macro-

scale tumour boundary ∂Ωd(t0) to its new spatial configuration ∂Ωd(t0 + ∆t), which

emerges due to the multiscale tumour evolution over the time interval [t0, t0 + ∆t].
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4.3.2 Local vs non-Local directed migration due to cell ad-

hesion

In our numerical experiments, we explore the multiscale model dynamics on three

distinct local and non-local scenarios that we consider within the macro-dynamics

(4.25a)-(4.25f) for the directed migration due to cell adhesion for cancer cell sub-

populations cp, ip, and im. Specifically, we consider the following cases:

1. The cell-adhesion interactions for both the uninfected proliferative subpopula-

tion cp and for the infected subpopulations ip, and im are considered to be local

of haptotactic type, i.e., in the coupled macro-dynamics in (4.25a)-(4.25f) we

have ϕcp(u) = ηcp∇·
(
cp∇e

)
, ϕip(u) = ηip∇·

(
ip∇e

)
, and ϕim(u) = ηim∇·

(
im∇e

)
.

Thus, the macro-dynamics (4.25a)-(4.25f) is in this case of the form:

∂cp
∂t

= Dcp∆cp − ηcp∇·
(
cp∇e

)
+ µpcp(1− ρ(u))− %pcpv + λcp,cm , (4.26a)

∂ip
∂t

= Dip∆ip − ηip∇·
(
ip∇e

)
+ %pcpv − δipip, (4.26b)

∂cm
∂t

= Dcm∆cm −∇ · (cmAcm) + µmcm(1− ρ(u))− %mcmv + λcm,cp , (4.26c)

∂im
∂t

= Dim∆im − ηim∇·
(
im∇e

)
+ %mcmv − δimim, (4.26d)

∂e

∂t
= −e(αcpcp + αipip + αcmcm + αimim) + µ2e(1− ρ(u)), (4.26e)

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bmim + bpip − (%mcm + %pcp)v − δvv, (4.26f)

with results for this case shown in Figure 4.4.

2. The cell-adhesion interactions for the uninfected proliferative subpopulation cp

are considered now to be non-local, while the infected subpopulations ip, and

im are still considered to be local of haptotactic type. Hence, in the coupled
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macro-dynamics in (4.25a)-(4.25f) we have ϕcp(u) = ∇·
(
cpAcp(·,·,u(·,·))

)
, while

ϕip(u) = ηip∇·
(
ip∇e

)
, and ϕim(u) = ηim∇·

(
im∇e

)
. Thus, the macro-dynamics

(4.25a)-(4.25f) is in this case of the form:

∂cp
∂t

= Dcp∆cp −∇·
(
cpAcp(·,·,u(·,·))

)
+ µpcp(1− ρ(u))− %pcpv + λcp,cm ,

(4.27a)

∂ip
∂t

= Dip∆ip − ηip∇·
(
ip∇e

)
+ %pcpv − δipip, (4.27b)

∂cm
∂t

= Dcm∆cm −∇ · (cmAcm) + µmcm(1− ρ(u))− %mcmv + λcm,cp , (4.27c)

∂im
∂t

= Dim∆im − ηim∇·
(
im∇e

)
+ %mcmv − δimim, (4.27d)

∂e

∂t
= −e(αcpcp + αipip + αcmcm + αimim) + µ2e(1− ρ(u)), (4.27e)

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bmim + bpip − (%mcm + %pcp)v − δvv, (4.27f)

with results for this case shown in Figure 4.5(a).

3. Finally, all the cell-adhesion interactions for both the uninfected proliferative

subpopulation cp and for the infected subpopulations ip, and im are considered

to be non-local, i.e., in the coupled macro-dynamics in (4.25a)-(4.25f) we have

ϕcp(u) = ∇·
(
cpAcp(·,·,u(·,·))

)
, ϕip(u) = ∇·

(
ipAip(·,·,u(·,·))

)
, and ϕim(u) =

∇·
(
imAim(·,·,u(·,·))

)
. Thus, the macro-dynamics (4.25a)-(4.25f) is in this case
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of the form:

∂cp
∂t

= Dcp∆cp −∇·
(
cpAcp

)
+ µpcp(1− ρ(u))− %pcpv + λcp,cm , (4.28a)

∂ip
∂t

= Dip∆ip −∇·
(
ipAip

)
+ %pcpv − δipip, (4.28b)

∂cm
∂t

= Dcm∆cm −∇ · (cmAcm) + µmcm(1− ρ(u))− %mcmv + λcm,cp , (4.28c)

∂im
∂t

= Dim∆im −∇·
(
imAim

)
+ %mcmv − δimim, (4.28d)

∂e

∂t
= −e(αcpcp + αipip + αcmcm + αimim) + µ2e(1− ρ(u)), (4.28e)

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bmim + bpip − (%mcm + %pcp)v − δvv, (4.28f)

with results for this case shown in Figure 4.5(b).

4.3.3 Initial conditions

The initial conditions for the uninfected proliferative cancer cell population, cp(x, 0)

is chosen to describe a small localised pre-existing tumour aggregation. This is given

by the following equations:

c0
p(x) = 0.5

(
exp

(
−‖x− (2, 2)‖2

2

2h

)
− exp (−3.0625)

)(
χ

B((2,2),0.5−γ)
∗ ψγ

)
, ∀ x ∈ Y,

(4.29)

whose plot is shown in Figure 4.3(a). Here ψγ : RN → R+ is the usual standard

mollifier of radius γ << ∆x
3

given by

ψγ(x) :=
1

γN
ψ

(
x

γ

)
, (4.30)
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where ψ is the smooth compact support function given by

ψ(x) :=


exp 1

‖x‖22−1
if ‖x‖2 < 1,

0 otherwise.

(4.31)

Moreover, we assume that the tumour is detected early enough so that migration is

not initiated at the start of these simulations, and thus

c0
m(x) = 0, ∀ x ∈ Y. (4.32)

Also, since there is no infection at this stage, we assume that both infected prolif-

erative (ip(x, 0)) and migrating (im(x, 0)) cancer cells are zero:

i0p(x) = 0, and i0m(x) = 0, ∀ x ∈ Y. (4.33)

Furthermore, the initial condition for the ECM density, e(x, 0), is represented by

an arbitrarily chosen heterogeneous pattern described by the following equations (as

in Shuttleworth and Trucu (2019))

e(x, 0) =
1

2
min{h(ζ1(x), ζ2(x)), 1− c0

p(x)}, (4.34)

and is shown in Figure 4.3(b). Here, we have

h(ζ1(x), ζ2(x)) := 1
2

+ 1
4

sin(ξζ1(x)ζ2(x))3 · sin
(
ξ
ζ2(x)

ζ1(x)

)
,

(ζ1(x), ζ2(x)) := 1
3
(x+ 3

2
) ∈ [0, 1]2, ∀x ∈ Y, and ξ = 7π.

(4.35)

Here we focus our attention to explore cancer-viral dynamics on this particular ECM

pattern. Finally, the initial conditions for the OV population, v(x, 0) is chosen to
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Figure 4.3: Initial conditions used for the numerical simulations: (a) proliferative
uninfected cancer cells density cp, as described by equation (4.29); (b) ECM density,
as described by equation (4.34); (c) OV density, as described by equation (4.36).
The white curve indicates the tumour boundary.
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describe one single injection in the middle of the tumour aggregation, as in Alsisi

et al. (2020). This is described by the equation

v0(x) = Φ(x) · θ(v), (4.36)

where

Φ(x) = 1
8

(
exp

(
−‖x− (2, 2)‖2

2

2h

)
− exp (−1.6625)

)
,

and

θ(v) =


1 if Φ(x) > 5× 10−5,

0 otherwise.

(4.37)

In computations, the initial condition is smoothed out on the frontier of the viral

density support Γv := ∂{x ∈ Y | v0(x) > 0} via the averaging

v(x1, x2) =
1

8

−v(x1, x2) +
∑

i,j∈{−1,0,1}

v(x1 + ih, x2 + jh)

 , ∀(x1, x2) ∈ Γv.

(4.38)

4.4 Results

The numerical results presented in this Section are obtained with the parameter

values described in Table 4.1 which, for convenience we call them ‘baseline parame-

ters’. Whenever we vary these parameters, we state clearly the new values we use for

those simulations. Note that these baseline parameters are based on other papers

or on our own estimates. For instance, using the GOG hypothesis, we estimated

that Dcp is likely much smaller than Dcm . Since we could not find an exact value for
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Dcp (Dcm was assumed to be 0.00035, as in Domschke et al. (2014)), we arbitrarily

estimated Dcp = 10−5.

Table 4.1: Parameter set used for the numerical simulations in this chapter.

Param. Value Description Reference

Dcm 0.00035 Uninfected migrating cancer Domschke et al. (2014)

cell diffusion coefficient

Dim 0.0054 Infected migrating cancer Camara et al. (2013)

cell diffusion coefficient

Dip 0.00054 Infected proliferative cancer Estimated

cell diffusion coefficient

Dcp 10−5 Uninfected proliferative cancer Estimated

cell diffusion coefficient

Dv 0.0036 Constant diffusion coefficient Camara et al. (2013)

for OV

ηcp 0.00285 Uninfected proliferative cancer Estimated

cell haptotaxis coefficient

ηim 0.0285 Infected migrating cancer Alzahrani et al. (2019)

cell haptotaxis coefficient

ηip 0.00285 Infected proliferative cancer Estimated

cell haptotaxis coefficient

ηv 0.0285 OV haptotaxis coefficient Alzahrani et al. (2019)

µm 0.5 Proliferation rate for Chaplain and Lolas (2006)

uninfected migrating cancer

cells

Continued on next page
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Table 4.1 – Continued from previous page

Param. Value Description Reference

µp 0.75 Proliferation rate for Chaplain and Lolas (2006)

uninfected proliferative cancer

cells

Smax
cmcm 0.1 Maximum rate of cell-cell Gerisch and Chaplain (2008)

adhesion strength

Smax
cpcp 0.05 Maximum rate of cell-cell Estimated

adhesion strength

Smax
imim 0.1 Maximum rate of cell-cell Estimated

adhesion strength

Smax
ipip 0.05 Maximum rate of cell-cell Estimated

adhesion strength

Scme 0.5 Rate of Cell-ECM Painter et al. (2010)

adhesion strength

Scpe 0.001 Rate of Cell-ECM Estimated

adhesion strength

Sime 0.5 Rate of Cell-ECM Estimated

adhesion strength

Sipe 0.001 Rate of Cell-ECM Estimated

adhesion strength

ω1 0.1 Rate of switching from Estimated

(cp) to (cm)

ω2 0.4 Rate of switching from Estimated

Continued on next page

113



Table 4.1 – Continued from previous page

Param. Value Description Reference

(cm) to (cp)

αcm 0.075 ECM degradation rate by Estimated

uninfected migrating

cancer cell (cm)

αim
αcm

2
ECM degradation rate by Alzahrani et al. (2019)

infected migrating

cancer cell (im)

αcp 0.075 ECM degradation rate by Estimated

uninfected proliferative

cancer cell (cp)

αip
αcm

2
ECM degradation rate by Estimated

infected proliferative

cancer cell (ip)

µ2 0.02 Remodelling term coefficient Alsisi et al. (2020)

%m 0.079 Infection rate of uninfected Alzahrani et al. (2019)

migrating cancer cells

by OV

%p 0.079 Infection rate of uninfected Estimated

proliferative cancer cells

by OV

δim 0.05 Death rate of infected Camara et al. (2013)

migrating cancer cells

Continued on next page
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Table 4.1 – Continued from previous page

Param. Value Description Reference

δip 0.05 Death rate of infected Estimated

proliferative cancer cells

bm 40 Replicating rate of OVs Estimated

in cm

bp 40 Replicating rate of OVs Estimated

in cp

δv 0.05 Death rate of OV Camara et al. (2013)

νe 1 Fraction of physical space Shuttleworth and Trucu (2019)

occupied by the ECM

νc 1 Fraction of physical space Shuttleworth and Trucu (2019)

occupied by cancer cells

γcm 1.5 MDEs secretion rate by Shuttleworth and Trucu (2020)

uninfected migrating cancer

cells

γim 1 MDEs secretion rate by Shuttleworth and Trucu (2020)

infected migrating cancer

cells

γcp 1 MDEs secretion rate by Estimated

uninfected proliferative cancer

cells

γip 1.5 MDEs secretion rate by Estimated

infected proliferative cancer

Continued on next page
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Table 4.1 – Continued from previous page

Param. Value Description Reference

cells

Dm 0.004 MDE diffusion coefficient Peng et al. (2017)

We start in Section 4.4.1 by investigating numerically the impact of local vs.

nonlocal approaches used to describe the cell-cell and cell-matrix adhesion flux.

Then, in Section 4.4.2, we investigate the impact of varying the adhesion strength

in the non-local cell flux. Following that we focus on the system of equations (4.26)

without haptotaxis for cp (i.e., ηcp = 0), to investigate the impact of varying different

parameters: in Section 4.4.3 we vary the impact of transition rate between migrating

and proliferative cells, in Section 4.4.4 we vary the impact of OVs infection rate,

and inSection 4.4.5 we vary the impact of OVs replication rate.

4.4.1 The importance of cell-cell and cell-matrix adhesion:

local vs non-local approaches

First, we focus on model (4.26), described in detail in Section 4.3.2. In Figure

4.4(a) we show the dynamics of our multiscale model in the absence of haptotactic

terms for the proliferative uninfected cells (ηcp = 0), while in Figure 4.4(b) we

show the dynamics of this model in the presence of such haptotactic terms (where

ηcp = 0.00285, as given in Table 4.1). We can see that, for the parameter values used

in these simulations, there is no difference in the spatial distribution of migrating

uninfected or infected cancer cells between panels (a) and (b). However, the addition

of haptotactic movement impacts the spatial distribution of proliferative uninfected
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cancer cells, leading to a more localised cancer cells distribution.

m

Uninfected Cancer Cells 

p

Infected Cancer Cells OV(a)

(b)

ECM

m

p

Figure 4.4: Simulations of system (4.26) using the parameters in Table 4.1. Here
we show cell and virus distributions at micro-macro stage 75. (a) cp without hapto-
taxis (ηcp = 0), (m) migrating cells; (p) proliferative cells. (b) and cp with haptotaxis
(ηcp = 0.00285).

Next, we investigate numerically the dynamics of models (4.27) and (4.28). In
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Figure 4.5(a) we show the dynamics of our multi-scale model (4.27) that has two

non-local fluxes cm and cp, while in Figure 4.5(b) we show what happens when

we consider non-local fluxes for all cancer cells subpopulations (i.e., model (4.28)).

Clearly there is a difference between these results and the previous one. The cancer

cells for the case with two non-local fluxes (i.e., for proliferative cp and migrating

cm cells) are more invasive, but have lower densities compared to the case where we

assume four non-local adhesion fluxes. We can also see that the OV density for the

case described by model (4.27) (with two nonlocal fluxes) is almost double compared

to the OV density for the case described by model (4.28) (with four nonlocal fluxes).

4.4.2 The impact of adhesion strength

In this subsection we investigate the effect of cell-cell and cell-matrix adhesion

strengths for the two non-local subpopulations (i.e., model (4.27)) versus the four

non-local subpopulations (i.e., model (4.28)). In Alsisi et al. (2020) the authors

studied the impact of different adhesion strengths in a model with one homogeneous

cancer population and showed that when cell-cell adhesion strength was lower than

cell-matrix adhesion strength it led to larger tumour spread. Since here we focus

on two different cancer cell sub-populations (i.e., migrating and proliferative), we

assume that cell-cell adhesion strength is lower than cell-matrix adhesion strength

for the migrating cancer cells cm, im (to allow for cell migration), and the other

way around for the proliferative cancer cells cp, ip (to reduce cell migration). The

results of numerical simulations with these different adhesion strengths are shown

in Figure 4.5. In this case we see relatively similar tumour spread patterns for (a)

model (4.27) with two non-local sub-populations and for (b) model (4.28) with four
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m

Uninfected Cancer Cells 

p

Infected Cancer Cells OV(a)

(b)

ECM

m

p

Figure 4.5: Simulations of systems (4.27) and (4.28) using the parameters in
Table 4.1. Here we show the cell and virus distribution at micro-macro stage 75.
Moreover “m” denotes migrating cells, while “p” denotes proliferative cells. (a)
Model (4.27): two non-local subpopulation cm, cp. (b) Model (4.28): four non-local
subpopulations cm, im, cp, ip.
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non-local sub-populations. The only difference is a slight increase in the density for

uninfected cancer cells and a decrease in the density of infected cancer cells for the

model in sub-panels (b).

Since it is difficult to measure the adhesion strengths for cells with different

phenotypes, in Figure 4.6 we also investigate numerically what happens with tumour

and virus spread patterns when we assume that all cancer subpopulations have

similar cell-cell adhesion strengths that are lower than their cell-matrix adhesion

strengths. In this case we see that the cancer cells show less spatial spread compare

to the case in Figure 4.5. Moreover, the OV (which has the highest density in the

middle of the tumour mass) cannot destroy the tumour in that region; this is more

evident in sub-panels (b) (for model (4.28) with four non-local sub-populations),

where the level of the virus is also very reduced. In sub-panels (a) (for model (4.27)

with two non-local sub-populations) we still see a bit of reduction in tumour size in

the middle of the tumour region where the level of OV is similar as in Figure 4.5.

We conclude from these two numerical studies that the magnitudes of cell-cell

and cell-matrix adhesion strengths for different cancer cell phenotypes (here migrat-

ing and proliferative cells), combined with their local/non-local character, influence

significantly the spread of the virus through the tumour.

In the next three sub-sections we return to model (4.26) without haptotaxis for cp

cells (i.e., ηcp = 0), and investigate the impact of transition rates between migrating

and proliferative cell sub-populations, as well as the impact of virus infection and

replication rates.
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Uninfected Cancer Cells 
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Infected Cancer Cells OV(a)

(b)

ECM
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Figure 4.6: Simulations of systems (4.27) and (4.28) using the parameters in
Table 4.1. Here we show cell and virus distributions at the micro-macro stage 75 with
Smax
cpcp = Smax

ipip = Smax
cmcm= 0.1 and Scpe = Sipe = Scme= 0.5. Moreover “m” denotes

migrating cells, while “p” denotes proliferative cells. (a) Model (4.27): two non-local
sub-population cm, cp. (b) Model (4.28): four non-local sub-population cm, cp, ip, im.
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4.4.3 The impact of transition rates

We return now to model (4.26) without haptotaxis for cp (i.e., ηcp = 0), and in-

vestigate numerically the impact of varying the transition rates between migrating

and proliferating cancer cells, and the differences from the baseline results shown

before in Figure 4.4(a). In Figure 4.7 we investigate the spatial spread of tumour

and virus populations when (a) ω2 = ω1 = 0.1, and (b) ω2 =
ω1

4
= 0.025. We see

that decreasing ω2 leads to an increase in the density of migrating cells (cm, im, in

sub-panel (b)) compared to the case in Figure 4.4(a). Moreover, we see an increase

in the spatial spread of the tumour between sub-panel (a) and sub-panel (b) where

there are more migrating cancer cells.

4.4.4 The impact of infection rate

In Figure 4.8 we investigate the impact of the infection rates of cancer cells by

the virus particles for the model (4.26) when we ignore the haptotaxis for cp (i.e.,

ηcp = 0); we compare the results with those in Figure 4.7(b) since we have used the

same values for the transition rates i.e. ω2 =
ω1

4
= 0.025. In Figure 4.8(a) we assume

that the proliferating cells have a faster infection rates compared to the migrating

cells: %p = 4%m = 0.316. In Figure 4.8(b) we assume that the migrating cells have a

faster infection rates compared to the proliferating cells: %m = 3%p = 0.237. We see

that by increasing the OV infection rate for any cancer subpopulation it leads to

an increase viral density, better viral spread and better killing of cancer cells. This

cancer-killing effect is slightly more pronounced in sub-panels (a) where %p > %m.
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Figure 4.7: Simulations of system (4.26) using the parameters in Table 4.1 without
haptotaxis for cp (i.e., ηcp = 0). Here we show the cell and virus distributions at
the micro-macro stage 75. We denote by “m” the migrating cells, and by “p” the

proliferative cells. (a) ω2 = ω1 = 0.1. (b) ω2 =
ω1

4
= 0.025.
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Figure 4.8: Simulations of system (4.26) without haptotaxis for cp (i.e., ηcp = 0),

using the parameters in Table 4.1 and ω2 =
ω1

4
= 0.025 (to compare the results with

those in Figure 4.7(b)). Here we show the cell and virus distribution at micro-macro
stage 75. Also, we denote by “m” the migrating cells, and by “p” the proliferative
cells. (a) %p = 4%m. (b) %m = 3%p.
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4.4.5 The impact of replicating rate of OVs

In Figure 4.9 we investigate the impact of varying the OV replication rate for model

(4.26) without cp haptotaxis (i.e., ηcp = 0), and the results are compared to Figure

4.7(b). When (a) bp = 50 > bm = 40, the impact of increasing bp by a small amount

is more evident on the proliferative cancer population cp and on the virus density.

When (b) bp =
bm
8

= 5 and bm = 40, it is clear that decreasing bp while keeping bm

fixed leads to a very low OV density and a higher density of proliferative cells cp in

the middle of the tumour mass compared to the case (a) when bp > bm. Compared

to the results in Figure 4.7(b) we deduce that increasing bp leads to a reduction in cp

but not cm and an increase in virus v levels, while decreasing bp leads to an increase

in both cp and cm and a drastic reduction in virus v levels.

4.5 Conclusion

In this study we proposed a new multiscale moving boundary model that consid-

ers the local/non-local interactions between cancer cells and ECM, as well as the

infections of cancer cells with oncolytic viruses (OV), all in the context of the go

or grow hypothesis. This model generalises the previous studies in Alsisi et al.

(2020) (that focused on nonlocal multi-scale moving boundary models for oncolytic

virotherapies in the context of a homogeneous cancer population) and Alzahrani

et al. (2019, 2020) (that focused on local multiscale moving boundary models for

oncolytic virotherapies in the context of a homogeneous cancer population). Here,

we consider a heterogeneous cancer cell population formed of two sub-populations:

mainly-migrating and mainly-proliferative cells.

Using this new model, we investigated not only the impact of different cell-cell
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Figure 4.9: Simulations of system (4.26) without haptotaxis for cp (i.e., ηcp = 0),

using the parameters in Table 4.1 and ω2 =
ω1

4
= 0.025. Here we show the cell and

virus distributions at micro-macro stage 75. Also we denote by “m” the migrating

cells and by “p” the proliferative cells. (a) bp = 50 and bm = 40; (b) bp =
bm
8

and

bm = 40.
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and cell-ECM interaction strengths on the overall spread of cancer cells and OVs

(see Figures 4.4-4.6), but also the effect of changes in the transition rates between

the migrating and proliferative cells (see Figure 4.7), as well as the effects of varying

the infection rates of different cancer cells (Figure 4.8), and the proliferation rates

of viruses inside different cancer cells (Figure 4.9). First, we have seen that the

magnitudes of cell-cell and cell-matrix adhesion strengths for different cancer cell

phenotypes (i.e., migrating and proliferative cells), combined with their local/non-

local character, influence significantly the spread of the virus through the tumour.

Second, we have seen that the killing of cancer cells by the OVs is slightly more

pronounced when the proliferating cells have a faster infection rate compared to the

migrating cells (i.e., %p > %m). This suggests that giving the virus during a certain

time interval, when the majority of cells in the solid tumour are in a proliferative

phase, might eventually lead to better cancer killing. Finally, we have seen that

viral replication inside proliferating cells (and viral burst size from these cells) might

affect in some cases not only the density of proliferative cells but also the density of

migrating cells. For example, when bp > bm, the migrating cells do not seem to be

greatly impacted; however, for bp < bm, the migrating cells are impacted.

To conclude, we emphasise that the heterogeneity of solid cancers (formed of sub-

populations of cells with different phenotypes; e.g., mainly-migrating and mainly-

proliferative cells) might impact the success of oncolytic therapies, where the virus

needs to spread throughout the tumour to be able to eliminate it. We would also

like to suggest that one possible explanation for the contradictory experimental

results in regard to validity of the go or grow hypothesis for various cancer cell lines

(see our discussion in the Introduction) might be related to the differences in the

heterogeneity of tumours for these different cell lines. However, this hypothesis will
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have to be tested experimentally in the future.
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Chapter 5

Nonlocal multiscale modelling of

tumour-oncolytic viruses

interactions within a

heterogeneous fibrous/non-fibrous

extracellular matrix

5.1 Introduction

In this Chapter, we investigate computationally tumour-oncolytic virus (OV) inter-

actions that take place within a heterogeneous Extracellular Matrix (ECM). The

ECM is viewed as a mixture of two constitutive phases, namely a fibre phase and a

non-fibre phase. The multiscale mathematical model presented here focuses on the

nonlocal cell-cell and cell-ECM interactions, and how these interactions might be
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impacted by the infection of cancer cells with the OV. At macroscale we track the

kinetics of cancer cells, virus particles and the ECM. At microscale we track (i) the

degradation of ECM by matrix degrading enzymes (MDEs) produced by cancer cells,

which further influences the movement of tumour boundary; (ii) the re-arrangement

of the microfibres that influences the re-arrangement of macrofibres (i.e., fibres at

macroscale). With the help of this new multiscale model, we investigate two ques-

tions: (i) are the infected cancer cell fluxes the result of local or non-local advection

in response to ECM density? (ii) what is the effect of ECM fibres on the the spatial

spread of oncolytic viruses and the outcome of oncolytic virotherapy?

An emerging effective anti-cancer treatment is the oncolytic virotherapy (OV-

therapy). The effectiveness of this treatment lies on viruses selectively infecting and

destroying malignant cancer cells without harming the surrounding healthy cells;

see Fountzilas et al. (2017); Kaufman et al. (2015); Pol et al. (2016); Russell et al.

(2012). The structure and composition of the ECM influences the effectiveness of

the OV-therapies, since the ECM components can form a physical barrier that traps

the viral particles (Wojton and Kaur, 2010). In particular, experimental studies

have shown that the collagen fibres play a very important role in inhibiting viral

spread (Wojton and Kaur, 2010).

Due to the complexity of the tumour microenvironment, which makes it difficult

to understand the interactions between the different components of this environ-

ment, mathematical models have been used over the last few decades to answer

various questions about these interactions. The great majority of these models are

single-scale models, which focus on spatial tumour invasion (Armstrong et al., 2006;

Domschke et al., 2014; Gerisch and Chaplain, 2008), on tumour oncolytic thera-

pies (Crivelli et al., 2012; Eftimie et al., 2011b, 2016; Gevertz and Wares, 2018;
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Heidbuechel et al., 2020; Nowak, M. A. and May, 2000; Wodarz, 2016), or both

(Berg et al., 2019; Jacobsen and Pilyugin, 2015; Malinzi et al., 2015; Tao and Win-

kler, 2020; Wodarz et al., 2012). More recently, various multi-scale mathematical

models have been derived to reproduce and investigate biological processes that

take place at different spatial scales (Alsisi et al., 2020, 2021; Alzahrani et al., 2019,

2020; Paiva et al., 2009, 2013; Shuttleworth and Trucu, 2019; Trucu et al., 2013).

For example, Trucu et al. (2013) introduced a multi-scale moving boundary model

for cancer invasion, which focused on the local interactions between cancer cells and

the ECM, via matrix degrading enzymes (MDEs) that act at the micro-scale level

of the invading tumour boundary. This study was further extended in Shuttleworth

and Trucu (2019) by considering also the non-local cell-cell and cell-ECM adhesive

interactions. This study also considered a heterogeneous ECM population formed

of fibres and non-fibrous sub-populations, and investigated the role of fibres (and

their re-arrangement at macro-scale and micro-scale) in the evolution of a tumour

population. Other local and nonlocal multiscale models were used in Alsisi et al.

(2020, 2021); Alzahrani et al. (2019, 2020) to investigate the interactions between

oncolytic viruses and cancer cells.

In this study, we develop further the non-local multiscale approach for modelling

cancer-OV interactions introduced in Alsisi et al. (2020) (and which focused on the

role of cell-cell and cell-matrix adhesive interactions on the spread of OV throughout

solid tumours) by combining it with the heterogeneous ECM approach proposed in

Shuttleworth and Trucu (2019), to investigate these tumour-ECM-OV interactions

in fibrous ECM; see Figure 5.1.

In Section 5.2 we describe the new multiscale mathematical model. In Section 5.3

we describe the numerical approach used to discretise the macroscale and microscale
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Figure 5.1: Caricature description of the interactions between oncolytic viruses
(OVs), tumour, non-fibre ECM and fibre ECM. The OVs replicate inside cancer
cells, leading to their lysis.

equations, while in Section 5.4 we present the results of the numerical simulations.

We conclude in Section 5.5 with a summary and discussion of the results. The

content of this Chapter has been thoroughly discussed and presented in our recent

publication Alsisi et al. (2022).

5.2 Mathematical Model

The multiscale moving boundary model used here is based on the two-scale (tis-

sue scale – macro-scale, and cell scale – micro-scale) moving boundary framework

introduced in Trucu et al. (2013) and recently applied to nonlocal cell-cell interac-

tions in the context of oncolytic viral therapies Alsisi et al. (2020). Furthermore,

in here we explore the dynamic interaction between an invading solid tumour, OV,

and a two-component ECM (which was first introduced by Shuttleworth and Trucu

(2019)). This complex dynamic is captured by two interconnected multiscale sys-

tems that share the same macro-scale cancer dynamics at the tissue-scale. However,

at cell-scale we use two distinct micro-scale dynamics for fibre rearrangement and
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for cancer invasion boundary, both being linked to the macro-dynamics through two

double feedback loops, as illustrated in Figure 5.2.

Figure 5.2: Schematic demonstrate the links between the multiscale model, specifi-
cally, the link between the macro-scale dynamics and the micro-fibre rearrangements,
and the extension of cancer region Ω(t0) caused by MDE micro dynamics.

5.2.1 Macro-Scale dynamics

Let us denote by Y ∈ R2 = [0, 4] × [0, 4] the macro-scale domain representing the

maximal environmental tissue square that we consider in this study. Also, let us

denote by Ω(t0) ⊂ Y the spatial support of the growing tumour within the macro-

scale domain, at a time t ∈ [0, T ]. Let c(x, t) and i(x, t), ∀(x, t) ∈ Ω(t0) × [0, T ],

represent the spatio-temporal densities of the uninfected cancer cells and the infected

cancer cells, respectively. Finally, let v(x, t) and e(x, t), ∀(x, t) ∈ Y ×[0, T ], represent
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the spatial-temporal densities of the oncolytic virus and the cumulative extracellular

matrix, respectively. The later is defined as

e(x, t) = E(x, t) + F (x, t),

where F (x, t) denotes the macroscale spatial distribution of the fibre ECM, which

accounts for all significant ECM fibres such as collagen fibres or fibronectin fibrils,

and E(x, t) denotes the spatial distribution of the non-fibre ECM, which includes

all the other non-fibre components of the ECM, i.e., elastin, laminins, fibroblasts,

etc. At any spatio-temporal node (x, t) ∈ Y × [0, T ], the macroscale dynamics for

ECM is described by the following equations:

∂E

∂t
= −E(αc c+ αi i) + µ2E(1− ρ((s))), (5.1)

∂F

∂t
= −F (αcF c+ αiF i), (5.2)

where αc, αi, αcF , αiF > 0 are the ECM degradation rates caused by cancer cells

subpopulations c and i, respectively. Further, µ2 > 0 is a fixed remodelling rate.

The fibre micro-dynamics will be discussed in details in Section 5.2.2. Defining s

the tumour-ECM vector,

s (x, t) = (c(x, t), i(x, t), e(x, t))T ,

then the volume fraction of space occupied by the tumour and the ECM is given as

ρ(x, t) ≡ ρ(s(x, t)) := νee(x, t) + νc
(
c(x, t) + i(x, t)

)
, (5.3)
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where νe represents the fraction of physical space occupied by the ECM and νc is

the fraction of physical space occupied collectively by all cancer subpopulations.

In this study tumour dynamics consists of three main components: motility,

proliferation, and death. Moreover, we describe the spatial fluxes for both cancer

cells (c, i) by a combination of a linear diffusion term caused by cells’ random walk

and a directed migration term due to cell-cell and cell-ECM adhesion. Here we

investigate directed cell migration from two perspectives: local migration and non-

local migration as a result to cell adhesion (Bhagavathula et al., 2007; Cavallaro

and Christofori, 2001; Chaplain and Lolas, 2006; Humphries et al., 2006; Ko et al.,

2001; Wijnhoven et al., 2000). Therefore, the dynamics of the uninfected cancer

cells subpopulation is given by:

∂c

∂t
= ∇ · [Dc∇c− cAc(t, x, s, θf )] + µ1c(1− ρ(s))− %cv, (5.4)

where Dc > 0 is a constant diffusion coefficient, µ1 > 0 is a constant proliferation

coefficient, % > 0 is a constant rate at which the uninfected cancer population

diminishes due to infection by the oncolytic virus v, while Ac(t, x, s, θf ) is a non-

local spatial flux term that describes the cells adhesion process that causes cancer

cells to move in a directed manner. In Alsisi et al. (2020, 2021) the authors studied

the effects of cell adhesion process on cancer-OV interaction, by focusing on cell-cell

adhesion and cell-ECM-non-fibres substrate. Here we adopt the modelling concept

proposed by Shuttleworth and Trucu (2019), to consider the essential role performed

by the cell-fibres adhesive interaction. Denoting the cell-cell adhesion function by:

Tc(x+ y, t) = Scc c(x+ y, t) + Sci i(x+ y, t), (5.5)
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where Scc > 0 and Sci > 0 are the strengths of cell-cell adhesion and cross adhesion

bonds, respectively that are formed between cancer cells distributed at x and cells at

x+ y. Since the cell-cell adhesion strength Scc,Sci are dependent on the quantity of

intercellular Ca2+ ions available within the ECM (Gu et al., 2014; Hofer et al., 2000).

We adopt a similar approach as in Shuttleworth and Trucu (2019) to compute cell-

cell adhesion strength, and extend it to determine cross cell-cell adhesion strength

as follows:

S··(E) = S max
·· exp

(
1− 1

1− (1− E(x, t))2

)
, (5.6)

where S·· ∈ {Scc,Sci,Sic,Sii} with S max
·· ∈ {S max

cc , S max
ci , S max

ic , S max
ii } respectively.

S max
·· is fixed and represent the maximum strength of cell-cell adhesive junctions.

Within a sensing radius R > 0 at time t > 0, the non-local adhesive flux is defined

as follows:

Ac(t, x, s, θf ) =
1

R

∫
B(0,R)

K(‖y‖2)(1− ρ(s))+
(
n(y)[Tc(x+ y, t) + ScE E(x+ y, t)]

+ n̄(y, θf (x+ y, t))ScF F (x+ y, t)
)
χ

Ω(t0)
(x+ y, t) dy, (5.7)

where B(0, R) := {z ∈ R2 : |z| ≤ R} is a closed ball centred at origin and of radius

R, called here the sensing region. ScE is a constant that describes the cell-ECM

adhesion strength. ScF is a constant that describes the cell-fibre-ECM adhesion

strength. χ
Ω(t0)

(·) is the characteristic function of Ω(t0), and (1−ρ(s))+ := max{(1−

ρ(s)), 0} is a threshold term to avoid local overcrowding, and n(y) denotes the unit

radial vector giving by:

n(y) :=


y

‖y‖2

if y ∈ B(0, R) \ {(0, 0)},

(0, 0) otherwise,

(5.8)
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with ‖ · ‖2 representing the usual Euclidean norm. n̄(y, θf (x + y, t)) is the unit

vector that is dependent on the fibre orientations, defined as follows:

n̄(y, θf (x+y, t)) :=


y + θf (x+ y, t)

‖y + θf (x+ y, t)‖2

if y ∈ B(0, R) \ {−θf (x+ y, t)},

(0, 0) otherwise,

(5.9)

where θf (x + y, t) is the orientation of the fibres at macro-scale, this was first in-

troduced by Shuttleworth and Trucu (2019). This orientation is derived by the

micro-scale mass distribution of micro-fibres f(., t), in the sense that affects the

cell-ECM adhesion and characterises the ECM fibres distributed at the macro-scale

location x ∈ Y namely F (x, t); for detailed mathematical formulas see Section 5.2.2.

Note that F (x + y, t) describes the influence of fibres distributed at x + y on the

adhesion of cells at location x (with adhesion strength ScF ); see Figure 5.2 for more

details. Furthermore, the radially symmetric kernel K(·) : [0, R] → [0, 1] explores

the dependence of the strengths of the established cell adhesion junctions on the ra-

dial distance from the centre of the sensing region x to ζ ∈ B(x,R) := x+ B(0, R).

Since these adhesion junction strengths are assumed to decrease as the distance

r :=‖ x− ζ ‖2 increases, K therefore is taken here of the form

K(r) :=
3

2πR2

(
1− r

2R

)
. (5.10)

By summing up the radially distributed adhesive interactions between the cells at

x, and the cells and ECM at x+ y within y ∈ B(x,R), the term 1
R

that appears in

the front of the expression (5.7) is simply an interaction range normalisation factor.

Next, we focus on the infected cancer cell subpopulation i(x, t) that emerges

within this dynamics due to infections by the OV. We denote by ϕi(u) the effect of
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the cell adhesion processes that take place either locally (through adhesive interac-

tions between infected cancer cells and ECM, as tumour cells exercise haptotactic

movement towards higher levels of ECM), or non-locally (where both cell-cell and

cell-ECM adhesive interactions are accounted for within an appropriate cell sensing

region). Mathematically, this can be formalised as

ϕi(s) :=


ηi∇·

(
i∇e

)
, local interactions between infected cancer cells and ECM,

∇·
(
iAi(·,·,s(·,·))

)
, non-local cell−cells and cell−ECM interactions,

(5.11)

where ηi is a constant haptotactic rate associated to i, while Ai
(
·,·,s(·,·)

)
is a non-

local spatial flux term defined as in equation (5.7). We define Ti(x+ y, t) as follows

Ti(x+ y, t) = Sic c(x+ y, t) + Sii i(x+ y, t), (5.12)

where Sic and Sii are are the strengths of infected cell-cell adhesion and cross ad-

hesion bonds, and are dependent on ECM as defined in equation (5.6). Then,

Ai
(
·,·,s(·,·)

)
becomes

Ai(t, x, s, θf ) =
1

R

∫
B(0,R)

K(‖y‖2)(1− ρ(s))+
(
n(y)[Ti(x+ y, t) + SiE E(x+ y, t)]

+ n̄(y, θf (x+ y, t))SiF F (x+ y, t)
)
χ

Ω(t0)
(x+ y, t) dy, (5.13)

where SiE is a constant describe the cell-ECM adhesion strength and SiF is a con-

stant describe the cell-fibre-ECM adhesion strength. Thus, the spatio-temporal

dynamics of the infected cancer cell subpopulation is governed by the following

equation

∂i

∂t
= Di∆i− ϕi(s) + %cv − δii. (5.14)
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where Di > 0 is a constant random motility coefficient, and ϕi(s) represents the

directed migration induced by the cell-adhesion processes that corresponds to i and

is described in (5.11) Further, the infected population expand at a rate % due to new

infections occurring among the uninfected cells, and dies at rate δi > 0.

Next, for the oncolytic virus spatio-temporal dynamics, we adopt here a similar

reasoning as in Alsisi et al. (2020, 2021), and assume that the OV motion is described

by a random movement that is biased by a “haptotactic-like” spatial transport

towards higher ECM levels. Thus, the dynamics of the oncolytic virus is governed

by

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bi− %cv − δvv. (5.15)

Here Dv > 0 is a constant random motility coefficient, ηv > 0 is a constant hapto-

tactic coefficient, b > 0 is a viral replication rate within infected cancer cells, and

δv > 0 is the viral death rate.

Finally, the coupled interacting tumour-OV macro-dynamics is governed by (5.4)-

(5.15) in the presence of initial conditions

c(x, 0) = c0(x), i(x, 0) = i0(x), v(x, 0) = v0(x), ∀x ∈ Ω(0), (5.16)

while assuming zero-flux boundary conditions at the moving tumour interface ∂Ω(t0).

5.2.2 Fibre micro dynamics on the Bulk of the tumour

The cancer cells macro-dynamics cause the fibres to undergo a microscopic rear-

rangement process in addition to the macroscale fibre degradation mentioned in

equation (5.2). We start by defining the micro-fibre domain as σY (x) := x+σY, ∀x ∈

Y with scale size σ > 0 following Shuttleworth and Trucu (2019), in which the fibre
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ECM rearrangement occurs reflecting on fibre macroscale orientation as illustrated

in Figure 5.2. At any macroscale point x ∈ Ω(t0), the ECM-fibre phase is described

by a macroscale vector field θf (x, t), which give us the amount of fibres distributed at

(x, t) and their macroscopic fibres orientation computed by the revolving barycentral

orientation θf,σY (x)(x, t) generated by the microscopic mass distribution of microfi-

bres f(·, t) within the micro-domain σY (x). Based on the approach introduced by

Shuttleworth and Trucu (2019), the macroscale fibre orientation θf (x, t) is defined

as follows:

θf (x, t) =
1

λ(σY (x))

∫
σY (x)

f(z, t)dz ·
θf,σY (x)(x, t)∥∥θf,σY (x)(x, t)

∥∥
2

, (5.17)

where λ(·) is the usual Lebesgue measure, ‖·‖2 represents the usual Euclidean norm,

and

θf,σY (x)(x, t) =

∫
σY (x)

f(z, t)(z − x)dz∫
σY (x)

f(z, t)dz
, (5.18)

is the naturally generated revolving barycentral orientation θf,δY (x)(x, t) associated

with σY (x) is given by the Bochner-mean-value of the position vectors function

σY (x) 3 z 7→ z − x ∈ RN with respect to the density measure f(x, t)λ(·). The

macroscopic mean-value fibre representation at any (x, t) is then given by the Eu-

clidean magnitude of θf (x, t), namely,

F (x, t) := ‖θf (x, t)‖2 . (5.19)

At any time t and at any spatial location x ∈ Y , the cancer cells realign the

micro-fibres through a microscopic rearrangement process in each micro-domain

σY (x) that is triggered by the combined macroscale spatial flux of both cancer cell
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subpopulations as follows:

F(x, t) := Fc(x, t) + Fi(x, t)

where

Fc(x, t) := Dc∇c(x, t)− c(x, t)Ac (x, t, s(·, t), θf (·, t)) (5.20)

Fi(x, t) := Di∇i(x, t)− ϕi(s), (5.21)

where ϕ̄i(s) denotes here the spatial flux triggered by the interactions between the

infected cancer cell population and the surrounding cells and ECM, and is given by

ϕ̄i(s) :=


i∇e, local haptotactic interactions,

iAi(x, t, s(·, t), θf (·, t)) nonlocal adhesion interactions.

(5.22)

For simplicity, denoting the total cancer cell population by ctotal(x, t) = c(x, t) +

i(x, t). The combined flux F(x, t) acts upon the micro-scale distribution f(z, t),∀z ∈

σY (x) in accordance to the magnitude that the total mass of cancer cells has relative

to the combined mass of cells and fibres at (x, t), which is given by the weight

ω(x, t) =
ctotal(x, t)

ctotal(x, t) + F (x, t)
. (5.23)

At the same time, the total spatial flux of cancer cells F(x, t) is balanced in a

weighted manner by the orientation θf (x, t) of the existing distribution of fibres at

(x, t) that is appropriately magnified by a weight that accounts for the magnitude

of fibres versus the combine mass of cells and fibres at (x, t) and is given by (1 −
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ω(x, t)). As a consequence, the micro-scale distribution of micro-fibres f(z, t),∀z ∈

σY (x) is therefore acted upon uniformly by the resultant force given by the following

rearrangement vector-valued function

r(σY (x), t) := ω(x, t)F(x, t) + (1− ω(x, t))θf (x, t). (5.24)

In this context, a mass distribution of the micro-fibres f(z, t) on σY (x) is exercised

under the influence of this rearrangement vector r(σY (x), t), resulting in spatial re-

location of micro-fibres on both σY (x) and its neighbouring micro-domains. Indeed,

under the incidence of r(σY (x), t), a certain fraction of the micro-fibres positioned

at a given z ∈ σY (x) get transported at new micro-scale position z∗, given by

z∗ := z + νσY (x)(z, t), (5.25)

where νσY (x)(z, t) is the emerging relocation vector:

νσY (x)(z, t) = (xdir(z) + r(σY (x), t)) · f(z, t) (fmax − f(z, t))

f ∗(z, t) + ‖r(σY (x))− xdir(z)‖2

·χ{f(·,t)>0}(z).

(5.26)

Here, xdir(z) = −→xz is the barycentric position vector pointing to z in σY (x) see

Figure 5.3, fmax represents the maximum level of fibres that could reside at the

micro-location z ∈ σY at any given time, and f ∗ := f(z, t)/fmax is the local micro-

fibres saturation fraction. Finally, the relocation magnitude in the direction xdir(z)+

r(σY (x), t) is simultaneously mediated by the ability of micro-fibres to dislocate

(which is exercised when these are not at the maximum level) and is attenuated by

the level of the micro-fibres mass fraction f ∗ at z in conjunction with the barycentric

position defect quantified here by ‖r(σY (x))− xdir(z)‖2.
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Figure 5.3: Illustration to show σY (x) with x is red star and the green vector
field shows xdir(z). The other black stars are the neighbours of point x with their
respected σY to show full direction from the centred x to all z belong to σY (x) and
its surrounding boxes.

Therefore, provided that micro-fibres levels at z are not at their maximum level

fmax a micro-fibres mass transport from z to the location z∗ is exercised, while lower

levels of micro-fibres saturations at z combined with a better flux alignment provided

by a smaller position defect result in a relocation of the micro-fibres mass in direction

(xdir(z) + r(σY (x), t)) at a greater distance. Finally, this transport occurs provided

that enough room is available at position z∗. This being is naturally mediated

through the movement probability

Pmove := max

(
0,
fmax − f(z∗, t)

fmax

)
, (5.27)

that quantifies the capacity that is still available at z∗, and enables only the amount

f(z, t)Pmove of micro-fibres to be transported to the new location and the rest

f(z, t)(1− Pmove) remain at their location.
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5.2.3 MDEs microscale dynamics at the leading edge and

the induced tumour boundary movement

In addition to the fibres micro-dynamics that occures in the bulk of the tumour, a

second type of tumour micro-dynamics is generated by the cell scale activity of the

matrix degrading enzymes (MDEs) along the tumour invasive edge (Hanahan and

Weinberg, 2011; Weinberg, 2006). Indeed, secreted by the cancer cell population

from the outer proliferating rim of the tumour, the MDEs are transported across

the tumour interface within a cell-scale (micro-scale) neighbourhood of the tumour

boundary in the peritumoural region, where they cause degradation to the ECM dis-

tribution that they meet, giving rise to further tumour progression. To capture this

process mathematically, we adopt here a similar approach to the one developed in

Trucu et al. (2013), whereby the entire cross-interface MDEs transport micro-process

along ∂Ω(t0) is decomposed into a union of boundary micro-processes that take place

on a appropriately constructed covering bundle {εY }εY ∈Pε(t) of ε−size overlapping

micro-domains εY , whose union form the cell scale neighbourhood Nε(∂Ω(t0)), i.e.,

Nε(∂Ω(t0)) :=
⋃

εY ∈P(t)

εY

where the entire process enzymatic process and its consequences are explored. Thus,

to explore the MDEs enzymatic activity over a small time range ∆t > 0, denoting by

m(y, τ) the micro-scale density of MDEs at the micro-scale spatio-temporal location

(y, τ) ∈ εY × [0,∆t], we have that a micro-scale source of MDEs GεY : εY × [0,∆t]→

[0,∞) is induced naturally as a collective contribution of the cancer cells that are

within a small distance ρ > 0 from each y ∈ εY , and so this can be formalised
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mathematically as

GεY (z, τ) =



∫
B(z,ρ)∩Ω(t0)

γcc(x, t0 + τ) + γii(x, t0 + τ)dx

λ(B(z, ρ) ∩ Ω(t0))
, z ∈ εY ∩ Ω(t0),

0, otherwise,

(5.28)

Here λ(·) is the standard Lebesgue measure on RN , and B(z, r) := {x ∈ Y :

‖z − x‖∞ ≤ ρ} is the small active tumour region closed to the tumour interface

where the cancer cells collectively contribute to the creation of the source of MDEs

at z ∈ εY over the time interval ([t0, t0 + ∆t]. Finally, and γc > 0, γi > 0 represent

constant MDEs secretion contributions of the uninfected and infected cancer cells,

respectively. Finally, in the presence of the MDEs source GεY (z, τ), the MDES are

assumed here to exercise a diffusive transport within the entire micro-domain εY ,

which is mathematically formulated through the following reaction-diffusion equa-

tion

∂m

∂τ
= Dm∆m+ GεY (z, τ), z ∈ εY, τ ∈ [0,∆t]. (5.29)

Furthermore, as no memory of pre-existing distributions of MDEs are assumed for

the enzymatic process, and no molecular transfer is assumed across the boundaries

of εY , the proteolytic boundary micro-dynamics (5.29) that takes place on each εY is

assumed to take place with null initial conditions and flux-zero boundary conditions,

i.e.,

m(z, 0) = 0,

n
εY
· ∇m

∣∣∣∣
∂εY

= 0,
(5.30)

where n
εY

is the usual outward unit normal direction on ∂εY .

Finally, the pattern of ECM degradation within the peritumoural region of the
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microscale neighbourhood Nε(∂Ω(t0)) will correspond to the pattern of significant

MDEs transport within each micro-domain εY . In this context, following the multi-

scale mathematical modelling approach developed in Trucu et al. (2013), we obtain

the law for the macro-scale boundary movement, which is specified in terms of direc-

tion and displacement magnitude (as given in equations (3.16 - 3.17)) for the spatial

relocation of the tumour interface εY ∩ Ω(t0) for each boundary micro-domain as

shown in equation (3.2.2).By determining the law of macro-scale tumour boundary

movement, the MDEs micro-dynamics occurring along the tumour interface influ-

ences directly the tumour macro-dynamics, completing this way a bottom-up feedback

from micro- to macro-scale, contributing significantly to the invasion and spread of

tumour within the surrounding tissue (Trucu et al., 2016a, 2013).

5.2.4 Summary of multiscale model

In summary, the multiscale moving boundary model that we obtained for the tumour

– OV –ECM interactions (see Figure 5.2 for an illustrative sketch) consists of the
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following parts:

the tumour − OV − ECM macro-dynamics:
∂c

∂t
= ∇ · [Dc∇c− cAc(t, x, s, θf )] + µ1c(1− ρ(s))− %cv,

(5.31a)

∂i

∂t
= Di∆i− ϕi(s) + %cv − δii, (5.31b)

∂E

∂t
= −E(αc c+ αi i) + µ2E(1− ρ(s)), (5.31c)

∂F

∂t
= −F (αcF c+ αiF i), (5.31d)

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bi− %cv − δvv, (5.31e)

micro-dynamics of fibres triggered by the macro-scale-induced rearrangement flux

r(σY (x), t):= ω(x, t)F(x, t) + (1− ω(x, t))θf (x, t), (5.31f)

induced on each σY by F(x, t), with ω(x, t) :=
ctotal(x, t)

ctotal(x, t) + F (x, t)
,

the MDEs boundarymicro-dynamics:
∂m

∂τ
= Dm∆m+ GεY (z, τ) (5.31g)

The macro-dynamics and the two micro-dynamics are connected through two double

feedback loops:

• a tumour bulk top-down link by which the macro-scale cell flux triggers the

micro-scale fibres rearrangement

• a bottom-up fibres link by which the micro-scale distribution of fibres naturally

induces a spatial orientation that alters the tumour macro-dynamics
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• a leading edge top-down link through which the tumour macro-dynamics in-

duces a micro-scale MDEs molecular source in the cell-scale neighbourhood of

∂Ω(t0)

• a bottom-up link through which the MDEs micro-dynamics induces the law for

macro-scale tumour boundary movement.

5.3 Brief Overview of the Computational Approach

for a Couple of Tumour-OV-ECM Interaction

Scenarios

The numerical approach and computational implementation of the novel multiscale

moving boundary model proposed in this work builds directly on the multiscale mov-

ing boundary computational framework initially introduced by Trucu et al. (2013)

and further expanded in Alsisi et al. (2020, 2021); Shuttleworth and Trucu (2019),

and so while for full details we defer the reader to these references, in the following

we will give a brief summary of this approach.

5.3.1 Macro-Scale numerical methods

For all the computational simulations we consider the macro-scale tissue domain

Y = [0, 4]× [0, 4], and we discretise this with a uniform grid Y d := {(x1
i , x

2
j)}i,j=1...N ,

with N = [4/h]+1, of spatial step size ∆x = ∆y := h, with h > 0. Correspondingly,

the discretised version of the tumour support is denoted by Ωd(t) (i.e., Ωd(t) =

Y d∩Ω(t0)), with ∂Ωd(t) standing for the tumour boundary. In brief, for the macro-

scale part of the code, we used a method of lines type approach, with the non-local
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Figure 5.4: Illustration of the Sensing region B(0, R) approximated by the annulus
radial sectors with the barycentre bSν associated with each sector Sν as demonstrated.

time marching scheme developed in Shuttleworth and Trucu (2019) and explained

in details in Section 3.3 for non-fibre ECM. For completeness, we provide here the

numerical approach for the nonlocal adhesive flux Ac(t, x,u(t, ·)) in equation (5.7)

that includes fibre ECM, at the spatio-temporal node ((xs, xp), tl) is given by

Als,p =
1

R

q∑
ν=1

bSν∈Ω(t0)

K(bSν )

[
nν

(
Sccω

l
Sν ,c + Sciω

l
Sν ,i + ScEω

l
Sν ,E

)

+ n̄lνScFω
l
Sν ,F

](
1− ρ(slbSν )

)+

λ(Sν), (5.32)

where slbSν = [ωlSν ,c, ω
l
Sν ,i

, ωlSν ,E, ω
l
Sν ,F

]T with bSν is the centroid of the sector Sν ∀v ∈

{1, 2, ...q} as shown in Figure 5.4, ρ(slbSν ) is a mean-value approximation of the

tumour volume fraction given in equation (5.3), nν is the radial unit vector given in

equation (3.39), for each centroid bSν we calculate nν := n(bSν ) as follows:

nν =
bSν − (xs, xp)

‖bSν − (xs, xp)‖2

. (5.33)
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n̄lν is the corresponding macroscopic vector accounting for the influence of the cu-

mulative mean-value direction of the fibres on Sν , defined as follows:

n̄lν =
nν + ωlSν ,θf∥∥∥nν + ωlSν ,θf

∥∥∥
2

. (5.34)

The mean-values of all the macro-scale densities of cancer cells c(·, tl) (ωlSν ,c which is

shown in equation (3.36)), ECM non-fibres component e(·, tl) (ωlSν ,E which is given

in equation (3.36)), macroscopic ECM fibres F (·, tl) and their associated directions

θf (·, tl), on each annulus sector Sν (for more details see Section 3.3.5), namely:

ωlSν ,c =
1

λ(Sν)

∫
Sν

c(ξ, tl)dξ, (5.35)

ωlSν ,i =
1

λ(Sν)

∫
Sν

i(ξ, tl)dξ, (5.36)

ωlSν ,F =
1

λ(Sν)

∫
Sν

F (ξ, tl)dξ, (5.37)

ωlSν ,θf =
1

λ(Sν)

∫
Sν

θf (ξ, tl)dξ, (5.38)

ωlSν ,e =
1

λ(Sν)

∫
Sν

e(ξ, tl)dξ. (5.39)

By substitution the approximation of the adhesive flux in equation (5.32) in equa-

tion (3.28), we get the numerical approximation for ∇ · [Dc∇c− cAc(t, x, s(t, ·))] in

equation (5.4). Similarly, in the case for which the directed movement of the infected

cancer cells is assumed nonlocal as provided in equation (5.13), the corresponding
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nonlocal flux approximation is given by

Als,p =
1

R

q∑
ν=1

bSν∈Ω(t0)

K(bSν )

[
nν

(
Sicω

l
Sν ,c + Siiω

l
Sν ,i + Sceω

l
Sν ,E

)

+ n̄lνScFω
l
Sν ,F

](
1− ρ(slbSν )

)+

λ(Sν). (5.40)

Finally, as detailed in Trucu et al. (2013), the discrete domain Ωd(t) of the pro-

gressing tumour is appropriately evolved with additional spatial nodes corresponding

to the new locations reached by the invading cancer.

5.3.2 Approximating the two micro-dynamic processes that

occur simultaneously

In this model we have two types of micro-scale processes that link to the same macro-

dynamics, namely the MDEs boundary micro-dynamics at the leading edge of the

tumour and fibre micro-dynamics. Thus, for the MDEs boundary micro-dynamics

part, proceeding as detailed in Trucu et al. (2013), the boundary MDEs micro-

dynamics is approximated involving central finite differences for the spatial operators

on each micro-domain εY , with a backward Euler time marching scheme. Finally,

for the fibres micro-dynamics and their rearrangements, the implementation follows

closely the modelling details given in Section 5.2.2. Thus, for that part, considering

the fibres micro-scale taking place on square micro-domains σY that have their

vertices at the dual mesh nodes, we proceed with the evaluation of the spatial flux

operators and rearrangement vectors as well as the final numerical inference of the

emerging spatial fibres orientation as detailed in Shuttleworth and Trucu (2019).
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5.3.3 Local vs non-Local directed migration due to cell ad-

hesion

Our simulations of the multiscale model explore two distinct scenarios regarding

the directed migration of infected cancer cell subpopulation: local and non-local

migration at macro-scale (see eq. (5.31b)). Specifically, we consider the following

cases:

1. Local advective flux for the infected cancer cells: in (5.31b) we have ϕi(s) =

ηi∇·
(
i∇e

)
, and thus the macro-dynamics takes the following form:

∂c

∂t
= ∇ · [Dc∇c− cAc(t, x, s, θf )] + µ1c(1− ρ(s))− %cv, (5.41a)

∂i

∂t
= Di∆i− ηi∇·

(
i∇e

)
+ %cv − δii, (5.41b)

∂E

∂t
= −E(αc c+ αi i) + µ2E(1− ρ(s)), (5.41c)

∂F

∂t
= −F (αcF c+ αiF i), (5.41d)

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bi− %cv − δvv, (5.41e)

Since ϕ̄i(s) = i∇e, the macroscale spatial flux for Fi in equation (5.21) be-

comes

Fi(x, t) := Di∇i(x, t)− i∇e, (5.42)

The numerical results for this case are shown in Figures 5.6-5.8.

2. Nonlocal advective flux for the infected cancer cells: in (5.31b) we have ϕi(u) =
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∇·
(
iAi(·,·,s(·,·))

)
, and thus the macro-dynamics take the following form:

∂c

∂t
= ∇ · [Dc∇c− cAc(t, x, s, θf )] + µ1c(1− ρ(s))− %cv, (5.43a)

∂i

∂t
= ∇ · [Di∇i− iAi(t, x, s, θf )] + %cv − δii, (5.43b)

∂E

∂t
= −E(αc c+ αi i) + µ2E(1− ρ(s)), (5.43c)

∂F

∂t
= −F (αcF c+ αiF i), (5.43d)

∂v

∂t
= Dv∆v − ηv∇ · (v∇e) + bi− %cv − δvv, (5.43e)

Since ϕ̄i(s) = iAi(x, t, s(·, t), θf (·, t)), the macroscale spatial flux for Fi in

equation (5.21) becomes

Fi(x, t) := Di∇i(x, t)− iAi(x, t, s(·, t), θf (·, t)), (5.44)

The numerical results for this case are shown in Figures 5.9-5.11.

5.3.4 Initial conditions

The initial condition for the uninfected cancer cell population, c(x, 0) is chosen to

describe a small localised pre-existing tumour aggregation. This is given by

c0(x) = 0.5

(
exp

(
−‖x− (2, 2)‖2

2

2h

)
− exp (−3.0625)

)(
χ

B((2,2),0.5−γ)
∗ ψγ

)
, ∀ x ∈ Y,

(5.45)

whose plot is shown in Figure 5.5(a). Here ψγ : RN → R+ is the usual standard

mollifier of radius γ << ∆x
3

given by

ψγ(x) :=
1

γN
ψ

(
x

γ

)
, (5.46)
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with the smooth compact support function ψ given by

ψ(x) :=


exp 1

‖x‖22−1
if ‖x‖2 < 1,

0 otherwise.

(5.47)

We assume no infection at this stage, i.e. zero infected cancer cells (i(x, 0)):

i0(x) = 0, ∀ x ∈ Y. (5.48)

The initial condition for the non-fibre ECM density, E(x, 0), is given by an

arbitrarily chosen heterogeneous pattern described by the following equations (as

in Shuttleworth and Trucu (2019))

E(x, 0) =
1

2
min{h(ζ1(x), ζ2(x)), 1− c0

p(x)}, (5.49)

and is shown in Figure 5.5(c). Here, we have

h(ζ1(x), ζ2(x)) := 1
2

+ 1
4

sin(ξζ1(x)ζ2(x))3 · sin
(
ξ
ζ2(x)

ζ1(x)

)
,

(ζ1(x), ζ2(x)) := 1
3
(x+ 3

2
) ∈ [0, 1]2, ∀x ∈ Y, and ξ = 7π.

(5.50)

Furthermore, the initial condition for one micro-scale fibre domain σY (x) is shown in

Figure 5.5(d), and it is repeated for all macro-scale locations (given in equation (A.1)

following Shuttleworth and Trucu (2019)). To determine the density of the fibres

at any macro-point x, we integrate the corresponding fibre-micro domain σY (x).

Due to visibility reason, we avoid presenting the pattern of the microscale fibres on

the macroscale. For the baseline simulations presented here, we choose the ratio of

fibres to non-fibres components of ECM at 20% : 80%.
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Figure 5.5: Initial conditions used for the numerical simulations: (a) uninfected
cancer cells density (c), as given by equation (5.45); (b) OV density (v), as given
by equation (5.51); (c) non-fibre ECM density (E), as given by equation (5.49); (d)
one micro-fibre domain which is repeated for every point on the macro-scale. The
white curve in sub-panels (a)-(c) indicates the tumour boundary.
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Finally, the initial condition for the OV population (v(x, 0)) is chosen to describe

one single injection in the middle of the tumour aggregation, as in Alsisi et al. (2020,

2021):

v0(x) = Φ(x) · θ(v), (5.51)

where

Φ(x) = 1
8

(
exp

(
−‖x− (2, 2)‖2

2

2h

)
− exp (−1.6625)

)
,

and

θ(v) =


1 if Φ(x) > 5× 10−5,

0 otherwise,

(5.52)

which is smoothed out on the frontier of the viral density support Γv := ∂{x ∈

Y | v0(x) > 0}.

5.4 Results

The numerical results shown in this section are computed using the parameter values

listed in Table 5.1, which we refer to as ’baseline parameters’ for ease of reference.

Whenever we change these parameters, we clearly specify the new values we use for

the simulations.

We start in Section 5.4.1 by investigating numerically the impact of fibre-ECM

local approach for the infected cancer cells i used to describe the cell-cell and cell-

matrix adhesion flux on cancer-OV interaction. Then, in Section 5.4.2, we investi-

gate the impact of varying the amount of fibres in the ECM (RF ). Next, in Section

5.4.3 we increase the cell-fibre-ECM adhesion strength for some of the cases studied

in the previous sections. In Section 5.4.4 we investigate numerically the impact of

fibre-ECM non-local approach for the infected cancer cells i used to describe the
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cell-cell and cell-matrix adhesion flux on cancer-OV interaction and comparing it to

a variety of distinct adhesion strengths. In section 5.4.5 we investigate the impact of

increasing the amount of fibre in ECM for the non-local system. Finally, in Section

5.4.6 we investigate the impact of different cross cell-cell adhesion strengths.

Table 5.1: Nondimensional baseline parameters values used for our multiscale com-
putations. These baseline parameters were obtained from other articles (see refer-
ences in the last column) or our own estimates.

Param. Value Description Reference

Dc 0.00035 Uninfected cancer cell Domschke et al. (2014)

diffusion coefficient

Di 0.0054 Infected cancer cell Camara et al. (2013)

diffusion coefficient

Dv 0.0036 OV diffusion coefficient Camara et al. (2013)

ηi 0.0285 Infected cancer cell Alzahrani et al. (2019)

haptotaxis coefficient

ηv 0.0285 OV haptotaxis coefficient Alsisi et al. (2020)

µ1 0.5 Proliferation rate for Chaplain and Lolas (2006)

uninfected cancer cells

Smax
cc 0.1 Maximum rate of uninfected Gerisch and Chaplain (2008)

cancer cell-cell adhesion

strength

Smax
ii 0.1 Maximum rate of infected Alsisi et al. (2021)

cancer cell-cell adhesion

strength

Smax
ci 0 Maximum rate of cell-cell Estimated

Continued on next page
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Table 5.1 – Continued from previous page

Param. Value Description Reference

cross adhesion strength

Smax
ic 0 Maximum rate of cell-cell Estimated

cross adhesion strength

ScE 0.5 Rate of uninfected cancer Painter et al. (2010)

Cell-ECM adhesion

strength

SiE 0.5 Rate of infected cancer Alsisi et al. (2021)

Cell-ECM adhesion

strength

ScF 0.2 Rate of uninfected cancer Shuttleworth and Trucu (2019)

Cell-fibre-ECM adhesion

strength

SiF 0.2 Rate of infected cancer Estimated

Cell-fibre-ECM adhesion

strength

αc 0.15 ECM degradation rate by Alzahrani et al. (2019)

uninfected cancer cells

αi
αc
2

ECM degradation rate by Alzahrani et al. (2019)

infected cancer cells

αcF 0.75 Macroscopic fibre Estimated

degradation rate by

uninfected cancer cells

Continued on next page
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Table 5.1 – Continued from previous page

Param. Value Description Reference

αiF 0.75 Macroscopic fibre Estimated

degradation rate by

infected cancer cells

µ2 0 Remodelling term coeff. Shuttleworth and Trucu (2019)

% 0.079 Infection rate of uninfected Alzahrani et al. (2019)

cancer cells by OV

δi 0.05 Death rate of infected Camara et al. (2013)

cancer cells

b 20 Replicating rate of OVs in Camara et al. (2013)

infected cancer cells

δv 0.025 Death rate of OV Camara et al. (2013)

νe 1 Fraction of physical space Shuttleworth and Trucu (2019)

occupied by the ECM

νc 1 Fraction of physical space Shuttleworth and Trucu (2019)

occupied by cancer cells

γc 1 MDEs secretion rate by Shuttleworth and Trucu (2020)

uninfected cancer cell

γi 1.5 MDEs secretion rate by Shuttleworth and Trucu (2020)

infected cancer cell

Dm 0.0025 MDE diffusion coefficient Peng et al. (2017)

RF 20% : 80% ratio of fibres and Shuttleworth and Trucu (2019)

non-fibres components

Continued on next page
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Figure 5.6: Simulations of system (5.41) using the parameters in Table 5.1. Here
we show the distributions of uninfected cancer cells (c), infected cancer cells (i), OV
(v), the non-fibre ECM (E), fibre ECM (F ), and the full ECM (e) at micro-macro
stage 75∆t.

Table 5.1 – Continued from previous page

Param. Value Description Reference

of ECM

5.4.1 Baseline dynamics for the model with local flux of

infected cells

In Figure 5.6 we present the numerical simulations obtained for the system (5.41),

with the baseline parameters in Table 5.1. We show the distribution of macroscopic

variables at time 75∆t, under the assumption that the directed movement of infected

cancer cells is described by a local flux term. These simulation results also show
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the distribution of non-fibre ECM and full ECM, which will be omitted in the next

figures due to a lack of visibility of significant changes; only results of the oriented

fibre-ECM field will be shown in the next sections.

5.4.2 The effect of varying the amount of fibres in the ECM

In Figure 5.7 we show simulations of system (5.41) using the parameters in Table 5.1,

when we vary the ratio RF of fibres and non-fibres components of ECM. In Figure

5.7(a) (first column) we consider RF = 30% : 70%, in Figure 5.7(b) (second column)

we consider RF = 35% : 65%, and in Figure 5.7(c) (third column) we consider

RF = 40% : 60%. We note that as we increase the ratio RF , the amount of fibres

increases forcing the uninfected cancer cells to migrate away from the centre of the

domain, where they were initially located. This also leads to higher OV and overall

lower tumour spread.

5.4.3 The effect of increasing cell-fibre ECM adhesion strengths

In Figure 5.8 we show simulations of system (5.41) for the parameters in Table 5.1,

but with different RF and different cell-fibre ECM adhesion strengths. In Figure

5.8(a) (first column) we consider RF = 20% : 80%, in Figure 5.8(b) (second column)

we consider RF = 30% : 70%, and in Figure 5.8(c) (third column) we consider

RF = 40% : 60%. Moreover, in all these sub-panels we take ScF = 0.5 (compared to

ScF = 0.2 in Figure 5.7). We note that increasing cell-fibre ECM adhesion strength

leads to spatial pockets of very high cancer density (i.e., max c(x, 75∆t) = 1 in

Figure 5.8(c), versus max c(x, 75∆t) = 0.55 in Figure 5.7), and even a better spatial

cancer spread.
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Figure 5.7: Simulations of system (5.41) using the parameters in Table 5.1. Here
we show cell (c, i) and virus (v) distributions, as well as the vector field for the
oriented fibre ECM (F ), at the micro-macro stage 75∆t. We vary the ratio RF of
fibres to non-fibres components of ECM: (a)RF = 30% : 70%, (b) RF = 35% : 65%,
and (c) RF = 40% : 60%
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Figure 5.8: Simulations of system (5.41) using the parameters in Table 5.1. Here
we show cells (c, i) and virus (v) distributions, as well as the vector field for the
oriented fibre ECM (F ) at micro-macro stage 75∆t. We vary the ratio RF of fibres
to non-fibres components of ECM: (a) RF = 20% : 80% with ScF = 0.5, (b) RF =
30% : 70% with ScF = 0.5, and (c) RF = 40% : 60% with ScF = 0.5.
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5.4.4 Dynamics of the model with nonlocal flux of infected

cells

In this section we investigate numerically not only the impact of non-local advection

fluxes for the infected cancer cells, but also the effect of varying the cell-cell and cell-

matrix adhesion strengths. In Figure 5.9(a) we show the baseline dynamics of the

system (5.43) (i.e., dynamics obtained with the baseline parameters in Table 5.1).

In Figure 5.9(b) we keep most of the parameter the same, with the exception of

ScF = SiF = 0.3. In Figure 5.9(c) we keep again most of the parameter the same,

with the exception of SiE = 0.001. In this case we note that varying the strengths

of nonlocal cell-fibre interactions for the uninfected or infected cells does not have

a significant impact on tumour structure.

5.4.5 Increasing the amount of fibres for the model with

nonlocal flux of infected cells

In Figure 5.10 we investigate numerically the effect of increasing the amount of fibres

in the ECM from RF = 20% : 80% (the baseline case shown in Figure 5.9(a)) to

RF = 30% : 70% (here) and varying cell-cell and cell-matrix adhesion strengths.

More precisely, in sub-panels (a) we have Smax
cc = 0.1, ScE = 0.5, while in sub-panels

(b) we have Smax
cc = 0.05, ScE = 0.001. The simulation results do not show significant

differences between the two cases.

5.4.6 Cross adhesion strength

Finally, in Figure 5.11, we investigate numerically the effect of varying the cross

adhesion strengths. In sub-panels (a) we assume that the cell-cell adhesion strengths
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Figure 5.9: Simulations of system (5.43) using the parameters in Table 5.1. Here
we show the distributions of uninfected cancer cells (c), infected cancer cells (i), OV
(v), and the vector field of the oriented fibre ECM (F ) at micro-macro stage 75∆t.
(a) Baseline parameters; (b) ScF = SiF = 0.3 (while keeping all other parameters at
their baseline values), (c) SiE = 0.001 (while keeping all other parameters at their
baseline values).
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Figure 5.10: Simulations of system (5.43) using the parameters in Table 5.1. The
sub-panels show the spatial distributions of uninfected cancer cells (c), infected cancer
cells (i), OVs (v) and the vector field of the oriented ECM fibres (F ) at micro-macro
stage 75∆t, when the ratio of fibres to non-fibres ECM components is RF = 30% :
70%. (a) Smax

cc = 0.1, ScE = 0.5, (b) Smax
cc = 0.05, ScE = 0.001.
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for uninfected cancer cells (Smax
cc and Smax

ci ) are lower than the cell-cell adhesion

strengths for infected cancer cells (Smax
ic and Smax

ii ). In sub-panels (b) we make

the reversed assumption: the cell-cell adhesion strengths for the uninfected cells are

higher than for the infected cells. We see that in this second case the tumour spreads

faster through the domain (spread which is helped also by a stronger ScE = 0.5,

compared to case (a) where ScE = 0.001).

5.5 Conclusion

In this study we extended a nonlocal multi-scale moving boundary model proposed

in Alsisi et al. (2020) for oncolytic virotherapies, by considering cancer cell inter-

actions with a heterogeneous ECM formed of fibrous and non-fibrous components.

With the help of this model, we investigated numerically the impact of assumptions

of local vs. non-local interactions between the infected cancer cells and uninfected

cells and/or ECM. (It is known that the ECM and its components constitute a

physical barrier in the spread of OVs (Wojton and Kaur, 2010), but it is not clear

what are the interactions between the infected cancer cells and the environment,

i.e., other cells and ECM.)

The numerical simulations showed that the ratio RF of fibre vs. non-fibre com-

ponents of the ECM, combined with the strength of cell-fibre ECM adhesion plays

an important role in the extent of spatial spread of tumour cells (see Figures 5.7-5.8).

Very large RF ratios also seem to cause an accumulation of OVs at particular posi-

tions in space (see Figures 5.7(a)-5.8(c)). Moreover, the spread of the virus inside

tumour seems to depend also on the strength of cell-cell interactions, with larger

Scc causing higher viral accumulation at specific positions in space (Figure 5.11(b)).

The nonlocal interactions between the infected cells and the environment (i.e., other
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Figure 5.11: Simulations of system (5.43) using the parameters in Table 5.1. Here
we show the distributions of uninfected cancer cells (c), infected cancer cells (i),
OVs (v) and the vector field of the oriented ECM fibres (F ) at micro-macro stage
75∆t. The cell-cell and cell-matrix adhesion strengths are: (a) Smax

cc = Smax
ci = 0.05,

Smax
ic = Smax

ii = 0.1 and ScE = 0.001, (b) Smax
cc = Smax

ci = 0.1, Smax
ii = Smax

ic = 0.05
and SiE = 0.001.
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cells and ECM components) play an important role in tumour and viral spread only

when the magnitude of these interactions is very high (see Figure 5.11(a)).

This work can be further generalised to investigate various aspects of the inter-

actions between oncolytic virus particles and the tumour microenvironment: from

the importance of combining OV therapies with other classical therapies such as

chemotherapies, to the investigation of go or grow hypothesis within a two-phase

heterogeneous ECM.
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Chapter 6

Conclusion and Discussions

We have presented a comprehensive mathematical modelling approach for investigat-

ing cancer invasion in this thesis. This took into account a number of interconnected

tissue- and cell-scale processes that are crucial to cancer invasion, and addressed

them through a progressive refinement of the multiscale moving-boundary frame-

work first proposed by Trucu et al. (2013). The main contribution of this research

is the development of a novel non-local multiscale moving boundary framework for

describing the complicated interactions between tumours and oncolytic viruses (OV)

and the surrounding environment. The mathematical approach is based on coupled

systems of partial differential equations at both the macro-scale (tissue-scale) and

the micro-scale (cell-scale) that are linked by a double feedback loop. At the tissue-

scale (macroscale), we have investigated a variety of scenarios based on biological

findings, beginning with accounting for the coupled dynamics of cancer cells (un-

infected and infected), the surrounding extracellular matrix (ECM), and oncolytic

viruses (OV).

In Chapter 3, we established a novel multiscale moving boundary model to char-

acterise the complicated non-local macro-scale interactions between cancer cells (un-
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infected and infected), ECM, and oncolytic viruses in the presence of micro-scale

cancer-MDE interactions that influence the tumour invasive edge. At macro-scale,

we described the cancer-OV interaction using an explicit continuous mathematical

model, which divides the cancer cells population into two subpopulations based on

virus infection. The uniqueness of our technique was to include non-local cell-cell

and cell-matrix interactions, which resulted in an adhesive cancer cell flow that influ-

enced local cancer-OV interactions. We studied the effect of cell-cell and cell-matrix

adhesion strengths on the propagation of the oncolytic virus using this model, and

found that high cell-cell adhesion leads to high cancer densities and greater OV den-

sities inside these solid tumours. However, because the virus cannot travel efficiently

within the tumour bulk, the tumour growth cannot be greatly reduced.

Furthermore, we employed this new non-local multiscale model to study numer-

ically the role of haptotactic behaviour for infected cancer cells and virus particles,

which appears to result in more localised oncolytic virus infection. Lastly, we looked

into the impact of constant virus diffusion versus cancer-dependent virus diffusion,

and found that continuous virus diffusion resulted in greater viral spread. However,

because of the lower infection rates, this increased viral dispersion did not result in

higher tumour elimination. An increase in the rate of viral infection is thought to

improve results, resulting into less uninfected tumour cells.

In Chapter 4, within the concept of the go or grow hypothesis, we introduced a

new multiscale moving boundary concept that combines local/non-local interactions

between cancer cells and the ECM, as well as cancer cell infections with oncolytic

viruses (OV). This model extends the recent finding in Alsisi et al. (2020), which

focused on nonlocal multi-scale moving boundary models for oncolytic virotherapies

in the context of a homogeneous cancer population with only uninfected cancer cells
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had non-local adhesive flux as its directed movement, and Alzahrani et al. (2019,

2020) that considered only local multiscale moving boundary models for oncolytic vi-

rotherapies in the context of a homogeneous cancer population. In this Chapter, we

considered a heterogeneous cancer cell population consisting of two sub-populations:

predominantly migratory and predominantly proliferative cells. The novelty of our

model was that to investigate distinct approaches for cell-cell and cell-ECM inter-

action for all cancer cells subpopulations, as well as different approaches to model

the transition between cancer cells subpopulations.

By using our model, we studied not only the effects of different cell-cell and cell-

ECM interaction strengths on the overall spread of cancer cells and OVs, but also

the impact of changes in the transition rates between the migrating and proliferative

cells, as well as the implications of varying the infection rates of different cancer cells,

and the proliferation rates of viruses inside different cancer cells. First, we observed

that the magnitudes of cell-cell and cell-matrix adhesion strengths for various cancer

cell phenotypes (i.e., migratory and proliferative cells), as well as their local/non-

local character, had a considerable effect on viral dissemination across the tumour.

Second, we discovered that when proliferating cells have a higher infection rate than

migrating cells, the OVs’ destruction of cancer cells is slightly more evident. This

shows that administering the virus at a certain time period, when the bulk of cells

in the solid tumour are proliferating, may result in improved cancer killing. Lastly,

we have seen how viral replication (and viral burst size from these cells) may impact

not just the density of proliferating cells but also the density of migrating cells in

specific instances. For example, when bp > bm, the migrating cells appear to be

unaffected; yet, when bp < bm, the migrating cells appear to be affected.

The heterogeneity of solid cancers which are made up of sub-populations of cells
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with different phenotypes, such as mainly-migrating and mainly-proliferative cells

may have an impact on the success of oncolytic therapies, which require the virus to

spread throughout the tumour in order to be effective. We propose that the contra-

dicting experimental results in relation to the validity of the go or grow hypothesis

for distinct cancer cell lines might be due to variances in tumour heterogeneity for

these diverse cell lines. However, in the future, this idea will have to be validated

empirically.

In Chapter 5, we enhanced further the nonlocal multi-scale moving boundary

model proposed in Alsisi et al. (2020) for oncolytic virotherapies, by considering

cancer cell interactions with a heterogeneous ECM composed of fibrous and non-

fibrous components. With the help of this model, we studied numerically the influ-

ence of concepts of local vs. non-local interactions between infected cancer cells and

uninfected cells and/or ECM. Although it is well established that the ECM and its

components operate as a physical barrier to the development of OVs (Wojton and

Kaur, 2010), little is known about the interactions between infected cancer cells and

their surroundings, including other cells and the ECM.

Our numerical simulations revealed that the strength of cell-fibre ECM adhesion,

as well as the ratio of fibre vs. non-fibre components of the ECM, have an essential

impact in the amount of spatial distribution of tumour cells. Large ratios also appear

to lead to a build up of OVs at certain locations in space. Furthermore, the virus’s

progression within the tumour appears to be influenced by the strength of cell-cell

interactions, with greater Scc resulting in higher viral accumulation at certain spatial

locations. Only when the magnitude of nonlocal interactions between infected cells

and the environment (i.e., other cells and ECM components) is very large can these

interactions play a significant role in tumour and viral spread.
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Looking forward, our current research can be enhanced to explore other aspects

of viral particle interactions with the tumour microenvironment, such as interactions

between virus particles and different types of cells. Researchers have been consid-

ering combining OV therapy with other immunotherapy, for instance, the effects of

T-cells to cancer-OV interaction. Others considered combining chemotherapy with

OV therapy, all these open the path for development of our work.

In this thesis, we have studied the go or grow hypothesis within non-fibrous ECM

with cell-cell and cell-ECM adhesion interaction, which may be enhanced to account

for two-phase heterogeneous ECM with cross cell-cell adhesion interaction. Finally,

there are many fascinating research issues in the field of multi-scale modelling of

cancer-oncolytic virus interaction that need to be developed further and worked on

in the future.
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Appendix A

Micro-scale Fibres Pattern

Here we define the micro-scale fibre pattern that we used in microfibre initial con-

dition, as follows:

f(z, t) :=
∑
j∈J

ψhj(z)
(
χ(σ−γ)Y (x) ∗ ψγ

)
(z), (A.1)

where
{
ψhj
}
j∈J are smooth compact support functions of the form

ψhj : σY (x)→ R

which, at every z := (z1, z2) ∈ σY (x), are given by:

ψhj (z1, z2) :=


Chj exp

(
−1

β̄2 − (hj (z2)− z1)2

)
, if z1 ∈

[
hj (z2)− β̄, hj (z2) + β̄

]
,

0, if z1 /∈
[
hj (z2)− β̄, hj (z2) + β̄

]
.

where β̄ > 0 is the micro-fibres width and Chj is constants that determine the maxi-

mum hight of ψhj along the smooth paths {hj}j∈J in σY (x) given by a combination
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of five distinctive micro-fibres patterns that are defined along the following smooth

paths {hj}j∈J :

h1 : z1 = z2; h2 : z1 =
1

2
; h3 : z1 =

1

5
; h4 : z2 =

2

5
; and h5 : z2 =

4

5
.

the characteristic function χ(σ−γ)Y (x)(·) represents the characteristic function of the

cubic microdomain (σ − γ)Y (x) centred at x and of size (σ − γ), with γ > 0 a

small enough radius, while ψγ is the standard mollifier that is smoothing out this

characteristic function to a smooth compact support function on σY, ψγ : RN → R+

is defined as

ψγ(x) :=
1

γN
ψ

(
x

γ

)
,

where ψ is the smooth compact support function given by

ψ(x) :=



exp
(

1
‖x‖22−1

)
∫

B(0,1)

exp
(

1
‖z‖22−1

)
dz

if x ∈ B(0, 1),

0 otherwise.
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