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Abstract

Bacteria are among the most common living organisms; some are beneficial to

humans, while others are harmful. Serratia marcescens, an opportunistic Gram-

negative bacteria, causes many deadly diseases by attacking the human body and

infecting the respiratory system, urinary tract, or skin. It uses protein secretion,

which is the controlled transport of selected proteins across the cell envelop to the

bacterial cell’s exterior. Protein secretion is carried out by six types of antibacterial

nano-weapons known as type I to type VI (T1SS to T6SS ) secretion systems.

This project cover new area that has not been study before, which is building

mathematical models to describe the phases of building the nano-weapon T6SS

with respect to the time t and focusses on investigating a particular bacteria that

have this special nano-weapon and use it to gain competitive advantage. This will

allow analysis of different strategies, parameters values and rules for interaction

will affect the final outcome of the populations.

Using this as a foundation, we develop our mathematical model to investigate

several attacking strategies including random fire, cell-cell contact, and mixed

strategy. Then, we compare them in order to determine which one is more effective

from the prospective of killing a peaceful population.
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Total attrition plays an important role in studying bacterial attacking strategies in

a complete sense. This can be covered by immunity and recognition of the attack-

ing species. We further expand our mathematical models to include recognition

and immunity for attacking population in four cases: (i) with full recognition and

total immunity, (ii) with full recognition and zero immunity, (iii) with zero recogni-

tion and total immunity, and (iv) with zero recognition and zero immunity. Then,

we compared all of the mathematical models presented in this thesis to distinguish

which one is the most killing effective.
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Chapter 1

Introduction

Bacteria are one of the most common forms of life. Some of them are beneficial to

humans and some cause of diseases [41,56]. Opportunistic Gram-negative bacteria

such as Serratia marcescens cause many deadly diseases by attacking the human

body such as respiratory system, urinary tract or skin and causing infection wound

[58]. Also, it represents a significant cause of hospital-acquired infections and plays

an important roles of antibiotic resistance that obtains in the clinical environment

[38,43,58].

S. marcescens use protein secretion which is controlled transport of selected pro-

teins across the cell envelop to the exterior of the bacterial cell [51]. Protein

secretion is performed by six types of proteinaceous machines called type I to type

VI secretion system which T6SS is fatal one [27, 51]. T6SS is a molecular nano-

weapon that fires toxic proteins from the interior of bacterial cell across the cellular

envelope into an adjacent target cell [16]. T6SS targets competitor bacteria by

injecting toxic proteins using needle as puncturing device, see Figure 1.2, and
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resulting in growth inhibition or cell death [24].

T6SS has been discussed experimentally and there are many experimental studies

on the structures and dynamics of protein secretion systems (particularly T6SS )

have been conducted, showed that bacteria use anti-bacterial nano-weapons in a

practical and effective manner to interact with host organisms, competitor bacte-

ria, and the environment [11,16,33,70].

Recent experimental data, Gerc et al. [33], described the use of fluorescence mi-

croscopy to visualise bacterial nano-weapons (type VI secretion system) in vivo.

They illustrated that bacteria (Serratia) can randomly fire this system without

a cell contact trigger, targeting even peaceful neighbours. These experimental

findings motivated us to investigate bacterial interactions between two distinct

bacteria, one of which has the ability to build and use ant-bacterial nano-weapons

to attack another bacteria using different attacking strategies. In addition, we will

compare the different attacking strategies to see which one is more effective at

killing the competitor bacteria.

This preliminary chapter is used to present the basics of both biological and mathe-

matical background that is required to clarify the main extent of this PhD project.

Also, we give a summary of the work presented in this thesis.

1.1 Biological background

In this section we provide an introduction to relevant features of biological cells

and their surroundings. In Section 1.1.1 we will provide an overview of bacteria.

In Section 1.1.2 we define the secretion system and review the different types of it.

2



In Section 1.1.3 we display more details about Type VI Secretion System (T6SS)

and general study of bacterial interactions.

1.1.1 Overview of bacteria

Bacteria are one of the most common forms of life, and they exist in several

different forms, types and sizes of which some of them are beneficial to humans

and some cause diseases as well [62]. Bacteria are organisms which have social

behaviour and they interact within and between species [67]. The interactions

between two different species of bacteria are either cooperative or competitive. For

the competitive interactions, bacteria usually compete each other for resources (

such as space and nutrients) to survive causing death or inhibition for the bacterial

competitors [35].

Bacteria are classified into two broad categories, which are Gram-negative and

Gram-positive, according to their type of cell wall [60]. Gram-negative bacteria

are one of the most common pathogens, for instance, Serratia marcescens is a

species of rod-shaped Gram-negative bacteria, which cause many deadly diseases

by attacking the respiratory system, causing urinary tract infections or causing

wound infections, including bacterial infections acquired during or after surgical

operations inside hospitals [19, 51]. S. marcescens use multiple defensive mecha-

nisms such as Type VI Secretion System (T6SS) and we will provide an overview

of Secretion Systems in the following section.
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1.1.2 Bacterial Secretion System

Bacterial Secretion Systems are found in many Gram-negative bacterial pathogens

and have been implicated in virulence in important human pathogens [17], in-

cluding Burkholderia mallei [32], Burkholderia pseudomallei [44], Vibrio cholerae

[63],Aeromonas hydrophila [68], and Pseudomonas aeruginosa [34,69]. The Secre-

tion Systems have also been shown to play a role in the virulence of economically

significant animal and plant pathogens, e.g., Edwardsiella tarda [72], Salmonella

enterica serovar Gallinarum [9, 31], avian pathogenic Escherichia coli [3, 31], and

Erwinia carotovora [25]. However, the precise contribution(s) of the Secretion Sys-

tems to the virulence process remains to be elucidated. Very recent findings reveal

that some T6SS s are used to target other bacteria, efficiently killing or inhibiting

competitors, reported for T6SS s of P. aeruginosa (HSI-1 ) [37], B. thailandensis

(T6SS-1 ) [61], and V. cholerae [47].

There are eight different secretion systems have been recognised, see Figure(1.1)

[18].We could divide the secretion systems into four main groups such that the

first group includes T1SS,T3SS, T4SS and T6SS. While T2SS and T5SS can be

together in one group. However, The last tow groups have only one secretion

system in each one which they are T7SS in a group and T8SS in a different one.

Type I secretion system (T1SS), type III secretion system (T3SS), type IV secretion

system (T4SS), and type VI secretion system (T6SS) secretion pathways use a

single energy-coupled step to transport proteins across both the inner and outer

membranes [14,23,36,39,48,54,66,74].

While the double membrane-spanning type II secretion system (T2SS) and the
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outer membrane-spanning type V secretion system (T5SS) are using the Sec or

Tat machinery to transport substrates into the periplasm [15,22,28,29,40,46,73].

Type VII secretion system (T7SS) is restricted to Gram-positive bacteria [1, 2].

The type VIII secretion system (T8SS) refers to the curli biogenesis pathway [8].

Both of T7SS and T8SS will not be discussed here.

Figure 1.1: Schematic overview of the different secretion systems of Gram-negative
pathogens [18].

1.1.3 Type VI secretion system (T6SS)

T6SS is molecular nano-weapon that fires toxic proteins from the interior of bac-

terial cell across the cellular envelope into an adjacent target cell [7, 24, 36]. It

was discovered, in 2006, as a new secretion system in Pseudomonas aeruginosa

and Vibrio cholerae [50,55] where it was linked to pathogenicity. This T6SS aims

competitor bacteria by injecting toxic proteins using needle as puncturing device,
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and resulting in growth inhibition or cell death [5, 45, 54]. According to current

models [24, 33, 36], the antibacterial T6SS is built using fourteen core compo-

nents that form several sub-assemblies and can inject multiple distinct antibacte-

rial toxins into target cells, causing efficient killing of competitor bacteria. These

toxic effectors include peptidoglycan, hydrolases, phospholipases, and nucleases,

which attack the cell wall, membrane, and nucleic acid, respectively, of target

cells [7, 24,33,36,54,58].

Figure 1.2: Model for S. marcescens nano-weapon assembly and attack. A: The struc-
ture of nano-weapon machine assembly through the different stages. B: The random
attack from S. marcescens towards competitors. C: Schematic model of the overall struc-
ture of the T6SS with the components in this study highlighted by red. The needle works
as a puncturing device and secreting effector proteins into the target cell. Cytoplasm
(cyto), periplasm (peri), inner membrane (IM) and outer membrane (OM), see [33] for
details.
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1.1.4 Bacterial attacking strategies

There are many bacterial attacking strategies such as ‘Tit-for-tat’, ‘Cell-to-Cell’,

‘Random Firing’ and ‘Self-destruction’ [10, 16, 33, 65]. However, bacterial attack-

ing strategies can be classified into two types based on their mechanistic basis:

(i) direct contact strategy, and (ii) indirect contact strategy. Direct contact (or

contact-dependent) strategy works if it necessitates physical contact between indi-

viduals from the two populations such as Cell-to-Cell strategy, and indirect contact

(or non-contact-dependent) strategy works if physical contact is not required as

part of the interaction such as random firing strategy [16, 30, 33]. In this study,

we will focus on the bacterial interactions using Random Firing and Cell-to-Cell

strategies.

Cell-to-Cell contact strategy. Cell-to-Cell contact strategy is contact-dependent

attacking strategy such that bacterial population depends on the contacting to in-

ject toxic effector proteins into self and/or other bacterial cells [16].

Random firing strategy. Random firing strategy is offensive non-contact-dependent

attacking strategy which experimental data observed that some opportunistic

pathogen such as Serratia marcescens that have nano-weapons and using random

firing strategy to attack another bacterial population causing killing of competitor

bacteria [33].

Mixed random firing and cell-to-cell contact strategy. Some laboratory

experiments show that bacteria use a cell-to-cell contact strategy to attack and kill

competitor bacteria. In addition, in different laboratory experiments, these same

bacteria use a random firing strategy to attack and kill competitor bacteria [16,33].
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Although, to the best of our knowledge, there is no experimental evidence that a

bacterium can use random firing and cell-to-cell contact strategies simultaneously

to attack a competitor bacteria, we will investigate this case theoretically.

1.2 Mathematical background

Mathematical models improve our understanding of bacterial evolution by allowing

us to formulate hypotheses about the biological mechanisms behind interactions

between bacterial cells in one population and between bacterial cells in another

population. This project will focus on ODEs models. However, we will provide

an overview of mathematical models that includes ODEs and types of interaction

models between Species.

1.2.1 Types of interaction models between Species

For system modelling biological phenomena, typical interaction between two species

or more can be classified into three types which are predator–prey, competition

and mutualism or symbiosis. When one population’s growth rate reduces while

the other increases, the populations are in a predator–prey situation. Competition

occurs when the growth rate of each population is reduced. Mutualism or sym-

biosis occurs when the growth rate of each population is increased. If N1 and N2

are population densities, a generic two-species system would be have the following

form:
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dN1

dt
= f (N1, N2) ,

dN2

dt
= g (N1, N2) .

The functions f (N1, N2) and g (N1, N2) could be had many forms and one simple

model for competition of two species is given by the following equations:

dN1

dt
= aN1 + bN1N2,

dN2

dt
= cN2 + dN1N2,

(1.1)

where a, b, c and d are constants. The parameters a and c represent the growth

rates for the population of N1 and N2 respectively. The parameters b and d rep-

resent the interaction rates between the population of N1 and N2 [26].

To determine the type of interaction between species in system (1.1), we examine

the signs in mixed (N1N2) terms where N1 � 0 and N2 � 0 . So, there are three

models as the following:

1) Competition model [26,52]: when b < 0 and d < 0, then both terms (bN1N2)

and (dN1N2) in system (1.1) have negative sign, which means that the presence of

one species has a negative impact on the presence of another.

2) Symbiosis model [52]: when b > 0 and d > 0, then both terms (bN1N2) and

(dN1N2) in system (1.1) have positive sign, which means that the presence of one

species benefits the other species.

3) Predator-Prey model [26,52]: when b > 0 and d < 0, then the terms (bN1N2)

and (dN1N2) in system (1.1) have different sign of each other, which means that

only one species is attacking another one.
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In this thesis, we will focus on models when one species attacks and kills another

species using different attacking strategies.

1.2.2 Mathematical models

McNally, L. et al. [49], identified a type of self-organization that occurs in densely

packed bacterial populations. They demonstrated how killing adjacent competi-

tors via the Type VI secretion system (T6SS) precipitates phase separation via

a universality class of order-disorder transition mediated by killing using mathe-

matical modelling and experiments with Vibrio cholerae. The phase transitions

between the different phases of block copolymers are referred to as order-disorder

transitions. Block copolymers are macromolecules made up of chemically distinct

sub-chains or blocks that can form one disordered (homogeneous) phase as well as

many ordered phases with nanodomain structures. The order-disorder transitions

are the phase transitions from one of the ordered phases to the disordered phase.

They demonstrate mathematically that T6SS -mediated killing should favour the

evolution of public goods cooperation and empirically support this prediction using

a phylogenetic comparative analysis. Their work exemplifies the T6SS ’s dual role

in dealing death to local competitors while simultaneously creating conditions that

may favour the evolution of cooperation with kin.

Moreover, McNally, L. et al. [49], developed three modelling frameworks: discrete

model based on their experimental data, non-spatial temporal model and spatial

temporal model.

ODEs model for well-mixed environment. McNally, L. et al. [49], examined
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the interaction of two strains with different T6SS effector-immunity pairs, so that

each strain can kill the other strain when they come into contact with cell–cell

contact. They assumed that both strains differ only in their T6SS s, having the

same basal growth rate r and density dependent mortality rate s and the ODEs

model for change in density of strains A and B as the following:

dA

dt
= A (r � s(A+B)� ↵ABB) ,

dB

dt
= B (r � s(A+B)� ↵BAA) ,

(1.2)

such that strain A kills strain B at rate ↵BA and strain B kills strain A at rate ↵AB.

They concluded that in a well-mixed environment killing by T6SS will always lead

to one strain coming to dominate the environment, with the critical ratio of strains

A to B at which A eventually dominates decided by its relative rate of killing (A

dominates if A/B > ↵AB/↵BA) and vice versa for domination by strain B.

McNally, L. et al. [49], extend them well-mixed model (1.2) by adding public good

to consider the effects of T6SS-mediated phase separation on the evolution of

cooperation such that strain A produces a diffusable public good secretion at rate

⇢, while strain B does not invest in its production. They assume that strain A pays

a growth rate cost c for production of the secretion. They also assume that the

secretion increases each strains growth rate by amount b per unit concentration

S by increasing nutrient availability. From these assumptions, They write the

dynamics of the two strains and the secretion concentration as the following:

dA

dt
= A (r � c+ bS � s(A+B)� ↵ABB) ,

dB

dt
= B (r + bS � s(A+B)� ↵BAA) ,

dS

dt
= ⇢A� �S,

(1.3)
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where � is the decay rate of the secretion and all other variables are as previously

defined.

Moreover, McNally, L. et al. [49] numerically explore the temporal mathematical

system (1.3) in the presence (↵AB > 0,↵BA > 0) and absence (↵AB = 0,↵BA = 0)

of killing as we will describe in the following models.

For the temporal (non-spatial) model in the presence of killing, the authors of [49]

assumed that the dynamics of the public good occur on a much faster time-scale

than the ecological dynamics in order to obtain analytical insight into them model.

So, they treat the public good as being at equilibrium for any given ecological state

of the model which this gives the following:

S =
⇢A

�
. (1.4)

Then, they substituted (1.4) into the system (1.3) and setting ↵AB = 0 and ↵BA =

0 to obtain the following dynamics system:

dA

dt
= A

✓
r � c+

⇢bA

�
� s(A+B)

◆
,

dB

dt
= B

✓
r +

⇢bA

�
� s(A+B)

◆
.

(1.5)

Hence, they assumed throughout that s > ⇢b/�, such that in the absence of

cheaters a population of cooperators has a finite stable equilibrium. By solving

the system (1.5) for the equilibrium, they have that the only stable equilibrium is

B = r/s so long as c > 0. This means that, as long as there is a cost of cooperation,

cheaters will always outcompete cooperators in a temporal environment in the

absence of killing.
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For the temporal (non-spatial) model with killing, McNally, L. et al. [49] again

assumed that the public goods play out on a much faster time-scale than the

ecological dynamics but they are setting ↵AB = ↵BA = ↵ (that is, they assumed

symmetric killing). Then, the dynamics of the two strains as the following:

dA

dt
= A

✓
r � c+

⇢bA

�
� s(A+B)� ↵B

◆
,

dB

dt
= B

✓
r +

⇢bA

�
� s(A+B)� ↵A

◆
.

(1.6)

For this system, they conclude that there are two single strain equilibria, one

for a pure population of cooperators at (A,B) =
⇣

�(r�c)
�s�⇢b , 0

⌘
and one for a pure

population of cheaters at (A,B) =
�
0, rs
�
. The cooperator equilibrium is stable so

long as ↵ > c(�s � ⇢b)/(�r � �c), while the cheater equilibrium is always stable.

Moreover, they found out that there is a an unstable saddle point at:

A =
�(↵r + cs)

↵(↵�+ 2�s� ⇢b)
,

B =
↵�r + ⇢bc� c(↵ + s)

↵(↵�+ 2�s� ⇢b)
,

1 (1.7)

which exists whenever ↵ > c(�s�⇢b)/(�r��c). This means that in the presence of

killing cooperation can potentially still be a stable outcome. However, the location

of the saddle point given is always at a higher value of A than of B (that is, A is

always larger than B in equations (1.7) whenever c > 0), meaning that the basin of

attraction for strain A is smaller than that for strain B. Thus, though killing can

help protect cooperation from cheaters in a temporal (non-spatial) environment,

they are still disfavoured compared with cheaters.

In conclusion, McNally, L. et al. [49], studied the interaction of two bacterial popu-

lations, each of which can build nano-weapons and attack the other. McNally, L. et
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al. [49], conducted laboratory experiments with mathematical analysis. However,

in this project, we will investigate the interaction of two bacterial populations, one

of which is capable of producing nano-weapons and attacking the other using dif-

ferent attacking strategies, in order to determine which strategy is more effective

at killing the targeted bacteria.

1.3 Thesis Outline

In this thesis, we aim to formulate, develop and investigate (analytically and nu-

merically) new mathematical models for bacterial interactions, resulting from hav-

ing antibacterial nano-weapons and using them in different attacking strategies. In

particular, we aim to obtain a better understanding on the production of antibac-

terial nano-weapon and its overall effect on the bacterial population dynamics.

We also aim to investigate the role of using the nano-weapons in different attack-

ing strategies (with bacterial recognition and immunity effects) when a bacterial

population with nano-weapons is attacking another population that do not have

nano-weapons. Moreover, we aim to determine which attacking strategy is more

efficient of killing the competitor bacteria.

To achieve these goals, we will take the following steps:

• In Chapter 2, we review key experimental data in the literature regarding

production of the antibacterial nano-weapons. Then, we use these data to

formulate an ODE model consists of four-equation system with four variables

and seven parameters. All parameters can be determined except two of

them (we call them free parameters). The sensitivity of the production is
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investigated subject to the change of the free parameters. Finally, we reduce

the four-equation system to obtain a system of two-equation which is the

basis for our study in the following chapters.

• In Chapter 3, we study two important possible attacking strategies that can

be used in the bacterial interactions, in order to determine which one is

more efficient of killing. These strategies are Random Firing and Cell-to-

Cell contact. We start by formulating and investigating two ODE models:

(i) a model for interactions between two bacterial populations using nano-

weapons with Random firing (RF) strategy, and (ii) a model for interactions

between the two populations using nano-weapons with Cell-to-Cell contact

(CC) strategy. In model (i), after the non-dimensionalisation and reduction

of the system, we obtain the solution for the reduced system analytically

and use relaxation time to evaluate the time of killing (tk) for the target

population. In model (ii), after the non-dimensionalisation and reduction

of the system, we obtain the solution for the reduced system numerically

and use relaxation time to evaluate the time of killing (tk) for the target

population under two scenarios; simple case and fully primed.In addition,

we compare the efficiency of killing between these strategies by varying the

common factors in related reduced systems. Also, we develop a new class

of ODE models to investigate the interactions between the two bacterial

populations with mixed strategy which combines the two strategies in the

previous chapter. We examine the effects of mixed strategies on the time of

killing using a parameter 0  u  1, which is described as a strategy rate.

• In Chapter 4, we develop the ODE models from the previous chapter to

include recognition and immunity for attacking population. We study the

bacterial interactions with the two strategies in four cases; (i) with full recog-
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nition and total immunity, (ii) with full recognition and zero immunity, (iii)

with zero recognition and total immunity, and (iv) with zero recognition and

zero immunity. We compare between Random Firing and Cell-to-Cell strate-

gies in each case based on the time of killing to determine which strategy is

more efficient of killing the target population.
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Chapter 2

Antibacterial nano-weapon

production

2.1 Introduction

There are some of Gram-negative bacteria that have the ability to build different

types of secretion systems as a defensive mechanism [24, 42]. One of these mech-

anisms is Type VI Secretion System (T6SS ) which is recognized as a widespread

and powerful machinery used by a variety of Gram-negative bacterial pathogens

and symbionts [24, 33]. According to researches [36, 75], the (T6SS ) is built using

fourteen components that form several sub-assemblies. These studies have shed

the light on crucial parts of the (T6SS )’s organisation and mechanism, although

the picture is far from complete.

Relevant experimental data observed three core proteins providing important in-
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sight into the assembly and function of the (T6SS ) machinery at the single-cell

level [33]. Figure 2.1 shows electron cryotomographic imaging of (T6SS ) struc-

tures inside intact cells where the measurement of cell in micrometers and (T6SS )

machinery in nanometre, so we called it as nano-weapon. These machinery com-

ponents are the sheath protein TssB, the sheath depolymerase TssH and the inner

membrane protein TssL which we denote them as B, H and L respectively. More-

over, the assembly process of these components take place at subset of sites defined

by the membrane complex of cell and passing through multi-stage starting with

empty sites in membrane complex of a cell.

Figure 2.1: Electron cryotomographic imaging of (T6SS ) structures inside intact cells.
Shown are different tomographic slices of an extended and a contracted structures imaged
in two different cells where inner membrane (IM), outer membrane (OM), flagellum (F),
putative ribosome (R) and polyphosphate storage granule (SG). Scale bar is 100 nm
applies to both images, for more details see [7].

The period of nano-weapon formation takes about 1 to 2 minutes and then the

sheath may remain in this stage for up to some minutes until a rapid contraction

event in less than 5 milliseconds, see for more details [7, 33]. There is a waiting
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period for attacking bacteria to hold the nano-weapon before launching a quick

attack. The effect of including wait time can be included in build time rather than

firing time because processing nano-weapons is reversible and the probability of

losing the completed nano-weapon depends on the value of parameter k6. However,

by adding the wait period to the fire time that means the fire rate will be reduced.

Moreover, according to the study [33], the average number of H proteins with B

ones per cell were (0.52 : 1) which means there were 2-fold fewer H proteins per

cell than B proteins. In contrast, the average number of L proteins with B ones

per cell were (2.7 : 1) which means there were almost 3-fold more L proteins than

B proteins. In addition, the study shows that the average number of B foci is

0.35. These average numbers of proteins that experimentally observed would help

us in the comparison between stage transitions at the subsequent sections.

In this chapter, we are interested in the production process of antibacterial nano-

weapon and forming a mathematical model by using the experimental data in [33]

that describing the process of building and firing the nano-weapon. Also, we are

going to examine the model parameters and their effects on the transition process

of production to get better understanding.

2.2 Derivation of nano-weapon production

To describe the process of nano-weapon production, we assume that the location in

membrane complex of bacterial cell where nano-weapon is building is called sites, as

shown in Figure 2.2, 2.3. Experimental data [33], observed that the nano-weapon

(T6SS ) may build in more than one site in a cell but we will assume that each
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cell has only one site which represent the location of building nano-weapon. We

suppose that each bacterial cell has the ability to build nano-weapon constantly.

Also, the process of nano-weapon production is going through multi-stage in the

site of cell which depending on the association of proteins L, B and H, see Figure

2.2. The first stage occur when protein L is formed as illustrated in Figure2.2. In

the second stage, protein B is formed and associated with protein L. In the final

stage, protein H is formed and associated with proteins L and B such that at this

stage the assembly process of nano-weapon is completed and ready to fire.

Cell IM

OM

L L L

B B

H

Empty 

OM

IM

1st  Stage Final Stage2nd  Stage

Figure 2.2: Schematic structure of bacterial cell with a subset of potential sites defined
by the membrane complex which used as a location to build nano-weapon in at different
stages. The first stage occur when protein L is formed. In the second stage, protein
B is formed and associated with protein L. In the final stage, protein H is formed and
associated with proteins L and B such that at this stage the assembly process of nano-
weapon is completed and ready to fire.

The process of assembly of nano-weapon production is moving forward from one

stage to the next one and could be disassembly then its moving backward which

can be explained biologically either by losing the protein that exist in stage or by

firing the nano-weapon stage then starting the process of the production from the

beginning at first stage.
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Figure 2.3: Schematic structure describing the formation of nano-weapon within sites of
bacterial cell. S0, S1, S2 and S3 are sites at different stages of building the nano-weapon:
S0 represent sites that are empty i.e. no protein is formed yet, S1 represent sites at the
first stage where protein L is formed, S2 represent site at the third stage where protein
B is formed and associated with protein L, and S3 represent site at the final stage where
protein H is formed and associated with protein LB. The parameters ki, i = {1, ..., 7}
represent the transition rates from one stage to another as illustrated.

Next, we define notations for sites distinguished by stages, as illustrated in Figure

2.3 as follows:

• S0 represent sites that are empty i.e. no protein is formed yet.

• S1 represent sites at the first stage where protein L is formed.

• S2 represent sites at the second stage where protein B is formed and associ-

ated with protein L.

• S3 represent sites at the final stage where protein H is formed and associated

with protein LB.

• ki, i = {1, ..., 7} represent the transition rates from one stage to another.
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2.3 Mathematical model for nano-weapon produc-

tion

To describe a general model for nano-weapon production, we consider four variables

which are S0, S1, S2 and S3. From the previous section, let S0(t) be the number

of sites with no protein. Let the variables S1(t), S2(t) and S3(t) represent the

number of sites with L, LB and LBH proteins respectively. These number of

sites are changing with respect to time t. Also, the model has seven unknown

parameters ki such that i = {1, ..., 7} which they represent the transition rates

of the sites, include forward and backward transition rates, from one stage to the

next following one except k7 which represents the transition rate of the sites from

final stage (which have a site with full nano-weapon and ready to fire) to first stage

(that have an empty site) as shown as in Figure (2.3). We use a linear system of

ODEs to model the biological processing as the following:

dS0 (t)

dt
= �k1S0 + k2S1 (t) + k7S3 (t) , (2.1a)

dS1 (t)

dt
= k1S0 � (k2 + k3)S1 (t) + k4S2 (t) , (2.1b)

dS2 (t)

dt
= k3S1 (t)� (k4 + k5)S2 (t) + k6S3 (t) , (2.1c)

dS3 (t)

dt
= k5S2 (t)� (k6 + k7)S3 (t) . (2.1d)

The following assumptions are incorporated in equations (2.1):

• Equation (2.1a) describes the rate of change for S0, (sites with no protein),

in respect of time t. The number of sites S0 is decreasing by the assembly

of L protein with rate of k1 and increasing by the disassembly of L protein
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in sites S1with rate of k2, (sites with protein L only), also increasing by the

number of sites S3 (that have a completed nano-weapon) and fire them with

rate of k7.

• Equation (2.1b) describes the rate of change for S1, (sites with protein L

only), in respect of time t. The number of sites S1 is increasing by all the

empty sites that occupied by L protein with rate of k1 and increasing by

all the sites S2, (sites with proteins L and B), that losing protein B to go

backward to previous stage with rate of k4. However, the number of sites S1

is decreasing when losing protein L from the site at rate of k2 or by forming

protein B that associated with L at rate of k3.

• Equation (2.1c) describes the rate of change for S2, (sites with proteins L

and B), in respect of time t. The number of sites S2 is increasing by all

sites with protein L only that associated with protein B at rate of k3 and

increasing by all the sites S3, (sites with proteins L, B and H), that losing

protein H to go backward to previous stage with rate of k6. However, the

number of sites S2 is decreasing when losing protein B from the site at rate

of k4 or by forming protein H that associated with proteins L and B at rate

of k5.

• Equation (2.1d) describes the rate of change for S3, (sites with proteins L, B

and L), in respect of time t. The number of sites S3 is increasing by all sites

with protein L and B that associated with protein H at rate of k5. However,

the number of sites S3 is decreasing by losing only protein H from the site

at rate of k6 or by losing all proteins L, B and H when firing the completed

nano-weapon at rate of k7.
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From the system (2.1), we have that d
dt (S0 + S1 + S2 + S3) = 0 then by integrating

both sides of this equation we have the following:

S0 + S1 + S2 + S3 = ST , (2.2)

where ST is a constant which represents the total number of all potential sites for

nano-weapon production in bacterial population. However, according to experi-

mental data [33], the building rate of nano-weapon is much greater than firing rate

which provides us with two important points as following:

• There is a lot of empty sites which means

S0 � S1 + S2 + S3. (2.3)

• As soon as proteins L, B and H are formed and associated together in one

site, then the nano-weapon is fired.

Equations (2.2) and (2.3) are useful to get parameter estimation and to simplify

the full system (2.1). Now, we are interested in knowing the value of parameters

in the model (2.1) which we are going to study it in greater detail in the next

section.

2.4 Parameter estimation

To find the value of the parameters ki where i = {1, ..., 7}, it is easier to simplify

the full system (2.1) then get parameter estimation. By using the expressions (2.2)
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and (2.3), we have the following:

S0 = ST � (S1 + S2 + S3) =) S0 ⇡ ST , (2.4)

because of S0 � S1 + S2 + S3 =) S1 + S2 + S3 ⇡ 0.

Therefore, the rate of change for S0 seems like that it does not change with respect

to the time and it could be considered as such as dS0(t)
dt = 0. Then, the system

(2.1) can be reduced to becomes as three equations system as the following:

dS1 (t)

dt
= k1ST � (k2 + k3)S1 (t) + k4S2 (t) ,

dS2 (t)

dt
= k3S1 (t)� (k4 + k5)S2 (t) + k6S3 (t) ,

dS3 (t)

dt
= k5S2 (t)� (k6 + k7)S3 (t) ,

(2.5)

where ST is total number of potential sites for nano-weapon production and ki,

i = {1, ..., 7} are constants. This simplified system can easily determine the value

of parameters ki based on the experimental data.

2.4.1 Analysis of the reduced system (2.5)

In the previous section, we reduced the full system to be a system of only three

equations. Now, we first study the long term behaviour of system (2.5), when the

system is at steady state, that denoted by (S⇤
1 , S

⇤
2 , S

⇤
3), of the system of equations

(2.5) which they are defined by the solutions of following equations:
dS1(t)
dt = dS2(t)

dt = dS3(t)
dt = 0 , and solve them with respect to S

⇤
1 , S⇤

2 and S
⇤
3 , then
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we have:

S
⇤
1 =

(k4k6 + k4k7 + k5k7) k1ST

k2k4k6 + k2k4k7 + k2k5k7 + k3k5k7
,

S
⇤
2 =

(k3k6 + k3k7) k1ST

k2k4k6 + k2k4k7 + k2k5k7 + k3k5k7
,

S
⇤
3 =

k1k3k5ST

k2k4k6 + k2k4k7 + k2k5k7 + k3k5k7
,

(2.6)

where S
⇤
1, S⇤

2 and S
⇤
3 are number of sites with proteins L, LB and LBH respec-

tively. Also, ST is total number of all potential sites for nano-weapon production

and ki, i = {1, ..., 7} are positive constants.

Now, we assume that Nc is the total number of cells in the attacking population.

Then, we could calculate the average of proteins L, B and H as the following:

Average of L in population =
Total number of sites with L

Number of cells in popu.
,

Average of B in population =
Total number of sites with B

Number of cells in pop.
,

Average of H in population =
Total number of sites with H

Number of cells in pop.
.

(2.7)

Then, by using (2.6) with (2.7), we have:

Average of L in popu. =
(S⇤

1 + S
⇤
2 + S

⇤
3)

Nc
,

Average of B in popu. =
(S⇤

2 + S
⇤
3)

Nc
,

Average of H in popu. =
(S⇤

3)

Nc
.

(2.8)

Moreover, from experimental data [33] that mentioned earlier, the average of to-

tal number of protein H with protein B were (0.52 : 1) and the average of total
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number of protein L with protein B were (2.7 : 1). Also, the experimental data

observed that the value of 0.35 represents the average number of protein B. These

averages of total number of proteins would help us to get an estimation for the

parameters in model (2.1). We have used the equations (2.6) and (2.8) with the

results from experimental data, such as average of total number of H to B and L

to B were (1 : 2) and (5 : 2) respectively, to get parameters estimation. Also, as a

valuable data, we used the average of total number of B foci is 0.35, for more details

see [33]. The firing rate is
�
k7 =

m
60

�
where m is the number of fire per unit of time.

The half-life time of B foci is two minutes which means
⇣
3k3 =

ln(2)
2 = k4 + k7

⌘
.

Hence,
⇣
k3 =

ln(2)
6

⌘
and

⇣
k4 =

ln(2)
2 � m

60

⌘
. Also, from k4 > 0, we could com-

pute the range of m to be 1  m  20. Moreover,
�
k5 = k6 + k7 = k6 +

m
60

�
and

⇣
k1 =

0.35(k2k4+k2k7+k3k7)Nc

2k3ST

⌘
.

Parameters Description Values

m Number of firing per unit of time. 1  m  20

k1 Transition rate from S0 to S1
0.35(k2k4+k2k7+k3k7)Nc

2k3ST

k2 Transition rate from S1 to S0 Free positive parameter

k3 Transition rate from S1 to S2
ln(2)
6

k4 Transition rate from S2 to S1

�
ln2
2 � m

60

�

k5 Transition rate from S2 to S3 k6 +
m
60

k6 Transition rate from S3 to S2 Free positive parameter

k7 Firing rate m
60

Table 2.1: Table of parameters and their estimated values in model (2.1).

We have calculated the value of the parameters in model (2.1) to be knowing with

only two free parameters which they are k2 and k6. The value of parameters k2 � 0
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and k6 � 0 which mean they can be zero or greater than zero. The simplification

of setting k2 and k6 to zero make the production process of nano-weapon seems to

be irreversible and the sites S1 and S2 look like they turn to be one site instead of

two. However, by setting k2 > 0 and k6 > 0, this make site S1 and S2 are separate,

and the production process of nano-weapon is reversible.

Figure 2.4: Comparing the average number of all the proteins foci for vary values
of the free parameters k2 and k6 for the system (2.5) by using ode45 solver in
Matlab. The average number of L, B and H foci in equations (2.8) are plotted for
vary values of the free parameters k2 and k6. The parameters value were m = 2,
Nc = 100 and IC = [S1, S2, S3] = [0, 0, 0].

Now, we would examine the parameters sensitivity on average sites of transition

model by changing the value of both free parameters k2 and k6 and study their

effects on the model of nano-weapon production by using ode45 solver in Matlab,

28



see Figure (2.4).

Figure 2.5: Parameters sensitivity on average sites of transition model(2.1). Comparing
the average number of L,B and H foci in population for vary values of the free parameters
k2 and k6 for the system (2.1). The parameters value are m = 2, Nc = 100 and IC =
[S0, S1, S2, S3] = [69, 0, 0, 0].

Figure (2.5), shows that the average number of proteins L, B and H in population

for the system (2.1) did not change for vary value of k2 and k6 which means that

the system of nano-weapon production is not sensitive for changing the value of the

free parameters k2 and k6. Moreover, by comparing Figures (2.5) with (2.4), we

can see that the full system (2.1) of nano-weapon production is providing overall

as same as the reduced system (2.5) regarding the average number of proteins L,

B and H.
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Now, to study the behaviour of the system (2.5), it is easier to simplify further

from system of three equations to be a system of two equations. Moreover, instead

of relying solely on numerical solutions for the more complex system, the inclusion

of a system of two equations enables certain analytical answers. Also, this might

be used to derive some of the behaviours from the underlying mathematics more

clearly. To do this, we suppose that dS1(t)
dt ⇡ 0 and dS2(t)

dt ⇡ 0 in the full system

(2.1) by using quasi-steady-state approximation, which means the transition in

both sites S1 and S2 are very fast such that rate of change for them are seem to

be almost zero with respect to time, then we have:

S1 =
k1

k2 + k3
S0 +

k4

k2 + k3
S2. (2.9)

S2 =
k3

k4 + k5
S1 +

k6

k4 + k5
S3. (2.10)

Now, we substitute equation (2.10) in equation (2.9) and solve it with respect to

S0 and S3, as shown as in the following:

S1 =
k1

k2+k3
S0 +

k4
k2+k3

S2.

S1 =
⇣

k1
k2+k3

⌘
S0 +

⇣
k4

k2+k3

⌘ h⇣
k3

k4+k5

⌘
S1 +

⇣
k6

k4+k5

⌘
S3

i
.

S1 =
k1

k2+k3
S0 +

k4k3
(k2+k3)(k4+k5)

S1 +
k4k6

(k2+k3)(k4+k5)
S3.⇣

1� k3k4
(k2+k3)(k4+k5)

⌘
S1 =

⇣
k1

k2+k3

⌘
S0 +

⇣
k4k6

(k2+k3)(k4+k5)

⌘
S3.

k2k4+k2k5+k3k5
(k2+k3)(k4+k5)

S1 =
k1

k2+k3
S0 + k4k6

(k2+k3)(k4+k5)
S3.

S1 =
k1(k4+k5)

k2k4+kk2+k3k5
S0 +

k4k6
k2k4+k2k5+kk5

S3.

Now, we solve and simplify equation (2.10) with respect to S0 and S3 as the

following:
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S2 =
⇣

k3
k4+k5

⌘ h
k1(k4+k5)

(k2k4+k2k5+k3k5)
S0 +

⇣
k4k6

k2k4+k2k5+k3k5

⌘
S3

i
+
⇣

k6
k4+k5

⌘
S3.

S2 =
k1k3

k2k4+k2k5+k3k5
S0 +

k3k4k6
(k4+k5)(k2k4+k2k5+k3k5)

S3 +
k6

k4+k5
S3.

S2 =
k1k3

k2k4+k2k5+k3k5
S0 +

k3k4k6+k6(k2k4+k2k5+k3k5)
(k4+k5)(k2k4+k2k5+k3k5)

S3.

S2 =
k1k3

k2k4+k2k5+k3k5
S0 +

(k2+k3)k6
k2k4+k2k5+k3k5

S3.

Then, variables S1 and S2 are in simple form and both are solved with respect to

S0 and S3 as following:

S1 =
k1 (k4 + k5)

k2k4 + kk2 + k3k5
S0 +

k4k6

k2k4 + k2k5 + kk5
S3,

S2 =
k1k3

k2k4 + k2k5 + k3k5
S0 +

(k2 + k3) k6
k2k4 + k2k5 + k3k5

S3.

(2.11)

From the earlier assumption that dS1(t)
dt ⇡ 0 and dS2(t)

dt ⇡ 0, we have got equations

in (2.11). Hence, the full system of nano-weapon production (2.1) will be reduced

to the following equations:

dS0

dt
= �k1S0 + k2S1 + k7S3,

dS3

dt
= k5S2 � (k6 + k7)S3.

(2.12)

By substituting the equations (2.11) into the system (2.12), for dS0
dt , we get the

following:

dS0

dt
=

�k1 (k2k4 + k2k5 + k3k5) + k1k2 (k4 + k5)

k2k4 + k2k5 + k3k5
S0 +

k2k4k6 + k7 (k2k4 + k2k5 + k3k5)

k2k4 + k2k5 + k3k5
S3.

dS0

dt
=

�k1k3k5

k2k4 + k2k5 + k3k5
S0 +

k2k4k6 + k7 (k2k4 + k2k5 + k3k5)

k2k4 + k2k5 + k3k5
S3.
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Also, we will do the same for dS3
dt to have:

dS3

dt
= k5

✓
k1k3

k2k4 + k2k5 + k3k5
S0 +

k3k4k6 + k6k2k4 + k2k5 + k3k5

(k4 + k5) k2k4 + k2k5 + k3k5
S3

◆
� (k6 + k7)S3.

dS3

dt
=

k1k3ks

k2k4 + k2k5 + k3k5
S0 +

k5k6 (k2 + k3)� (k6 + k7) (k2k4 + k2k5 + k3k5)

k2k4 + k2k5 + k3k5
S3.

dS3

dt
=

k1k3k5

k2k4 + k2k5 + k3k5
S0 �

k2k4k6 + k7 (k2k4 + k2k5 + k3k5)

k2k4 + k2k5 + k3k5
S3.

Now, the reduced system (2.12) is in simple form as following:

dS0

dt
=

�k1k3k5

k2k4 + k2k5 + k3k5
S0 +

k2k4k6 + k7 (k2k4 + k2k5 + k3k5)

k2k4 + k2k5 + k3k5
S3,

dS3

dt
=

k1k3k5

k2k4 + k2k5 + k3k5
S0 �

k2k4k6 + k7 (k2k4 + k2k5 + k3k5)

k2k4 + k2k5 + k3k5
S3.

(2.13)

Let N = S0, W = S3, b = k1k3k5
k2k4+k2k5+k3k5

and f = k2k4k6+k7(k2k4+k2k5+k3k5)
k2k4+k2k5+k3k5

. Then,

substitute them in (2.13) to get the following system:

dN

dt
= �bN + fW,

dW

dt
= bN � fW,

(2.14)

which represents a reduced model for nano-weapon production where N is density

of cells without nano-weapon, W is density of cells with nano-weapon, b is building

rate of the machinery and f is firing rate.
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2.4.2 Relative size of the overall building and firing rates

To study the relative size, we suppose that A = f
b then A

�1 = b
f , of the overall

building and firing rates for the reduced system (2.14), we have d(N+W )
dt = 0, then

N
⇤ +W

⇤ = C, where C is a constant and represent the total density of cells with

nano-weapon and without. Let C = 1, hence N
⇤ = 1 � W

⇤. Then, the steady

states of the system (2.14) are as the following:

W
⇤ =

b

f
N

⇤ ) W
⇤ =

b

f
(1�W

⇤) ,

W
⇤
✓
1 +

b

f

◆
=

b

f
) W

⇤ =

 
b
f

1 + b
f

!
=

✓
A

�1

1 + A�1

◆
,

and from N
⇤ = 1�W

⇤ = 1�
⇣

A�1

1+A�1

⌘
, we have:

N
⇤ =

✓
1

1 + A�1

◆
.

Hence,

N
⇤

W ⇤ =
1

A�1
= A =

f

b
. (2.15)

We can plotting the equation (2.15) to display the relation between the relative

size of nano-weapon density and speed of nano-weapon see figure (2.6).
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Figure 2.6: The relative size of overall building rate compared to firing rate for equation
(2.15). The average of N

W is plotted against relative size A
�1 = b

f of overall production
and firing rates

The equation (2.15) shows that when the overall building rate is larger than the

firing rate then the number of cells with completed nano-weapon and ready to fire

are much bigger than the cells with no machinery. This means that the speed of

building the machinery is bigger than the firing and with the time most of the

attacking cells become having the nano-weapon compared with few cells that have

no one. However, when the overall building rate is smaller than the firing rate

then most of the attacking population have no machinery compared to few cells

that have ones. This result matches with the experimental data that shows that

the construction rate of building nano-weapon takes long time compared to the

rapid firing rate and the major of cells in the population has no weapon compared

to the cells that have ones.
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2.5 Conclusions

In this chapter, we studied the process of building a bacterial nano-weapon. Then,

we formulated a mathematical model that describes nano-weapon production. Fur-

thermore, we used the experimental data [33] to get parameter estimation for model

(2.1) of nano-weapon production. Also, we studied the parameters sensitivity and

reducing the model (2.1) of nano-weapon production from system of four equations

to become a system of only two equations as shown in model (2.14). Moreover,

we study the relative size of overall building rate and firing for the reduced system

(2.14).

A full 4-equation model (2.1) has been formulated in Section 2.3 to describe an-

tibacterial nano-weapon production. This production is going through multi-stage

process in potential sites of bacterial cells. For this model, we identified four dif-

ferent stages of sites for building nano-weapon which depending on the available

proteins L, B and H inside the site. S0, S1, S2 and S3 are the number of empty

sites, the number of sites with protein L only, the number of sites with proteins

LB and the number of sites with proteins LBH respectively. Also, by using exper-

imental data [33], we studied the model parameters to find an estimation for each

one of the parameters except two of them that k2 and k6 which are free parameters,

see Table (2.1).

We investigated numerically the parameters sensitivity and their effect on the

model of nano-weapon production by varying the free parameters k2 and k6, see

Figures 2.4 and 2.5. We observed that the average number of proteins L, B and H

in population for the system (2.1) did not change for vary value of k2 and k6 which

means that the system of nano-weapon production is not sensitive for changing
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the value of the free parameters k2 and k6.

Finally, we try to reduce the full model of machinery and get a simpler model

that easier to study and investigate the relative size of the overall building and

firing nano-weapon. We observed that when the overall building rate is larger

than the firing rate then the number of cells with completed nano-weapon and

are much bigger than the cells with no machinery yet which means that the speed

of building the machinery is bigger than the firing. However, when the overall

building rate is smaller than the firing rate then most of the attacking population

have no machinery compared to few cells that have ones. This result matches with

the experimental data that shows that the construction rate of building nano-

weapon takes long time compared to the rapid firing rate and the major of cells

in the population has no weapon compared to the cells that have ones

In conclusion, the system of nano-weapon production is not sensitive to variations

for the value of the free parameters k2 and k6. The reduced model (2.14), sum-

marise the nano-weapon production and split it into two main parts which are

building the machinery and firing it. Also, the result of mathematical equation

(2.15), the relative size of overall building and firing rates, match with the ex-

perimental data which the process of building the nano-weapon takes longer time

than firing it and most of the attacking cells have no nano-weapon compared to

few cells that have one, for more details see Figure (2.6).

When the random firing rate is used, nano-weapons are fired endlessly, which is

more aggressive than the most relevant bacterial attacking using nano-weapons

which is the contact firing, that is based on direct physical contact between the

bacterial population. Bacterial attacking using random firing rate kills the bacte-

rial population faster than using contact fire for high firing rate and high bacterial
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population density because of the high chance of killing the bacteria prior to con-

tact. Building a heavy bacterial nano-weapon, on the other hand, may require a

significant amount of time and nutrients. As a result, when the firing rate is low or

the bacterial population density is low, the bacterial attacking with contact firing

outperforms the attacking with random firing.

This chapter provides a simplified understanding about the process of building

the nano-weapon which we are going to use it with different strategies in the next

chapters.
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Chapter 3

Models for attack strategies using

nano-weapons

3.1 Introduction

In the previous chapter, we have studied a mathematical model that describing

the production of antibacterial nano-weapon in one population without consider-

ing a target population. In this Chapter, we are interested in investigating the

interaction of two bacterial populations such that one of them builds and uses

the nano-weapon to attack the other. For simplicity, we will call the population

which build and use the nano-weapon the “attacking population” while the peace-

ful population that have been attacked by the attacking population will be called

the “target population”. We plan to investigate and compare (for the first time -

to the best of our knowledge) different novel mathematical models that describe

distinct strategies of this interaction.
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There are several strategies that can be used for bacterial attacking as such as ran-

dom firing attack [33], cell-to-cell contact attack [6] self-attack [10] and diffusible

toxins [12]. In this Chapter, we are interested in investigating mainly two strate-

gies that most relevant to the use of nano-weapons, namely random firing strategy

(RF) and cell-to-cell contact strategy (CC). In addition, we compare between the

two strategies to get a better understanding and to determine which one is more

efficient of killing the target population. Then, we introduce a new model that

combine both strategies and we refer to it as mixed strategy (RF-CC).

The bacterial growth and the natural death in all models in this Chapter are

neglected due to the huge difference in the time scales between them and the

building of nano-weapon. Also, because of short time experiment such that the

total rate of building the nano-weapons and firing is much faster comparing with

the growth rate of the bacterial populations. That means the attacking bacterial

cells are able to build and fire the nano-weapons many times before the targeted

bacterial cells can divided and growth. The time scale of bacterial proliferation

varys from about 30 minutes to 24 hours or more [53, 59, 71]. On the other hand,

the time scale of building nano-weapon takes around 1 to 2 minutes and the time

scale of firing takes (<5 millisecond) [7, 33] which they are very short time scales

comparing with the time scale of bacterial proliferation.

The following models in this thesis are not classical predator-prey models because

the killed cells do not provide nutrition to the attacking cells. This study aims

to determine which attacking strategies are more effective at killing the target

population.

In Section 3.2, we introduce a new temporal mathematical model for bacterial in-

teraction in which the attacking population is using Random Firing (RF) strategy.
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In Section 3.3, we introduce another temporal mathematical model for bacterial

interaction in which the attacking population is using Cell-to-Cell contact (CC)

strategy. In Section 3.4, we compare the results of the previous two Sections in

the light of the time of killing. In Section 3.5, we introduce a third temporal

mathematical model for bacterial mixed RF-CC strategy to study the bacterial

interaction.

3.2 Random firing (RF) strategy model

We intrduce a new temporal mathematical model that discribes the interaction

between two bacterial populations in the light of RF stratigy. In addition, we

analyse our model with respect to the consumption time that the attacking pop-

ulation takes to eliminate the target population. Experimentally, Gerc et al [33]

studied the effects of RF strategy on bacteria and showed that the T6SS in Ser-

ratia marcescens acts aggressively and exhibiting random, non-contact-dependent

firing.

3.2.1 Derivation of the RF model

Consider that we have two bacterial populations, species-1 (or attacking cells)

and species-2 (or target cells). Attacking bacteria have two different type of cells.

First, the normal cell N , which makes no harm for other cells because it has no

nano-weapon. Second, the special cell W , which has the nano-weapon and has

the ability to firing and destroy adjacent target cells which denoted by P . Figure

(3.1) illustrates the general idea of the interaction between attacking and target
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population.

Each N cell able to build nano-weapon with building rate (b) to become W cell, as

we described in details in Chapter 2. W cell is randomly firing the nano-weapon

with firing rate (f) and after W cell trigger off the nano-weapon its return to

become N cell [33]. Each time W cell is randomly firing there is a chance to hit P

cell by the nano-weapon and kill it depends on the efficiency of killing rate (m1).

Otherwise, P cell may escapes of the attack and survive.

WN
b

f

P
m! f W

Figure 3.1: Schematic structure of the Random Firing (RF) interactions. N and W are
bacterial cells that represent the attacking population such that N is cell without nano-
weapon and W is cell with one. The other bacterial cells is target population density
and represented by P cell. The parameters are b is machinery building rate, f firing rate
and m1 is the killing efficiency rate.

By using the law of mass action, we can expressed the schematic structure of the

Random Firing in Figure 3.1 as a system of ordinary differential equations as we

will study in details in next section.
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3.2.2 Mathematical model for RF strategy

To describe a general model for random firing strategy interactions, we consider

three variables: the density of attacking cells with no nano-weapon (N), the density

of attacking cells with nano-weapon (W ) and the density of target bacterial cells

(P ). The time-evolution of these variables is given by the following equations:

dN (t)

dt
= �bN (t) + fW (t) , (3.1a)

dW (t)

dt
= bN (t)� fW (t) , (3.1b)

dP (t)

dt
= �m1fW (t)P (t) . (3.1c)

The following assumptions are incorporated in equations (3.1):

• Equation (3.1a) describes the rate of change of N cells. We assumed that N

cells decrease (at the rate b) when the nano-weapon has been built and thus

N cells change to become W cells. In addition, the N cells increase (at the

rate f) when W cells fire nano-weapon and then turn back to be N cells [33].

• Equation (3.1b) describes the rate of change of W cells. We assumed that W

cells become activated (at the rate b) in the presence of N cells. In addition,

the W cells decay (at the rate f) by firing the nano-weapon and then return

to become N cells that have no nano-weapon [33].

• Equation (3.1c) describes the rate of change of P cells. We assumed that

cells decay (at the rate m1f) when W cells are randomly firing and attacking

P cells [33]. When the target cells are in the killing zone of the attacking

population, P will be killed and decreased by attacking cells with nano-
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weapons. Otherwise, the target cells will survive.

W

W

P

P

Killing zone

a) No killing

b) Killing

Figure 3.2: Schematic structure of the Random Firing (RF) interactions between at-
tacking cell with nano-weapons W and target cell P in two cases. a) the target cell is not
killed when it is not in the attacking cell’s killing zone or is not close to it. b) demon-
strates that killing occurs for the target cell when it is nearby and within the attacking
cell’s killing zone.

The variables and parameters that appear in model (3.1) are described in fur-

ther detail in Table 3.1 and 3.2. Moreover, the variables in Table 3.1 and their

description are going to use them in this chapter and the next ones.
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Variables Description Value Units

N(t) Density of attacking cells without nano-weapon N(t) > 0 Cells/Vol

W (t) Density of attacking cells with nano-weapon W (t) > 0 Cells/Vol

P (t) Density of target cells P (t) > 0 Cells/Vol

Table 3.1: Description of model variables that used in equations (3.1).

The experimental data [33], show that each attacking cell takes between one to

two minutes to build one nano-weapon (which is as same as 60 to 120 seconds).

Hence, building rate of nano-weapon, b = (number of nano-weapon)/(time), has

a range from b = 1
120 to 1

60 per second. Then, nano-weapon may remain for up

to some minutes until a rapid firing event (<5 ms = 0.005 second) which means

firing rate f > 200 per second. For more details see Table 3.2.

Para. Description Value Units Ref.

b Building rate of nano-weapon 0.0083 - 0.0167 1/second [33]

f Firing rate of nano-weapon > 200 1/second [33]

m1 Killing efficiency rate 0 - 1 1/second Estim.

Table 3.2: Table summarising the parameters that appear in equations (3.1).

Next we will show the non-dimensionalisation of model (3.1) and become unitless.

Non-dimensionalisation approach lead to a reduction in model parameters (i.e.,

the 3 parameters in model (3.1), were reduced to 2 parameters in model (3.3)).
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3.2.3 Non-dimensionalisation of RF model

In the following, we present the non-dimensional version of model (3.1) to reduce

the number of parameters and simplify the system. Consider the following scaling

for the variables and parameters that appear in this model:

t̂ = bt, N̂(t̂) =
N(t)

N0
, Ŵ (t̂) =

W (t)

N0
, P̂ (t̂) =

P (t)

P0
,

where N(t = 0) = N0, W (t = 0) = W0 and P (t = 0) = P0. Also, note that from

the scaling, N̂(t̂ = 0) = 1, P̂ (t̂ = 0) = 1, but Ŵ (t̂ = 0) = W0
N0

.

Then we have:

dN̂(t̂)

d(t̂)
= �N̂(t̂) +

f

b
Ŵ (t̂), (3.2a)

dŴ (t̂)

d(t̂)
= N̂(t̂)� f

b
Ŵ (t̂), (3.2b)

dP̂ (t̂)

d(t̂)
= �m1

f

b
N0Ŵ (t̂)P̂ (t̂). (3.2c)

After droping the hat and set
�
A = f

b

�
and (B = m1N0) for simplicity. We optain

the following equations for the time-evolution of variables describing the interaction

between two bacterial populations using RF strategy (i.e., the non-dimensional

version of model (3.1)):

dN(t)

d(t)
= �N(t) + AW (t), (3.3a)

dW (t)

d(t)
= N(t)� AW (t), (3.3b)

dP (t)

d(t)
= �BAW (t)P (t), (3.3c)
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where
�
A = f

b

�
: efficiency of weapon and (B = m1N0): power of attack.

From the system (3.3), we have the following notes:

• The parameters A and B are independent of P0.

• B is linearly proportional to N0.

• RF strategy is independent of P0.

Moreover, the system (3.3) is still complicated to study and we need to simplify

the system by reducing it from system of three equations to become a system of

two equations.

3.2.4 Reduced the non-dimensionalisation of RF model

To reduce the system (3.3), it is obvious that the total sum of equations (3.3a)

and (3.3b) leads to the result that
�
dN
dt + dW

dt = 0
�
. Then, by integrating both

sides, hence N + W = T where T is a constant and it represents the total of

initial bacterial density for the attaking population such that T = N0 + W0 and

by considering that N (t = 0) = N0 = 1, P (t = 0) = P0 = 1 and W (t = 0) = W0.

Now, the system (3.3) could be reduced from a system of three equations to become

a system of two equations by using N = 1 +W0 �W

dW (t)

dt
= (1 +W0 �W (t))� AW (t), (3.4a)

dP (t)

dt
= �BAW (t)P (t), (3.4b)
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or

dW (t)

dt
= 1 +W0 � (1 + A)W (t), (3.5a)

dP (t)

dt
= �BAW (t)P (t), (3.5b)

which this system (3.5) would be easier to analysis than in (3.3). It is obvious

from (3.5), that the density of P cells always decay for all non-zero value of W

and P . However, there is no change of the density of P cells when either W = 0

or P = 0. However, the density of W cells has three scenarios, regardless the

value of P , increasing or decay depends on W <
1+W0
1+A or W >

1+W0
1+A respectively

and there is no change of the density when W = 1+W0
1+A with continuous decay

for P at all these cases too. In addition, the system(3.5) has one steady state

(W ⇤
, P

⇤) =
�
1+W0
1+A , 0

�
. Any non-zero initial value is approaching to the steady

state with kind of relationship between the values of A and initial condition of W .

Also, depending on the value of A in the system (3.5) such that each initial value

of W0 approach to a different steady state depending on the value of
�
1
A

�
. There is

a relationship between W0 and A that determines the value of steady state which

means if we start at the point (W0, P0) then its steady state is (W ⇤
, P

⇤). Three

cases for W0 and A which they are as the following:

1. If W0 <
1
A ) W

⇤
<

1+W0
1+A .

2. If W0 =
1
A ) W

⇤ = 1+W0
1+A .

3. If W0 >
1
A ) W

⇤
>

1+W0
1+A .

These three cases show link between the value of W0 with the value of A�1 which

affect the steady state W
⇤ that approach to horizontal asymptote W = 1+W0

1+A .
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3.2.5 Analysis of RF model

We can in fact find an explicit solution for the system (3.5) as follows.

dW (t)

dt
= 1 +W0 �W (t) (1 + A) ,

dW (t)

dt
+W (t) (1 + A) = 1 +W0,

e
(1+A)t

✓
dW (t)

dt
+W (t) (1 + A)

◆
= e

(1+A)t (1 +W0) ,

d

dt

�
W (t)e(1+A)t

�
= e

(1+A)t (1 +W0) .

Now, by taking the anti-derivative for both sides of the equation to get the follow-

ing:

W (t)e(1+A)t = (1 +W0)

Z t

e
(1+A)x

dx,

=

✓
1 +W0

1 + A

◆
e
(1+A)t + c1.

Multiplying both sides by e
�(1+A)t gives:

W (t) = c1e
�(1+A)t +

1 +W0

1 + A
, (3.6)

which, equation (3.6), represents the general explicit solution for equation (3.5a)

where c1 is an arbitrary constant. Also, it is clear from (3.6) that W (t) ! 1+W0
1+A

as t ! 1. Moreover, when t = 0, then W (0) = W0 and the equation (3.6) will be

as following:

W0 = c1 +
1 +W0

1 + A
,
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hence, by solve it for c1, we have:

c1 =
AW0 � 1

1 + A
. (3.7)

It is obviouse from (3.7) that the value of W0 playing a significant role to determin

the value of c1 such that:

1. If W0 <
1
A ) c1 < 0.

2. If W0 =
1
A ) c1 = 0.

3. If W0 >
1
A ) c1 > 0.

These three different cases, which links the value of initial attacking population

with nano-weapons W0 and the ratio of building rate upon the firing rate that

represented by A
�1 with the value of particular solution c1 for equation (3.6), are

playing significant role to determine the solution of W cells and affect simultane-

ously its steady state solution. Now, by substitution the equation (3.7) into the

equation (3.6), we have the particular solution of equation (3.5a):

W (t) =

✓
AW0 � 1

1 + A

◆
e
�(1+A)t +

1 +W0

1 + A
. (3.8)

From equation (3.8), we can see that the long term behavior of the attacking

bacterial population with nano-weapons W can be calculated based on the value

of firing rate upon on building rate of the nano-weapons A = f
b and there is a

horizontal asymptote W = (1 +W0)/(1 + A) as shown as in Figure (3.3).
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Figure 3.3: Dynamic behavior of attacking population with nano-weapons W with
respect to time for A � 0 in equation (3.8). The initial value of attacking popula-
tion with nano-weapons W = 1 and A = f

b 2 0, 0.5, 1, 2, 8, 100. The black dashed
lines represent the horizontal asymptote W = (1 +W0)/(1 + A).

Figure (3.3) show the dynamic behavior of attacking population with nano-weapons

W with respect to time for A � 0 in equation (3.8). The solution of (3.8) decays ex-

ponentially when A > 1 or increases exponentially when A < 1. However, for each

value of parameter A = f
b there is a horizontal asymptote W = (1 +W0)/(1 + A)

as shown in Figure (3.3) by black dashed lines.

Now, as we previously did for finding the solution of W (t), we are going to find the

explicit solution of P (t) for equation (3.5b). We use the value of W (t), in equation
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(3.8), and subtitute it in the equation (3.5b) as the following:

dP

dt
= �ABP (t)W (t),

dP

dt
= �ABP (t)

✓
AW0 � 1

1 + A

◆
e
�(1+A)t +

1 +W0

1 + A

�
,

1

P
dP = �AB

✓
AW0 � 1

1 + A

◆
e
�(1+A)t +

1 +W0

1 + A

�
dt.

Then, by taking the anti-derivative for both sides of the equation to have:

Z
1

P
dP = �AB

✓
AW0 � 1

1 + A

◆Z t

e
�(1+A)x

dx+

Z t✓1 +W0

1 + A

◆
dx

�
,

lnP = �AB


�
✓
AW0 � 1

(1 + A)2

◆
e
�(1+A)t +

✓
1 +W0

1 + A

◆
t

�
+ c2.

By taking anti-logarithm for both sides of the above equation, we have:

P (t) = exp

✓
�AB


�
✓
AW0 � 1

(1 + A)2

◆
e
�(1+A)t +

✓
1 +W0

1 + A

◆
t

�
+ c2

◆
, (3.9)

which it represents the general explicit solution where c2 is an arbitrary constant.

Also, it is clear from (3.9) that P (t) ! 0 as t ! 1. Moreover, by using that

P (t) = 1 at t = 0 as initial condition will turn out the equation (3.9) to become

as following:

1 = exp


�AB

✓
�AW0 � 1

(1 + A)2

◆
+ c2

�
,

0 = �AB

✓
�AW0 � 1

(1 + A)2

◆
+ c2,

c2 = �AB(AW0 � 1)

(1 + A)2
.
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Then equations (3.8) and (3.9) become:

W (t) =

✓
AW0 � 1

1 + A

◆
e
�(1+A)t +

1 +W0

1 + A
, (3.10a)

P (t) = exp

✓
�AB


1 +W0

1 + A
t� AW0 � 1

(1 + A)2
e
�(1+A)t +

AW0 � 1

(1 + A)2

�◆
. (3.10b)

Then, the equations (3.10) are the particular solution of the system (3.5) with

the initial conditions ICs: P (t = 0) = 1 and W (t = 0) = W0.

Now, we would estimate the time of killing for RF strategy and study how fast and

efficent of killing this strategy. Also, using the time of killing as a tool to compare

different strategies. Note that we using relaxation time to estimate the time of

killing for the density of target population P . Consider tk is the killing time at the

relaxation value of P , which it is the required time for an exponentially decreasing

variable to drop from an initial value of P population and reache a certine value

such that P (tk) = P0e
�1 where P0 = 1 as givine as initial value. Then, we would

compute the value of P cells density at the relaxation time [57].

P (tk) = e
�1
, as a relaxation value, with equation (3.10b) become:

P (tk) = exp

✓
�AB

✓
1 +W0

1 + A

◆
tk �

✓
AW0 � 1

(1 + A)2

◆
e
�(1+A)tk +

✓
AW0 � 1

(1 + A)2

◆�◆
.

Hence, by solving the equation with respect to tk, we have the following:

1 = AB

✓
1 +W0

1 + A

◆
tk �

✓
AW0 � 1

(1 + A)2

◆
e
�(1+A)tk +

✓
AW0 � 1

(1 + A)2

◆�
. (3.11)

Now, equation (3.11) relates tk, the time of killing, to the parameters A, B and the

initial density for W cells. However, equation (3.11) is a transcendental equation

and it is unlikely that we can get a nice closed-form solution that relates tk to A,
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B and W0. Moreover, if we choose the special case W0 = 1
A . Hence, c1 = c2 = 0

and then we can find the value of tk.

tk =
1 + A

AB +B
=

1

B
, (3.12)

which means that, from equation (3.12), the time of killing tk has inverse relation-

ship with the power of nano-weapon B such that at very small value of B it takes

long time of tk to decrease the target cells population from its initial value P0 to

reaching the relaxation value of P0e
�1. On the other hand, when the value of B

increased then the time of killing become shorter.

From equation (3.11), we could investigate the effects of the parameters A and B

on the time of killing tk for different initial value of W (the attacking cells) other

than the special case when W0 = 1
A (i.e. investigate the effects when W0 >

1
A

and W0 <
1
A) by reforming equation (3.11) to become having exponential function

in one side of the equation and having linear function in the other side. The

intersection of both functions is the the time of killing tk. To reforming equation

(3.11), we simplify its terms by letting X = AW0�1
(1+A)2 and Y = 1+W0

1+A then we have

the following:

1 = AB

✓
1 +W0

1 + A

◆
tk �

✓
AW0 � 1

(1 + A)2

◆
e
�(1+A)tk +

✓
AW0 � 1

(1 + A)2

◆�
,

1 = AB
⇥
Y tk �Xe

�(1+A)tk +X
⇤
,

and can be rewritten as the following:

e
�(1+A)tk =

Y

X
tk + 1� 1

ABX
, (3.13)
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and each side of the equation (3.13) can be written as a function as:

LHS = e
�(1+A)tk , (3.14a)

RHS =
Y

X
tk + 1� 1

ABX
. (3.14b)

It is obvious that equation (3.14a) is an exponential function that depends on

the value A and equation (3.14b) is a linear function that has the slope Y
X and

t-intercept 1 � 1
ABX where X = AW0�1

(1+A)2 and Y = 1+W0
1+A as previously mentioned.

Since, Y > 0 and the value of X depends on its numerator (AW0�1) to determine

its value and subsequently to determine the slope of the line. Thus, the value of

X relays on the value of W0 and A as the following:

X

8
>>>>><

>>>>>:

< 0, if 0  W0 <
1

A
, case (1).

= 0, if W0 =
1

A
, and tk =

1

B
, equation (3.12).

> 0, if W0 >
1

A
, case (2).

The solution of the equation (3.13) ( i.e. the time of killing tk) is the intersection

of LHS and RHS. Moreover, the t-intercept of the line function (3.14b), which

it is equal to ( 1+A
AB(1+W0)

� AW0�1
(1+A)(1+W0)

), provides an upper bound for the time of

killing in case (1) where (W0 <
1
A) and a lower bound in case (2) where (W0 <

1
A).

Also, the time of killing is tk = 1
B whenever W0 =

1
A . The behaviour of tk can be

investigated by plotting the equation (3.13) and studying the effects of the power

of attack B and the initial value of W on the value of tk.

Numerical solutions of the case (1) (0  W0 <
1
A):

Figure (3.4) (a,b,c) indicates the behaviour of the time of killing tk for vary values

of W0 and B. In Figure (3.4)(a), we fixed B = 2 and A = 1 and vary the

initial value of W to be W0 2 {0, 0.05, 0.25, 0.5, 0.75, 0.95, 1}. When W0 = 0, then
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the time of killing tk will be at its greatest value, which it is bounded above by

(1+A
AB + 1

1+A). When W0 > 0, it is noticeable that there is an inverse relationship

between tk and the initial value W0 such that if W0 increases then tk will decrease.

All the lines with value of W0 <
1
A have negative slope and at W0 = 1

A the line

become vertical and the time of killing has exact value such that tk =
1
B .
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Figure 3.4: Plotting the LHS and RHS of equation (3.13) with respect to time for
AW0 < 1. The slope of linear function is negative, X < 0 as we vary W0 2
{0, 0.05, 0.25, 0.5, 0.75, 0.95, 1

A = 1} and the time of killing tk represented by the in-
tersection of the LHS (exponential function) and the RHS (linear functions). We vary
the value of parameter B such that in panel (a) B = 2, in panel (b) B = 1 and (c)
B = 0.5 and we fixed parameters A = 1.
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In Figure (3.4)(b) and (c), we only change the parameter B to have different values

such that B 2 {1, 0.5} respectively and keep the values of A and W0, that we used

it previously, in order to see its effects on tk. Obviously, the time of killing tk,

which has the range between 1
B and (1+A

AB + 1
1+A), is impacted by the change in the

value of B. Particularly, when the value of B decreases, the range of tk expands

and the time of killing tk converges to its upper bound. Also, it is clear that B

does not affect the inverse relationship of tk with the initial value of W0.

Numerical solutions of the case (2) (W0 >
1
A):

Figure 3.5 show the behaviour of the time of killing tk for vary values of W0 and

B. In Figure 3.5 we graph the LHS and RHS of equation (3.13) with respect to

time for AW0 > 1.

Figure 3.5(a) shows decreasing of the time of killing tk for vary initial values of the

attacking cells W to be W0 2 {1, 1.05, 1.25, 2, 5, 10, 100} and fix the parameters

A = 1 and B = 2. When W0 = 1
A , then the time of killing has exact value such

that tk = 1
B which represented in the graph by a vertical dashed line. When the

initial value of the attacking cells W is increasing this affects the value of tk by

decrease it and has lower bound ( 1+A
AB(1+W0)

� AW0�1
(1+A)(1+W0)

). Moreover, at very large

initial value of W0, then the value of tk is approaching to zero.

In Figure 3.5(b) and (c), we only change the parameter B to have different values

such that B 2 {1, 0.5} respectively and keep the values of A and W0, that we used

it previously, in order to see its effects on tk. Obviously, the time of killing tk,

which has the range between zero and 1
B , is impacted by the change in the value of

B. We have the same behaviour except when the value of B decreased, then the

range of tk is expand and become wider which means when the power of attack B

decreased then the time of killing increased.
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Figure 3.5: Plotting the LHS and RHS of equation (3.13) with respect to time for
AW0 > 1. The slope of linear function is positive, X > 0 as we vary W0 2
{1, 1.05, 1.25, 2, 5, 10, 100} and the time of killing tk represented by the intersection of
the LHS (exponential function) and the RHS (linear functions). We vary the value of
parameter B such that in panel (a) B = 2, in panel (b) B = 1 and (c) B = 0.5 and we
fixed parameters A = 1.
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Figure 3.6 illustrates all the three cases of W0 together and how the time of killing

(tk) would be effected. LHS of equation (3.13) is an exponential function with

respect to the time. It represented in the figure by black graph. RHS of equation

(3.13) is linear function with respect to the time. It is represented by straight

lines. Since RHS depends on W0, the lines are plotted in red, blue and dashed

black according to the initial values of W0 in case (1) , (2) and a special case

respectively. The intersections between the lines and the graph of the exponential

function indicate the solutions of the system.

W0 = 1/A

W0 = 0

tk = 1/B

W0 -> 1/A

W0  --> o__ o

Figure 3.6: Plotting LHS and RHS of equation (3.13) with respect to time for vary
values of W0, the density of attacking cells. The LHS is an exponential function which
is represented by the black graph. The RHS is linear function that represented by red,
blue and dashed black lines according to the values of W0 <

1
A , W0 >

1
A and W0 = 1

A ,
respectively and W0 2 {0, 0.25, 0.5, 0.75, 1, 1.25, 2, 5, 100}. Here, we fixed parameters
A = 1, B = 2 where A = f

b , B = m1N0, f is firing randomly rate, b is building rate of
nano-weapon, m1 is killing efficiency rate, N0 = 1 is density of attacking cells with no
nano-weapon, P0 = 1 is density of target cells.
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Figures 3.4 and 3.5 can become in one plot as shown in Figure 3.6. By increasing

the initial cells with nano-weapons in Figure (3.4), the attacking population kills

the target population in less time and decays faster. The biology predicts that by

increasing the number of killer cells W , the number of target population P will

decrease faster and the time of killing will become shorter and shorter.

The initial value W0 = 0 means that all the attacking cells have no nano-weapon

yet and need time to do so then the interactions occur between attacking bacteria

and target ones. Thus, the P cells are not attacked immediately and depend on

when attacking cell having nano-weapon. Thus, tk  (1+A
AB + 1

1+A) represents an

upper bound of time of killing. This is the largest possible value of tk which is the

longest time of killing for P . As in case (1), if W0 increases then tk will decrease.

Also, the value of tk tends to 1
B when W0 converge to 1

A . If W0 =
1
A , as a special

case, then tk will be exactly equal to 1
B . The rise of W0, in case (2), will be followed

by decreasing in tk and it becomes really closed to zero when W0 getting very large

and that represents a lower bound of time of killing.

The parameter A, efficiency of weapon, is playing important role of tk by determine

how fast the changing of status within the attacking cells between cell with nano-

weapon W and cell without N such that A = f
b where f is the firing rate and b is

the building rate of the nano-weapon. If A has large value that means the firing

rate is bigger than the building rate. Hence, the attacking cells will take long

time to have nano-weapon but when they have one, they will use it immediately.

Therefore, the upper bound of the time of killing value for W0 = 0 will be close to
1
B . Also, W0 =

1
A will be very small. On the other hand, if A has very small value

that means the firing rate smaller than the building rate. Hence, the attacking cells

will take short time to have nano-weapon but not use it immediately by having
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nano-weapon and not use it. Therefore, the upper bound of the time of killing will

be large for W0 = 0. Moreover, at the special case, W0 =
1
A will be very large.

Furthermore, there are effects of the power of attack, parameter B, on the upper

bound and the case when W0 = 1
A of the time of killing tk. If B has very small

value that means the power of nano-weapon is weak. Then, the upper bound of tk

will be very large for W0 = 0. Also, for W0 =
1
A , the time of killing tk =

1
B will be

large. However, if B has very large value that means the power of attack is strong.

Hence, the upper bound of tk will be small and for W0 = 1
A , then tk will be very

small. To link the time of killing with the RF model in 3.1 we use the scaling in

3.2 such that tk = tb , then tkb = 1
B and tk = 1

bB , where B = m1N0, m1 is the

killing efficiency rate and N0 is the initial density of cells N , then tk = 1
m1bN0

. In

addition, tk has inverse relationship to the value of m1bN0 such that tk increases

when the value of m1bN0 decreases and vies versa.

3.2.6 Summary of the RF strategy results

We provided a new mathematical model (ODEs system) that describes the inter-

action between two bacterial population within RF strategy. Then, we reduced

the system based on the fact that the total population is constant. After that, we

obtain the solution for the reduced system analytically and used relaxation time

to estimate the time of killing (tk) for the targeted population (P ). This allows us

to study the system parameters further. We have bounded and approximated the

efficiency of weapon (A), which evaluates the ratio between firing and building the

nano-weapon, the power of attack (B), and the initial value of attacker population

with nano-weapon (W ).
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Figure 3.4, 3.5 and 3.6 show that the efficiency of nano-weapon (A) and the power

of attack (B) with the initial value of the attacking population W0, in the equations

(3.10) of the RF strategy model, are playing a significant role and effect the time

of killing tk for the target cells P . With assumption that there is no nano-weapon

initially (W0 = 0), the time of killing tk is very large but can not exceed an upper

bound of (1+A
AB + 1

1+A). It is noticeable that as W0 increases the time of killing

tk decreases and when W0 ! 1 then tk ! 0. Moreover, when W0 = 1
A then

the value of tk = 1
B where B = m1N0 in the dimensional version of RF model

(3.1). Our results demonstrated the impact of the power of attack (B) on the

time of killing tk such that: as B increases the tk decreases. However, this impact

disappears considerably for large W0, in which case the high density of primed

cells dominates the initial killing process, and rebuilding becomes less important.

3.3 Cell-to-Cell contact strategy model

In the previous section, we study the first attack strategy, RF strategy model,

where firing the nano-weapon was random. In this section, we will study another

attack strategy, that is called Cell-to-Cell contact strategy (or CC), where firing

the nano-weapon is only happened by the contact between attacking and target

cells. Then, we will examine the components of the strategy that play a significant

role of the efficiency of killing for this CC strategy.

We first focus on a model of the CC contact strategy system, and investigate the

dynamic behaviour between attacking W cells and target P cells.
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3.3.1 Derivation of the CC model

We consider that each N cell is able to build nano-weapon (at a rate b) to become

W cell. The strategy of CC would only occur when W and P cells are in close

proximity [6] and thus we assume that the cell-to-cell contact (at a rate c) between

W and P cells are essential for the activation of nano-weapon to trigger [6, 64].

++ P

WN

W m!N P

b

c

Figure 3.7: Schematic structure of the Cell-Cell Contact (CC) interactions. N and W

are bacterial cells represent attaking population density such that N is cell without nano-
weapon and W is cell with one. The other bacterial cells is target population density and
represented by P cell. The parameters are b is machinery building rate, c is the contact
rate (between W and P ) and m2 is the killing efficiency rate for target population.

To describe a general model for CC contact interactions, we can expressed the

schematic structure of the CC strategy in Figure 3.7 as a system of ordinary

differential equations as we will study in details in next section.

3.3.2 Mathematical model for CC strategy

Consider three variables: N is the density of attacking cells without nano-weapon

cells, W is the density of attacking with nano-weapon cells and P is the density
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of target bacterial cells. The time-evolution of these variables is given by:

dN (t)

dt
= �bN (t) + cW (t)P (t) , (3.15a)

dW (t)

dt
= bN (t)� cW (t)P (t) , (3.15b)

dP (t)

dt
= �m2cW (t)P (t) , (3.15c)

where b is building rate of nano-weapon, c is the contact rate of W cells with P

cells and m2 is the killing efficiency rate of nano-weapon.

The following assumptions are incorporated in equations (3.15):

• Equation (3.15a) describes the rate of change of N cells. We assumed that

N cells decrease (at the rate b) when the nano-weapon was built and thus

N cells change to become W cells. In addition, N cells increase (at the rate

c) in the presence of W cells are contacting with P cells [6].

• Equation (3.15b) describes the rate of change of W cells. We assumed that

W cells increase (at the rate b) when the nano-weapon was built and N cells

change to become W cells. Also, W cells decrease (at the rate c) by contact-

ing P cells, then W cells are firing nano-weapons and return to become N

cells that have no nano-weapons [6].

• Equation (3.15c) describes the rate of change of P cells. We assumed that

P cells decay (at the rate m2c) when W cells are contacting and attacking

P cells where m2 is the killing efficiency rate of nano-weapons. When the

target cells are in close physical contact with the attacking population, P will

be killed and decreased by attacking cells with nano-weapons. Otherwise,

the target cells will survive.
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• This study tested a wider range of c (100,1000), and we chose c=10 as a

high value because there is very little difference beyond that and it could

be negligible. For more details about the variables and parameters in model

(3.15), see Tables (3.2) and (3.3).

W

W

P

P

a) No killing

b) Killing

Figure 3.8: Schematic structure of the Cell-Cell contact (CC) interactions between
attacking cell with nano-weapons W and target cell P in two cases. a) the target cell is
not killed when it is not in the killing zone of the attacking cell or is not in direct range to
it. b) shows that the target cell is killed when it is directly targeted by the nano-weapon
and is located within the killing zone of the attacking cell.

Para. Description Value Units Ref.

b Building rate of nano-weapon 0.0083 - 0.0167 1/second [33]

c Contact rate of W with P 1 - 10 (Vol./Cells)/second Estim.

m2 Killing efficiency rate 0 - 1 constant Estim.

Table 3.3: Table summarising the parameters that appear in equation (3.15).
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The conceptual differences between RF strategy in (3.1) and CC strategy in (3.15)

is that the firing of nano-weapons in RF is random, and this strategy will be

effective only when the targeted bacteria are in the attacking bacteria’s killing

zone; otherwise, the targeted cells will survive. While in CC, attacking cells with

completed nano-weapons hold the fire until they come into physical contact with

targeted cells, at which point the attacking will begin.

The equations (3.15) are non-linear and could not find exact solutions but we will

use a numerical method to find approximation for the solutions. Moreover, we

will use relaxation time to estimate the time of killing (tk) for target population.

However, the mechanism of CC strategy works, unlike the RF strategy, as it

depends on the rate of contact c between the attacking cells W and the target

cells P . Also, depending on the initial condition of attacking cells, there are

several cases of CC strategy but we will consider only two cases. First case is

when all the attacking cells has initially no nano-weapon at the beginning of the

interaction (i.e. W0 = 0), we could called this case as a simple case. Second case

is when all attacking cells had built nano-weapon and ready for contacting action

(i.e. N0 = 0), we could called this case as fully primed. Regarding each case, we

have different non-dimensionalisation as we will study in detail in the following

sections.

3.3.3 Non-dimensionalisation of CC model

Depends on the initial condition of attacking population, we have two different

cases then we have two various non-dimensionalisation as the following:

Case (1): The Simple case
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We assume that all the attacking cells have initially no nano-weapon and they are

starting to build the machinery after the mixing with the target cells P immedi-

ately. Hence, when the attacking cell N has built a nano-weapon then it becomes

W which has the ability to attack the target cell P as soon as the contact between

them occur. In this case, the initial total attacking cells is N0 +W0 = N0 because

W0 = 0 from our assumption.

3.3.3.1 Non-dimensionalisation for case(1) of model (3.15)

In the following, we present the non-dimensional version of case(1) for model (3.15)

to reduce the number of parameters and simplify the system. Consider the follow-

ing scaling for the variables and parameters that appear in this model:

t̂ = bt, N̂(t̂) =
N(t)

N0
, Ŵ (t̂) =

W (t)

N0
, P̂ (t̂) =

P (t)

P0
,

where N(t = 0) = N0, W (t = 0) = W0 and P (t = 0) = P0. Also, note that from

the scaling, N̂(t̂ = 0) = 1, P̂ (t̂ = 0) = 1, but Ŵ (t̂ = 0) = 0.

Then we have:

dN̂

dt̂
= �N̂ +D1Ŵ P̂ , (3.16a)

dŴ

dt̂
= N̂ �D1Ŵ P̂ , (3.16b)

dP̂

dt̂
= �D1E1Ŵ P̂ , (3.16c)

where N̂ , Ŵ , P̂ � 0 , D1 =
cP0
b and E1 =

m2N0
P0

.
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In addition, the system (3.16) is reducible as dN̂
dt̂

+ dŴ
dt̂

= 0, then N̂ = 1� Ŵ could

be used to reduced the system from three equations to a system of two equations

and after dropping the hat for simplicity, we obtain the following equations for

the time-evolution of variables describing the attacking and target cells (i.e., the

non-dimensional version of model (3.15)):

dW

dt
= 1�W �D1WP, (3.17a)

dP

dt
= �D1E1WP. (3.17b)
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Figure 3.9: Phase plane diagram and null-clines of the system (3.17). The red and blue
dashed lines represent the W and P null-clines respectively. The intersection between
the blue and red dashed lines at point (W,P ) = (1, 0) represents globally stable fixed
point. The parameters values are D1 = 1 and E1 = 1.
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Case (2): Fully Primed case

We assume that all the attacking population is fully primed with nano-weapon

before they have been mixed up with the target population. In this case, all the

attacking cells N will end up with nano-weapon and become W cells first then,

when the attacking and target cells well-mixing together, all the attacking bacteria

are ready to attack the target cells P immediately as soon as the contact between

them occur. That is, N(0) = 0; W (0) = W0 and P (0) = P0 which provide the

initial conditions in this case (N,W,P ) = (0, 1, 1). Moreover, as a result, the initial

total attacking cells is N0 +W0 = W0 because N0 = 0 from our assumption.

3.3.3.2 Non-dimensionalisation for case(2) of model (3.15)

In the following, we present the non-dimensional version of case (2) for model

(3.15) to reduce the number of parameters and simplify the system. Consider the

following scaling for the variables and parameters that appear in this model:

t̂ = bt, N̂(t̂) =
N(t)

W0
, Ŵ (t̂) =

W (t)

W0
, P̂ (t̂) =

P (t)

P0
,

where N(t = 0) = 0, W (t = 0) = W0 and P (t = 0) = P0. Also, note that from

the scaling, N̂(t̂ = 0) = 0, P̂ (t̂ = 0) = 1 and Ŵ (t̂ = 0) = 1.
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Then we have:

dN̂

dt̂
= �N̂ +D2Ŵ P̂ , (3.18a)

dŴ

dt̂
= N̂ �D2Ŵ P̂ , (3.18b)

dP̂

dt̂
= �D2E2Ŵ P̂ , (3.18c)

where N̂ , Ŵ , P̂ � 0 , D2 = cP0
b and E2 = m2W0

P0
. In addition, the system (3.18)

is reducible such that dN̂
dt̂

+ dŴ
dt̂

= 0 then N̂ = 1 � Ŵ used to reduce the system

from three equations to a system of two equations and after dropping the hat

for simplicity, we obtain the following equations for the time-evolution of variables

describing the attacking and target cells (i.e., the non-dimensional version of model

(3.15)):

dW

dt
= 1�W �D2WP, (3.19a)

dP

dt
= �D2E2WP. (3.19b)

Despite of the both cases, the simple and fully primed cases, have different initial

values for the attacking cells with nano-weapons but the non-dimensional models,

systems (3.17) and (3.19), for both of them are the same. Also, model (3.19) is

globally stable at (W,P ) = (1, 0) as same as model (3.17).

3.3.4 Comparing between models (3.17) and (3.19)

We previously discussed two different cases of CC strategy, which represented by

models (3.17) and (3.19). Now, we are going to compare between these models

in terms of time of killing of target cells P for vary values of parameters. The
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parameters D1 and D2 represent the speed of killing of target cells P in models

(3.17) and (3.19) respectively. Also, the parameters E1 and E2 represent the

efficiency of killing the target cells P in models (3.17) and (3.19) respectively.

In this section, we will first compare the dynamic behaviour of target cells P with

relaxation time in both models for same values of all the parameters D1, D2, E1

and E2, see Figure (3.10). Then, we will compare the same models for different

values of the parameters, such that D1 and D2 have the same values but different

than E1 and E2 which have the same values, see Figure (3.11).

Comparing the non-dimensional systems for both cases using same val-

ues for the parameters: we will compare the both models (3.17) and (3.19)

by using the same values for all parameters from small value, (as low speed and

efficiency of killing), to large one to see how could this affect the behaviour of both

models.

In this thesis we numerically solved systems of equations using the Matlab solver

ode45 [21], which invokes a Runge-Kutta predictor corrector method. The initial

data and parameter values used are noted in each figure legend. The algorithm

tolerances were left set at their default values.
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Case(2) :  for D2 = 0.1  &  E2 = 0.1
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Case(1) :  for D1 = 1  &  E1 = 1
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Case(2) :  for D2 = 1  &  E2 = 1
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Case(1) :  for D1 = 10  &  E1 = 10
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Case(2) :  for D2 = 10  &  E2 = 10
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a)

b)

c)

Figure 3.10: Compare populations density of target cells P and attacking cells W for models
(3.17), (or case(1)), and (3.19), (or case(2)), for three situations of parameters that all have the
same values in each situation. Sub-panel (a) show both models, case(1) on the left represent
model (3.17) and case(2) on the right represent model (3.19), using small value (0.1) for all
parameters D1,D2,E1 in each subplot. Sub-panel (b) show the same in (a) but using the value
of (1) in all the parameters for both cases and in sub-panel (c) we using the value of (10). The
initial conditions are (W0,P0) = (0,1) and (W0,P0) = (1,1) for case(1) and case(2) respectively.
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Figure 3.10, shows the dynamical behaviour using same values for both cases

between models (3.17) and (3.19) in three different situations of the parameters

as shown in Figure 3.10(a), (b) and (c) where the left plots show the outcome of

model (3.17) and the right ones show the outcome of model (3.19). The parameters

with small values, which represent the low speed rate of killing with low efficiency

rate of killing, have no change on the behaviour of target population P in between

both models at the first situation which it’s obvious in Figure 3.10(a). The curve of

target population in each model takes almost the same time of killing by crossing

the dashed line of relaxation time at almost the same point in both cases. While

Figure 3.10(b) at second situation, there is a slight effect between the models

when we are increasing the rates of speed and efficiency of killing which show that

model (3.19), (the fully primed or case(2)), is lightly better than model (3.19),

(the simple case or case(1)). However, there is huge effect and massive difference

between the models when we are using high rates of speed and efficiency of killing

for both of them as clear as in third situation in Figure 3.10(c). The curve of

target population P , the blue curve, is sharply decreasing in case(2), (or the fully

primed), much faster than in case(1), (or the simple case).

Comparing the non-dimensional systems using different values for the

parameters: we will compare the models (3.17) and (3.19) by using two different

values for the parameters between Di and Ei where i = 1, 2 such that D1 = D2

and have different value of E1 = E2. When (Di = 0.1) where i = 1, 2 that mean

the parameters have low speed rate of killing and when (Ei = 0.1) where i = 1, 2

that mean they have low efficiency rate of killing. Moreover, when (Di = 10)

where i = 1, 2 that mean the parameters have high speed rate of killing and when

(Ei = 10) where i = 1, 2 that mean they have high efficiency rate of killing. This

comparing will study two scenarios. First scenario, we will comparing the cases
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when both have low speed of killing rate with high efficiency of killing rate. The

second one, we will comparing the models when both have high speed of killing

rate with low efficiency of killing rate.

0 0.5 1 1.5 2

Time 

0

0.2

0.4

0.6

0.8

1

 P
o

p
u

l. 
d

e
n

si
ty
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Case(1) :  for D1 = 10  &  E1 = 0.1
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Case(2) :  for D2 = 10  &  E2 = 0.1

W

P

Relax

a)

b)

Figure 3.11: Compare populations density of target cells P and attacking cells W for
models (3.17), (or case(1)), and (3.19), (or case(2)), for parameters that have different
values. (a) show the behaviour of both models, case(1) on the left represent model (3.17)
and case(2) on the right represent model (3.19), using small value (0.1) for D1 and D2,
as a low speed of killing, with using large value (10) for E1 and E2, as a high efficiency
of killing. (b) show the same in (a) but using large value (10) for D1 and D2, as a high
speed of killing, with using small value (0.1) for E1 and E2, as a low efficiency of killing.
The initial conditions are (W0,P0) = (0,1) and (W0,P0) = (1,1) for case(1) and case(2)
respectively.
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Figure 3.11 shows that model (3.19), which called the fully primed or case(2), is

always better than model (3.17), which called the simple case or case(1), for both

scenarios which they are: the low speed of killing rate with high efficiency of killing

rate and the high speed of killing rate with low efficiency of killing rate. Moreover,

model (3.19) is much better than model (3.17) with massive difference of time of

killing in the scenario of low speed of killing rate with high efficiency of killing rate

comparing with lightly difference of time of killing for high speed of killing rate

with low efficiency of killing rate.

In Figure 3.12, we are plotting only the target bacteria P cells in both models,

(3.17) and (3.19), for different values of the parameters to see the effect on the

time of killing of the target population for both models. The parameters of the

speed of killing rates have the same value which means D1 = D2 and we have the

same for the efficiency of killing rates such that E1 = E2. So, we replaced the

parameters D1 and D2 by D and we replaced the parameters E1 and E2 by E to

simplify the data.

For low efficiency of killing rate there is very small difference on the time of killing

of P cells between the models but it becomes huge difference on the time of killing

for high efficiency of killing rate. Also, by finding the time of killing of the target

cells P for models (3.17) and (3.19) in Figure 3.12 to arrange the data as shown in

Table(3.4) then calculating the ratio,
✓

case(2)
case(1)

◆
, between the models in terms of

time of killing from the table to display it in bar graph to get better understanding,

see Figure 3.13. It is obvious from the table that for small value of the efficiency

of killing rates E1 and E2, the blue bars, there is no obvious change between the

models but the difference between the models become bigger and more obvious

when the value of the parameters E1 and E2 are increasing, see the red bar when
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E = 1 (or Ei = 1 where i = 1, 2) and yellow bar when E = 10 (or Ei = 10 where

i = 1, 2) in Figure 3.13.

(a) (b) (c)

(d) (e) (f )

(g) (h) (i)

Figure 3.12: Compare the target cells P with time for models (3.17) and (3.19) for vary
parameters’ values regarding the speed rates of nano-weapon and efficiency of killing
rates in both cases such that Di = D where i = 1, 2 and Ei = E where i = 1, 2. Panels
(a-c) shows the population density of P at E = 0.1 and vary values of D such that
D 2 {0.1, 1, 10}, panels (d-f) have E = 1 and same the values of D and panels (g-i) have
E = 10. The initial condition W0 = 0 in model (3.17) and W0 = 1 in model (3.19) where
P0 = 1 in both models.
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D = 0.1 1 10

E = 0.1 107.3 106.3 17.04 16.04 7.53 6.53

E = 1 11.6 10.6 2.274 1.331 0.907 0.164

E = 10 1.03 1.9 0.5131 0.1036 0.1756 0.0103

Case (1) (2) (1) (2) (1) (2)

Table 3.4: Time of killing tk for target cells P at relaxation time for vary values of
parameters D and E in case(1), model (3.17), and case(2), model (3.19). The parameter
D has the same formula in both cases such that Di =

cP0
b where i = 1, 2 but the parameter

E has different formula such that E1 = m2N0
P0

in case(I) and E2 = m2W0
P0

in case(II) but
they have same values. The initial condition, in case(I) is (N0,W0, P0) = (1, 0, 1) and in
case(II) is (N0,W0, P0) = (0, 1, 1).
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Figure 3.13: Ratio of time of killing for target cells P in cases (1) and (2), such that

ratio =

✓
case(2)
case(1)

◆
, for various values of the parameters D and E shown in Table 3.4.
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Figure 3.13 shows the ratio of time of killing for target cells P between cases (1)

and (2), the simple and full primed cases respectively. For small value of efficiency

of killing (E1 and E2), the ratio of tk between simple case and fully primed are

plotted in blue bars which remain almost the same when vary the speed of killing

for both cases (D1 and D2). So, there is difference in ratio of tk between simple

and fully primed for low efficiency of killing no matter of the speed of killing

value. However, when the efficiency of killing increasing, (see red and amber bars

in Figure 3.13), then the value of killing speed is playing significant role for the

ratio tk between case (1) and (2) such that ratio is increasing when speed of killing

increased.

3.3.5 Summary of CC strategy model

We have studied a new mathematical model (ODEs system) that represents the

interaction between two bacterial populations using CC strategy. It turned out

that there are several cases of the CC strategy depending on the initial condition of

the attacking cells. We considered the extreme two cases. First, case (1), where all

the attacking cells have no nano-weapons before the occurrence of the interaction

(This is called the simple case). Second, the case (2), where all attacking cells

are fully loaded and have nano-weapons before the interaction (This is called fully

primed case). By having these facts, we analysed the two cases and studied their

non-dimensionalisation versions, separately. As a result, we obtained a reduced

and simplified systems with less number of parameters. The system (3.17) is

obtained for the case (1), while the system (3.19) is obtained for the case (2).

The equations of the CC model (3.17) are non-trivially coupled, so we used a
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phase plane diagram, see Figure 3.9, which are useful in visualizing the behaviour

of system (3.17). Also, we used relaxation time to estimate the time of killing

(tk) for the target population P . Thus, we compared between the systems (3.17)

and (3.19) in term of the time of killing with respect to different values of the

parameters. Consequently, we can determine; which one of the cases makes the

CC strategy has the smallest time of killing. There are four parameters which are

used in the comparisons. The parameters D1 and D2 represent the speed of nano-

weapon rate in systems (3.17) and (3.19), respectively. The parameters E1 and E2

represent the killing efficiency rate in systems (3.17) and (3.19), respectively.

The comparisons are conducted under two assumptions. First assumption, all the

parameters D1, D2, E1, and E2 have the same fixed value; that means D1 = D2 =

E1 = E2. In Figure 3.10, when the fixed value of the parameters is small, then

there is no difference in the time of killing for the systems. When we increased

the fixed value, we noticed that the time of killing in the system (3.19) became

smaller than the time of killing in the system (3.17). As a result, when the fixed

value is large, it is clear that CC strategy with the fully primed case has smaller

time of killing than CC strategy with the simple case. Second assumption, the

parameters D1 and D2 have the same value and the parameters E1 and E2 have

the same value with the property these two values are not the same; that means

D1 = D2 6= E1 = E2. In Figure 3.11, when we assumed that D1 < E1 with large

difference, then the CC strategy with fully primed case has significantly smaller

time of killing than the CC strategy with simple case. However, when we assumed

that D1 > E1 with large difference, then then the CC strategy with fully primed

case has slightly smaller time of killing than the CC strategy with simple case. To

sum up, the CC strategy with the fully primed case has the best time of killing

for target cells P .
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3.4 Comparing RF with CC strategies

In this section, we will comparing between RF, Random Firing, and CC, Cell-

Cell contact, strategies and study which one is more efficient of killing the target

population. The comparing will be for the common parameters in both strate-

gies, which they are the building rate of nano-weapon, b, and the initial value of

attacking cells with no nano-weapon ,N0.

3.4.1 Comparing RF and CC strategies for vary b value

The building rate of the nano-weapon b is a common parameter in both systems

(3.1) and (3.15), the RF and CC models. For comparing both strategy models, we

would fix all the parameters and vary only the building rate of the nano-weapon

for different initial conditions as representing variant situations to get better un-

derstand and to compare its effects on the behaviour of the both strategies. In

this section, there are two cases that we are going to examine and consider for

comparing between the two strategies which we called them: the simplest case

and the natural case.

Case(1): (or the simplest case). We assume that N cells have not built any

nano-weapons. This case could be the unusual case because the nature of the

attacking cells population, which are opportunistic bacteria. However, it is the

simplest case to consider and provides a direct comparison. Hence, the initial con-

dition for both strategies is (N0,W0, P0) = (1, 0, 1) and we fixed all the parameters,

(c = m1 = m2 = 1), with vary only the building rate of the nano-weapon such that

b 2 {0.1, 1, 10} for two different values of the firing rate f 2 {1, 10}.
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Figure 3.14: Compare the dynamical behaviour of target population P between RF

and CC strategies in systems (3.1) and (3.15) for simplest case with (f = 1). The
target population P plotted against the time for both strategies with IC=(1, 0, 1). The
parameters are fixed such that (c = m1 = m2 = 1) and vary the building rate of the
nano-weapon such that b 2 {0.1, 1, 10}.
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Figure (3.14) has f = c = m1 = m2 = 1, and (N0,W0, P0) = (1, 0, 1). Hence, RF

model that represented by system (3.1) will be as the following:

dN(t)

dt
= �bN(t) +W (t),

dW (t)

dt
= bN(t)�W (t),

dP (t)

dt
= �W (t)P (t).

(3.20)

Meanwhile, CC model that represented by system (3.15) will be as the following:

dN(t)

dt
= �bN(t) +W (t)P (t),

dW (t)

dt
= bN(t)�W (t)P (t),

dP (t)

dt
= �W (t)P (t).

(3.21)

By comparing both strategy systems (3.20) and (3.21), the RF and CC models

respectively, we can see that the rate of change of the target population is the

same in both systems. However, the difference between the two systems is that

the variable W in the CC set of equations is multiplied by P , which distinguishes it

from the RF set of equations. Now, by considering W small (the initial condition

is (N,W,P ) = (1, 0, 1)), then:

dN(t)

dt
⇡ �bN ) N ⇡ e

�bt
. (3.22)

By substitute (3.22) in dW (t)
dt , we have the following:

dW (t)

dt
⇡ bN = be

�bt ) W ⇡ 1� e
�bt

. (3.23)
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Hence, dP (t)
dt in both RF and CC is the same as follows:

dP (t)

dt
⇡ �

�
1� e

bt
�
P ) P ⇡ e

�t
e

1
b (1�e�bt)

. (3.24)

This approximation breaks down when |bN |⇡ |W |, i.e.

1� e
�bt = be

�bt
,

) 1 = (b+ 1)e�bt
,

) e
�bt =

1

b+ 1
,

) t =
1

b
ln(b+ 1).

(3.25)

So, for large value of b, RF and CC models diverge quickly but for small value of

b then both RF and CC models have similar behaviour for longer time.

The simplest case with (f = 1), see Figure (3.14), between RF and CC strate-

gies with difference in the value of b, building rate of nano-weapon, show that for

large value of b there is no difference of the behaviour in target population P be-

tween RF and CC strategies. However, in this case, CC strategy is more efficient

of killing than RF strategy for small value of b and when the value of b , for more

details, see Figure (3.14) and (3.15).
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Compare RF and CC in case(1)
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Figure 3.15: Compare the efficiency of killing between RF and CC strategies for
simplest case with (f = 1). The time of killing for P is plotted against the building
rate of nano-weapon for both strategies with IC=(1, 0, 1). The parameters are fixed
such that (c = m1 = m2 = 1) and vary the rate of building the nano-weapon such that
b 2 {0.1, 1, 10}.

We calculated the time that the systems (3.1) and (3.15) take to reach relaxation

time for each strategies and we visualise it in bar figure 3.15. This figure shows

when we fixed the firing rate f = 1 and vary the building rate of nano-weapons

b 2 {0.1, 1, 10}, then CC strategy is more efficient of killing target population

than RF strategy for small value of building rate and for large building rate there

is no difference of time of killing and both strategy have same killing efficiency.

The simplest case with (f = 10), see Figure (3.16), shows that there is large

change of the behaviour of target population P for both strategies at very small

value of building rate b and the difference is decreased when the building rate of

nano-weapon is increased. Moreover, for large value of b there is no difference of

the behaviour in target population P between RF and CC strategies. However, in
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this case, CC strategy is more efficient of killing than RF strategy for small value

of b and when the value of b is increased then both strategies have as same as the

efficient of killing, for better understanding see the bar graph in see Figure(3.17).

When the rate of building nano-weapons is low, there is no difference in the initial

killing of the target population between RF and CC strategies with larger random

fire rate than bacterial contact rate. However, when the building rate of nano-

weapons increases, RF strategy outperforms CC strategy in terms of killing the

target population.
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Figure 3.16: Compare the dynamical behaviour of target population P between RF

and CC strategies for simplest case with (f = 10). The target population P plotted
against the time for both strategies with IC=(1, 0, 1). The parameters are fixed such
that (c = m1 = m2 = 1) and vary the building rate of the nano-weapon such that b 2
{0.1, 1, 10}.
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Compare RF and CC in case(1)
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Figure 3.17: Compare the efficiency of killing between RF and CC strategies for sim-
plest case with (f = 10). The time of killing for P is plotted against the building
rate of nano-weapon for both strategies with IC=(1, 0, 1). The parameters are fixed
such that (c = m1 = m2 = 1) and vary the rate of building the nano-weapon such that
b 2 [0.1, 1, 10].

From Figure (3.17), it is clear that for (f = 10) and small value of building rate,

CC strategy is more efficient of killing and better than RF but when b value

increasing the situation change and the RF is being more efficient of killing and

better than CC strategy.

Case(2): (or the natural case). We assume that the attacking population,

that include N and W cells, is in it’s steady state before being mixed with the

target population by P cells. Here, the steady state of RF is (N⇤
,W

⇤
, P

⇤) =

(fbW0,W0, P0) where W0 and P0 are the initial values of the model and by setting

W0 = 1 and P0 = 1 then IC= (fb , 1, 1) for RF model. Moreover, the steady state
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of CC model is (N⇤
,W

⇤
, P

⇤) = (0,W0, P0), (or fully primed), because in this

strategy the attacking population will build the nano-weapon and keep it until W

cells contact P ones, and by setting W0 = 1 and P0 = 1 then IC= (0, 1, 1). Also, as

same as we have done in case(1), we fixed all the parameters, (c = m1 = m2 = 1),

and vary only the building rate of the nano-weapon such that b 2 {0.1, 1, 10} for

tow different values of the firing rate f 2 {1, 10}

For natural case with (f = 1). Figure (3.18) shows the dynamical behaviour of

target population P for both RF and CC strategies at vary value of the building

rate b while there is significant changed for CC strategy. The difference of target

population P between the both strategies are large at small values of b, and the

difference is decreased when the value of b is increased, for better understanding

see the bar graph in Figure(3.19).
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Figure 3.18: Compare the dynamical behaviour of target population P between RF

and CC strategies for natural case with (f = 1). The target population P for both
RF and CC strategies are plotted against the time. The parameters are fixed such
that (c = m1 = m2 = 1) and vary the building rate of the nano-weapon such that b 2
{0.1, 1, 10}. The initial condition for RF model is

⇣
f
b , 1, 1

⌘
and for CC model is (0, 1, 1).
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Compare RF and CC in case(2)
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Figure 3.19: Compare the efficiency of killing between RF and CC strategies for the
natural case with (f = 1). The time of killing for P for both RF and CC strategies
are plotted against the time. The parameters are fixed such that (c = m1 = m2 = 1)
and vary the rate of building the nano-weapon such that b 2 {0.1, 1, 10}. The initial
condition for RF model is

⇣
f
b , 1, 1

⌘
and for CC model is (0, 1, 1).

From Figure (3.19), it is clear that RF strategy for (f = 1) is always more efficient

of killing than CC strategy for small value of b, and when the building rate of

nano-weapon is increased then the difference of efficiency of killing will decreased

between both strategies with RF at an advantage but for large value of (b = 10)

the difference of efficiency of killing is being small.

For natural case with (f = 10). Figure (3.20) shows the dynamical behaviour of

target population P for both RF and CC strategies at vary value of the building

rate b while there is significant changed for CC strategy, see Tables 3.2 and 3.3.

The difference of target population P between the both strategies are large at

small values of b, and the difference is decreased when the value of b is increased,

for better understanding see the bar graph in Figure(3.21).
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Figure 3.20: Compare the dynamical behaviour of target population P between RF

and CC strategies for natural case with (f = 10). The target population P for both
RF and CC strategies are plotted against the time. The parameters are fixed such
that (c = m1 = m2 = 1) and vary the building rate of the nano-weapon such that b 2
{0.1, 1, 10}, see Tables 3.2 and 3.3. The initial condition for RF model is

⇣
f
b , 1, 1

⌘
and

for CC model is (0, 1, 1).
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Compare RF and CC in case(2)
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Figure 3.21: Compare the efficiency of killing between RF and CC strategies for the
natural case with (f = 10). The time of killing for P for both RF and CC strategies
are plotted against the time. The parameters are fixed such that (c = m1 = m2 = 1) and
vary the rate of building the nano-weapon such that b 2 {0.1, 1, 10}, see Tables 3.2 and
3.3. The initial condition for RF model is

⇣
f
b , 1, 1

⌘
and for CC model is (0, 1, 1).

From figure(3.21), we could see that RF strategy is always more efficient than CC

strategy regardless of the value of the building rate b while the efficiency of killing

did not change for RF there is decreasing change of the efficiency of killing for

CC when the building rate of nano-weapon is increasing.
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3.4.2 Comparing RF and CC strategies for vary N0 value

In this section, we will comparing both models(3.5) and (3.17) with initial condition

(N,W,P ) = (N0, 0, P0) in three ways. First, we will fix the value of P0 and vary

the value of N0 for both models. Then, we will fix the value of N0 and vary the

value of P0 for both models. Finally, we will vary the values of N0 and P0 such

that the ratio R = N0
P0

, relative population, is fixed for both strategies.

By fix P0 and vary N0 for the both systems of RF and CC contact. For RF model,

we have the following system:

dW

dt
= 1�W � AW,

dP

dt
= �BAWP,

such that A = f
bP0 and B = m1

N0
P0

. Also, we have for CC model the following

system:
dW

dt
= 1�W �DWP,

dP

dt
= �DEWP,

such that D = c
bP0 and E = m2

N0
P0

.

Also, by fixing P0 and vary N0 that reflect on the change of the parameter values

B and E with no change of the values of A and D.
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Figure 3.22: The dynamic behaviour of the population density for both RF and CC

models. The density of P cells is plotted against the time by fixing P0 value and vary
N0. Parameters value are f = 10, c = 1, m1 = 1, m2 = 1 and b = 1, see Tables 3.2 and
3.3.

Figure(3.22) shows The dynamic behaviour of the population density for both RF

and CC models. By fixing N0 and vary P0, then all the parameters A, B, D and

E will be changed and the CC strategy is better of efficiency of killing than RF

especially for small value of N0 and the difference of efficiency of killing reduced

for large value of N0.

Now, we will fixing N0 and vary P0 and we find that all of the parameters A, B,

D and E would be changed. This make the RF model has the same dynamical

behaviour but the CC model is changing which provide different efficient of killing.

For large relative population R, CC strategy is better than RF strategy then the

situation is changed for small value of R, see Figure(3.23).
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Figure 3.23: The dynamic behaviour of the population density for both RF and CC

strategy models. The density of P cells is plotted against the time by fixing N0 value
and vary P0. Parameters value are f = 10, c = 1, m1 = 1, m2 = 1 and b = 1, see Tables
3.2 and 3.3.

Finally, we will vary the values of N0 and P0 such that the relative population,

ratio R, is fixed. Figure(3.24) show that RF is always better than CC for the

efficient of killing especially for small value of relative population R.
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Figure 3.24: The dynamic behaviour of the population density for both RF and CC

models. The density of P cells is plotted against the time of killing by vary N0 value
and vary P0 but fixing the ratio R = N0

P0
. Parameters value are f = 10, c = 1, m1 = 1,

m2 = 1, b = 1, A = f
bP0, B = m1

N0
P0

, D = c
bP0 and E = m2

N0
P0

, see Tables 3.2 and 3.3.
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Figure 3.24 shows that when the relative population is small, the time of killing is

significantly shorter when using the RF strategy than when using the CC strategy.

While the difference in killing time between the RF and CC strategies decreases

as the relative population value increases, the RF strategy still takes slightly less

time to kill the target population, indicating that the RF strategy is more effective

than the CC strategy. To summarise, the RF strategy performs better than the

CC strategy when the firing rate is much bigger than the contact rate (f � c).

3.4.3 Summary of comparing the two strategies RF and CC

In this section, we compared between the two strategies RF and CC by fixing

all parameters in both strategies with no nano-weapon cells initially and looking

at the effects of changing the common parameters, which are building rate of the

nano-weapon (b), and the initial values of attacking and target populations. We

compared the effects of changing building rate in two cases which we called them

the simplest and natural cases for two values of random firing rate f 2 {1, 10}.

Also, we compared the effects of changing the initial value of populations in three

ways; by fixed P0 with varying N0, by fixed N0 with varying P0 and by varying

both N0 and P0 such that relative population R = N0
P0

is fixed.

Our analysis demonstrates that the RF strategy is more efficient than the CC

strategy when the firing rate is significantly larger than the non-weapon building

rate. This analysis did not consider growth of either cell population and long term

consequence is that the target population is reduced to zero for all cases. Includ-

ing growth of both or either bacterial populations could result in more complex
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dynamics. However, the experiments that forms the main backdrop to the work

of this thesis were conducted over short timescales, during which cell division is

unlikely to be a major influence on the interaction dynamics.

The effects of small building rate in Figure 3.15, simplest case with random firing

f = 1, show that CC strategy takes less time of killing target population than RF

takes. When the building rate is increasing then the difference of time of killing

is decreasing till both strategies had same effects on killing target population.

While, in Figure 3.17, for large value of random firing rate f = 10, we observed

that CC strategy is only better than RF strategy when the value of building rate

is very small but when its increasing then RF strategy is much better in killing

than CC strategy. Figure 3.19, shows the effects of changing the building rate

of nano-weapon in the natural case, which take the steady state for each strategy

as initial condition, with random firing rate f = 1. It shows that RF strategy

always had less time of killing than CC strategy. Moreover, in Figure 3.21, when

we rise the firing rate to be f = 10, RF strategy has significant less time of killing

target population than CC strategy which means that RF is showing best results

of killing strategy.

In Figure 3.22, we compared the effects of initial value of population, we fixed initial

value of target population P0 and varying the initial value of attacking without

nano-weapon with W0 = 0 such that relative population R = N0
P0

2 {0.1, 1, 10} with

high firing rate f = 10 and fixed all other parameters to be ones. The density of

target population decay more quicker in RF strategy than in CC strategy and

difference between the strategies is very large at small relative population R = 0.1

but the difference become smaller when relative population increased. While, in

Figure 3.23, when we fixed the initial value of attacking population (N0 = 1 and
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W0 = 0) and varying initial value of target population such that the relative

R = N0
P0

2 {0.1, 1, 10} with high firing rate f = 10 and fixed all other parameters

to be ones. RF strategy shows the most quick decay solutions than CC strategy

no matter the value of relative population R = N0
P0

.

In Figure 3.24, we compared the time of killing with target population for both

strategies by varying both initial values of attacking without nano-weapon and

target populations with keeping W0 = 0 and fixed the relative population such

that R = N0
P0

2 {0.1, 0.5, 1, 2, 10, 100}. At small relative population, the time of

killing is significant small using RF strategy than using CC strategy. While,

when the value of relative population is increased then the difference of time of

killing between RF and CC strategies is decreased but RF strategy still has

slightly less time of killing the target population which means that RF strategy is

more effective of killing than CC strategy. In summary, RF is the more effective

strategy in almost all cases. As stated above, the rate of fire is an important factor

for determining whether the RF strategy or CC strategy will be most effective

in killing the target population. Note that according to experimental data, the

random fire rate is much higher than the build rate of nano-weapons, and hence the

“natural” case to consider is that f � b, which determines that the RF strategy

is the more efficient.

3.5 Mixed RF and CC model

In previous sections, we studied RF and CC strategies separately. We compared

these strategies in term of time of killing to determine which one is more efficient

of killing. However, there are separate experimental studies show that a particular
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bacterium, pseudomonas aeruginosa, is using T6SS in only CC strategy to attack

the target host [6], and another research shows that the same bacterium is using

T6SS in RF strategy [33].

Although, to the best of our knowledge, there is not yet an experimental evidence

indicates that there is a bacterium that able to use RF and CC strategies together

at the same time to attack the target bacteria but we study this case theoretically.

In this section, we will construct a mathematical model that includes both RF

and CC strategies. We investigate the effects of mixed strategies on the time of

killing. Then, we study what the conditions that make the mixed model is more

efficient of killing. Also, we obtain the behaviour of the system and how this might

affect each strategy by using one parameter u where it is defined as a strategy rate.

3.5.1 Derivation of one parameter mixed strategy model

We use u as one parameter to switch between the two strategies, which they are

RF and CC contact, in one model. Assume we have the switch combination that

including RF and CC as follows:

u (RF ) + (1� u) (CC)

then we have three cases depending on the value of u where 0  u  1. When

u = 0, the system would be pure CC model, but when u = 1 the system would be

pure RF model and when 0 < u < 1 the system would be mixed of RF and CC

models.
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3.5.2 Mixed strategy model

Assume that each N cell has the ability to build T6SS machinery continuously

and with endless limit. Then there are no loos of the N cell and let called this

as one parameter mixed strategy. Now, we are using the one-parameter switch

with the RF and CC strategies, combined systems (3.1) and (3.15) together in

one model to become as following:

dN

dt
= �bN + ufW + (1� u)cWP, (3.26a)

dW

dt
= bN � ufW � (1� u)cWP, (3.26b)

dP

dt
= �um1fWP � (1� u)m2cWP. (3.26c)

Non-dimensionalisation for mixed RF and CC model (3.26).

In the following, we present the non-dimensional version of model (3.26) to reduce

the number of parameters and simplify the system. Consider the following scaling

for the variables and parameters that appear in this model:

t̂ = bt, N̂(t̂) =
N(t)

N0
, Ŵ (t̂) =

W (t)

N0
, P̂ (t̂) =

P (t)

P0
,
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where N(t = 0) = N0, W (t = 0) = W0 and P (t = 0) = P0. Then we have:

dN̂(t̂)

d(t̂)
= �N̂(t̂) + u

✓
f

b

◆
Ŵ (t̂) + (1� u)

✓
P0c

b

◆
Ŵ (t̂)P̂ (t̂), (3.27a)

dŴ (t̂)

d(t̂)
= N̂(t̂)� u

✓
f

b

◆
Ŵ (t̂)� (1� u)

✓
P0c

b

◆
Ŵ (t̂)P̂ (t̂), (3.27b)

dP̂ (t̂)

d(t̂)
= �u

✓
N0fm1

b

◆
Ŵ (t̂)P̂ (t̂)� (1� u)

✓
N0cm2

b

◆
Ŵ (t̂)P̂ (t̂). (3.27c)

After dropping the hat and set ↵1 =
�
f
b

�
, �1 =

�
P0c
b

�
, �1 =

�
N0fm1

b

�
and �1 =

�
N0Cm2

b

�
for simplicity. We obtain the following equations for the time-evolution

of variables describing the interaction between two bacterial populations using RF

and CC strategies (i.e., the non-dimensional version of model (3.26)):

dN

dt
= �N + u↵1W + (1� u)�1WP, (3.28a)

dW

dt
= N � u↵1W � (1� u)�1WP, (3.28b)

dP

dt
= �u�1WP � (1� u)�1WP. (3.28c)

We reduce (3.28) by using dN
dt + dW

dt = 0 from (3.28a) and (3.28b) to get N(t) =

N0 +W0 �W (t) and substitute it in (3.28b) to have reduced version of (3.28) as

the following:

dW

dt
= N0 +W0 �W � u↵1W � (1� u)�1WP, (3.29a)

dP

dt
= �u�1WP � (1� u)�1WP. (3.29b)

In (3.29), we notice that the new parameter ↵1 =
�
f
b

�
is just a constant, where

�1 =
�
P0C
b

�
is a proportional to P0, �1 =

�
N0fm

b

�
and �1 =

�
N0Cm0

b

�
are both

proportional to N0 and the rate of change of P with respect of time (dPdt ) in (3.29b)

depends on them.
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3.5.2.1 Numerical results for mixed strategy model

In the following, we investigate numerically the dynamic behaviour of system (3.29)

with speed of building nano-weapon, speed of firing and different initial conditions

which are (N0,W0, P0) = (1, 0, 1) and (N0,W0, P0) = (0, 1, 1).

Extreme switch strategy of the mixed model between RF and CC

The mixed RF and CC model becomes either pure RF model or pure CC model

depends on the value of u. When the strategy rate (u = 1) then the mix model

switch to become RF model and have equations as same as in system (3.1). Also,

when the strategy rate (u = 0) then the mixed model switch to becomes pure CC

model and have equations as same as system (3.15).

Wide range of the mixed RF and CC model. The system (3.29), mixed

model, has both RF and CC strategies which they are work together at the same

time depends on the rate of strategy that takes the range (0 < u < 1), otherwise

we will have either a pure RF strategy when (u = 1) or a pure CC strategy

when (u = 0). We will examine the model (3.29) for two cases which they are the

simplest case and the natural case. Also, we will study the effects of each cases on

the time of killing of P cells.

The effects of simplest case of model (3.29) when IC: (N0,W0, P0) = (1, 0, 1)

and f 2 {1, 10}. We assume that all the attacking cells have no nano-weapon

at the initial time of well-mixed with the target population. Then, we study

the behaviour of the model for varying values of strategy rate such that u 2

{0.9, 0.5, 0.1} to have mostly RF mixed strategy, equal mixed strategy and mostly
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CC mixed strategy respectively. Also, we vary the parameter of firing rate f for

RF strategy in the model (3.29), where the values of firing rate are (f = 1, 10)

which provide medium and fast rates of firing the nano-weapon respectively and

we fix the value of other parameters to be equal to one, see Figure(3.25).
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Figure 3.25: The dynamic behaviour of the population density for the simplest case of
mixed model(3.29) with vary parameters u and f . The density of populations are plotted
against the time by vary the value of u and f with fixing the value of other parameters.
The switching strategy rate u is moving between mostly use RF strategy when u = 0.9
to mostly use Cell-Cell strategy when u = 0.1. Parameters value are b = 1, C = 1,
m = 1, m0 = 1, ↵1 =

⇣
f
b

⌘
, �1 =

�
P0C
b

�
, �1 =

⇣
N0fm

b

⌘
and �1 =

�
N0Cm0

b

�
; where b is

the building rate of nano-weapon, m is the efficiency of killing rate in RF strategy, m0

is the efficiency of killing rate in CC strategy, f is the firing rate of nano-weapon in RF

strategy, C is the contacting rate in CC strategy and u is the switching rate between
RF and CC strategies. The initial condition (IC) is (N0,W0, P0) = (1, 0, 1).

To study the effects of simplest case in Figure(3.25) in better way, we will find the

time of killing of the target population P and plot them in bar graph as shown in
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Figure(3.26).
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Figure 3.26: The time of killing of P are plotted against the mixed strategy rate u of
model(3.29) for the simplest case in two different values of firing rate f from Figure(3.25).

Figure(3.26) shows that when the firing rate has the value f = 1 then the CC

strategy is slightly better than RF for time of killing the target population. How-

ever, for high firing rate when f = 10 then the RF strategy is much better than

CC.

The effects of natural case of model (3.29) when IC: (N0,W0, P0) = (0, 1, 1)

and f 2 {1, 10}. We assume that all the attacking cells are fully primed and

have nano-weapon at the initial time and before the well-mixed with the target

population P . Then, we study the behaviour of the model for varying values

of strategy rate such that u 2 {0.9, 0.5, 0.1} to have mostly RF mixed strategy,

equal mixed strategy and mostly CC mixed strategy respectively. Also, we vary

the parameter of firing rate f for RF strategy in the model (3.29), where the
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values of firing rate are (f 2 1, 10) which provide medium and fast rates of firing

the nano-weapon respectively and we fix the value of other parameters to be equal

to one, see Figure(3.27).

Figure 3.27: The dynamic behaviour of the population density for the natural case of
mixed model(3.29) with vary parameters u and f . The density of populations are plotted
against the time by vary the value of u and f with fixing the value of other parameters.
The switching strategy rate u is moving between mostly use RF strategy when u = 0.9
to mostly use Cell-Cell strategy when u = 0.1. Parameters value are b = 1, C = 1,
m = 1, m0 = 1, ↵1 =

⇣
f
b

⌘
, �1 =

�
P0C
b

�
, �1 =

⇣
W0fm

b

⌘
and �1 =

�
W0Cm0

b

�
; where b is

the building rate of nano-weapon, m is the efficiency of killing rate in RF strategy, m0

is the efficiency of killing rate in CC strategy, f is the firing rate of nano-weapon in RF

strategy, C is the contacting rate in CC strategy and u is the switching rate between
RF and CC strategies. The initial condition (IC) is (N0,W0, P0) = (0, 1, 1).

Figure 3.27 show the dynamic behaviour of the population density for the natural

case of mixed model(3.29) with vary parameters u and f . All other parameters are

106



fixed and equal to one. In sub-panels (a),(b) and (c) we fixed the firing rate f = 1

and vary the switching strategy rate u such that u = 0.9 represents mixed model

with mostly RF strategy, u = 0.5 represents mixed model with equal RF-CC

strategy and u = 0.1 represents mixed model with mostly CC strategy.

To study the effects of natural case in Figure(3.27) in better way, we will find the

time of killing of the target population P and plot them in bar graph as shown in

Figure(3.28).
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Figure 3.28: The time of killing of P are plotted against the mixed strategy rate
u of model(3.29) for the natural case in two different values of firing rate f from
Figure(3.27).

Figure(3.28) shows that when the firing rate has the value f = 1 then the CC

strategy is slightly better than RF for time of killing the target population. How-

ever, for high firing rate when f = 10 then the RF strategy is much better than

CC.
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3.5.3 Summary of mixed RF-CC Strategy Results

We provided a new mathematical model for the mixed strategy RF-CC, which is a

combination of two strategies studied previously namely, random fire and cell-cell

contact. We explored the impact of mixed strategies on the time of killing. Then

we look at what conditions enable the mixed model to be more effective at killing

the target population. Using the parameter u, which is described as a strategy

rate, we gain the behaviour of the system and how this may effect each strategy.

We varied the value of u 2 (0, 1) to a achieve a true mixed strategy. As illustrated

in Fig 3.26, as u and f increases the time killing decreases. As demonstrated in the

result of this section the RF model is optimal model to describe the interaction

in term of the time of killing and follows up the mixed model with u > 0.5.

3.6 Conclusions

In this Chapter, we studied the interaction of two bacterial populations in which

one produces a nano-weapon and deploys (the attacking population) it to attack

a peaceful population (target population). We used distinct novel mathematical

models to describe different strategies of this interaction.

In Section 3.2, we studied a linear ODEs mathematical model that describes the

interaction between two bacterial population within random fire RF strategy. Our

approach of study for this strategy included analytic and computational one, then
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using relaxation time we obtained an approximation for the time of killing (tk)

for the targeted population. This enables us to gain insight into the system’s

parameters. The speed of weapon A, which evaluates the ratio between firing and

producing the nano-weapon, the power of weapon B, and the initial value of the

attacker population with weapon (W0), have been bounded and estimated. When

W0 increases, the time it takes to kill tk decreases, and when W0 ! 1, tk ! 0.

The impact of the power of (B) on the time to killing tk was illustrated by our

findings, which showed that as B grows, tk drops. For big W0, however, this impact

is much reduced.

In Section 3.3, we studied a non-linear ODEs mathematical model that represents

the interaction between two bacterial populations using CC strategy. Since the

ODEs system is non-linear, we solve it computationally and used time relaxation to

approximate the time of killing (tk) for the target population (P ) to be terminated.

Using the time of killing, we compare different parameter cases including the pa-

rameters that represent the speed of nano-weapon rate verses the parameters that

represent the killing efficiency rate. When the contact rate are smaller than the

killing efficiency rate, this results in much lesser tk. Moreover, We have compared

two cases of the CC strategy depending on the initial condition of the attacking

cells: the simple case (where all the attacking cells have no nano-weapons before

the occurrence of the interaction), and fully primed case (where all attacking cells

are fully loaded and have nano-weapons before the interaction). We concluded

that the CC strategy with the fully primed case has the best time of killing for

target cells (P ).

In Section 3.4, we compared between the two strategies RF and CC depending

on building rate of nano-weapon (b), and the initial values of attacking and target
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populations. We compared the consequences of modifying the construction rate

in two scenarios, named the simplest and natural cases, using two random firing

rate values f 2 {1, 10}. We also compared the impact of varying the initial value

of populations in three ways: by using a fixed P0 with variation ofN0, by using

a fixed N0 with variation of P0 (the opposite assumption of parameters) and by

varying N0 and P0 such that relative population R = N0
P0

is fixed.

The results of a low building rate in Figure 3.15, the simplest case with random

firing f = 1, reveal that CC strategy kills the target population faster than RF

model. In Figure 3.17, we found that for large values of random fire rate f = 10,

the CC strategy is only better than the RF strategy when the value of the building

rate is very small, but when it increases, the RF strategy is significantly better in

killing than the CC strategy. When the relative population R = N0
P0

is small, the

time of killing is significantly shorter when utilising the RF strategy than when

using the CC strategy. When the value of relative population increases, there are

two ranges depending on the value of target population, with CC showing better

results for small target populations and RF showing better results for large target

populations.

In Section 3.5, We developed a novel mathematical model for the mixed strategy

RF-CC, which is a hybrid of two previously investigated strategies, random fire

and cell-cell contact. We investigated the effect of mixed strategies on the time

of killing. Then we examine the criteria that allow the mixed model to be more

effective at killing the target population. We acquire the behaviour of the system

and how this potentially affect each strategy by using the parameter u, which is

described as a strategy rate. To obtain a real mixed approach, we altered the

value of u 2 (0, 1). As shown in Fig 3.26, the time of killing declines as u and f
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increase. As shown in the results of this section, the RF model is more suitable to

characterize the interaction in terms of the time of killing, and it is followed by the

mixed model when u > 0.5. In summary, RF strategy overall remains dominant

and has effective killing than CC strategy.
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Chapter 4

Strategies with recognition and

immunity

4.1 Introduction

In the previous chapter, we studied and compared the interaction between two

different types of bacteria in distinct strategies. The attacking bacterial popula-

tion is building and using nano-weapons to eliminate the target bacteria, in which

we considered numerous distinct attacking strategies. In addition, self-destruction

wasn’t considered previously, i.e., the attacking subpopulation that have nano-

weapon only attack the target population without causing any harm to itself nei-

ther to the attacking subpopulation that have no nano-weapon. In this chapter,

we expand further our mathematical models for RF and CC strategies to include

the self-destruction for the attacking population. This strategy, when bacterial

cells are attacking themselves, is called self-killing or self-destruction [10]. Re-
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garding this matter, there are two new main factors that play an important role

in self-killing which are recognition and immunity. While both recognition and

immunity affect the CC strategy, recognition has no effect on the RF strategy;

only immunity does, since there is no detection during firing randomly.

In Section 4.2, we develop and analyse a new mathematical RF strategy model

with immunity. In Section 4.3, we develop and analyse two new mathematical CC

strategy models with recognition and immunity: (i) a model for the interactions

between the attacking population using CC strategy, that have zero recognition

and total immunity, and target population; (ii) a model for the interactions be-

tween the attacking population using CC strategy that have zero recognition and

zero immunity, and target population. In Section 4.4, we compare the effects of

recognition and immunity within RF and CC strategies. There are four cases

that include full recognition with either total immunity or zero immunity and zero

recognition with either total immunity or zero immunity. The comparison of the

interactions for the cases will be in the dynamical behaviour, the time of killing for

the target population and the total attrition of the attacking population density

through the use of RF and CC strategies.

4.2 RF strategy with immunity

RF strategy works based on trigger randomly which recognition does not affect

it. Only the immunity of attacking bacteria is playing an important part in RF

strategy. Any attacking cells (N or W ) without immunity will be destroyed when

attacked by other W . We assume two cases only for immunity (i), full or none

(zero) described as follow:
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i =

8
<

:
0 Zero immunity ) attacking cells can not resist W attack and die,

1 Total immunity ) attacking cells can resist W attack and not die.

Figure 4.1, illustrates the general idea of the interaction between attacking and tar-

get population using RF strategy including a parameter of immunity for attacking

population. Since RF strategy firing nano-weapon randomly then recognition does

not play any role in the interaction between the bacterial populations but only the

immunity could play a role among the attacking population. For total immunity,

(when i = 1), see Figure 4.1, there is no different in the density of attacking pop-

ulation and we get the same RF model that we have studied in Chapter 3, see

model (3.1) and Figure 3.1. However, for zero immunity (when i = 0), we have

new RF model with loss in the density of attacking bacteria.

WN

N

b

f

W
 n!   f W

P
m" f W

N

W

i

i

 n"   f W

Figure 4.1: Schematic structure of the interactions between attacking and target popula-
tions using RF with immunity rate i for attacking population such that i = 0 represents
zero immunity and i = 1 represents full immunity. The parameters are b is building
rate of nano-weapon, f is firing rate, n1 is interaction rate between N and W , n2 is
interaction rate between W and another W and m1 is killing efficiency rate.
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We can expressed the schematic structure shown in Figure 4.1 of the RF strategy

with immunity as a system of ordinary differential equations as the following:

dN (t)

dt
= �bN (t) + fW (t)� n1(1� i)fW (t)N (t) , (4.1a)

dW (t)

dt
= bN (t)� fW (t)� n2(1� i)fW 2 (t) , (4.1b)

dP (t)

dt
= �m1fW (t)P (t) . (4.1c)

It is seems unlikely that susceptibility is dependent on the state of preparation of

the nano-weapon within any given cell. That is the natural case to consider would

be n1 = n2. However, for completeness, we include the possibility that n1 6= n2 in

the analysis below.

4.2.1 Derivation of RF strategy with zero immunity

RF strategy with zero immunity results in reduced densities of both the attacking

and target bacterial populations. When we apply zero immunity (i = 0), in figure

(4.1) then we get structure of RF with zero immunity, see figure (4.2).
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Figure 4.2: Schematic structure of RF with zero immunity rate (i = 0). The parameters
are b is building rate of nano-weapon, f is firing rate, n1 is interaction rate between N

and W , n2 is interaction rate between W and another W and m1 is killing efficiency rate.

We can expressed the schematic structure of the RF in Figure (4.2) as a system

of ordinary differential equations as will as we are going to study it in details in

next section.

4.2.2 Mathematical model of RF with zero immunity

The attacking population, that using RF with zero immunity, have no immunity

from self-destroy and any cell of them can be killed by another W cell. Then, the
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time-evolution of these variables is given by:

dN (t)

dt
= �bN (t) + fW (t)� n1fW (t)N (t) , (4.2a)

dW (t)

dt
= bN (t)� fW (t)� n2fW

2 (t) , (4.2b)

dP (t)

dt
= �m1fW (t)P (t) . (4.2c)

The following assumptions are incorporated in equations (4.2):

• Equation (4.2a) describes the rate of change of N density. We assumed that

N cells density decrease (at the rate b) when the nano-weapon has been built

and thus N cells change to become W cells. In addition, the N cells density

increase (at the rate f) when W cells fire nano-weapon and then turn back

to be N cells. Moreover, we assumed that N cells have no immunity when

attacked by any W cell. So, the density of N cells decrease (at the rate n1f)

when attacked by another W cell and have no chance to survive. Parameter

n1 represents interaction rate between W and N and its unit (Vol./Cells).

• Equation (4.2b) describes the rate of change of W density. We assumed that

W cells density increase (at the rate b) when the nano-weapon has been built

and thus N cells change to become W cells. However, the W cells density

decay (at the rate f) by firing the nano-weapon and then return to become N

cells that have no nano-weapon. Also, we assumed that the W cells density

decrease (at the rate n2f) when attacked by another W cell and both of

them kill each other. Parameter n1 represents interaction rate between W

and W and its unit (Vol./Cells).

• Equation (4.2c) describes the rate of change of P density. We assumed that

P cells density decrease (at the rate m1f) when W cells are randomly firing
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and killing P cells.

• It is likely that n1 = n2 because whether or not the cell built the nano-

weapon does not appear to change its susceptibility. Allow for the possibility

of n1 6= n2 in this case to maximise the generality of our model. For more

details, see Table 4.1

Para. Description Value Units Ref.

b Building rate of nano-weapon 0.0083-0.0167 1/second [33]

f Firing rate of nano-weapon > 200 1/second [33]

m1 Killing efficiency rate of P 0-1 1/second Estim.

n1 Interaction rate between W and N 0-1 Vol./Cells Estim.

n2 Interaction rate between W and W 0-1 Vol./Cells Estim.

Table 4.1: Table summarising the parameters that appear in equation (4.2).

4.2.3 Non-dimensionalisation of model (4.2)

In the following, we present the non-dimensional version of model (4.2) to reduce

the number of parameters and simplify the system. Consider the following scaling

for the variables and parameters that appear in this model:

t̂ = bt, N̂(t̂) =
N(t)

N0
, Ŵ (t̂) =

W (t)

N0
, P̂ (t̂) =

P (t)

P0
,
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where N(t = 0) = N0, W (t = 0) = W0 and P (t = 0) = P0. Then we have:

dN̂(t̂)

d(t̂)
= �N̂(t̂) +

f

b
Ŵ (t̂)� n1fN0

b
Ŵ (t̂)N̂(t̂), (4.3a)

dŴ (t̂)

d(t̂)
= N̂(t̂)� f

b
Ŵ (t̂)� n2fN0

b
Ŵ (t̂)Ŵ (t̂), (4.3b)

dP̂ (t̂)

d(t̂)
= �m1fN0

b
Ŵ (t̂)P̂ (t̂). (4.3c)

After dropping the hat and set
�
↵ = f

b

�
,
�
�1 =

n1fN0

b

�
,
�
�2 =

n2fN0

b

�
and

�
� = m1fN0

b

�
.

We obtain the following equations for the time-evolution of variables describing

the interaction between two bacterial populations using RF strategy with no im-

munity (i.e., the non-dimensional version of model (4.2)):

dN(t)

d(t)
= �N(t) + ↵W (t)� �1W (t)N(t), (4.4a)

dW (t)

d(t)
= N(t)� ↵W (t)� �2W (t)W (t), (4.4b)

dP (t)

d(t)
= ��W (t)P (t), (4.4c)

where
�
↵ = f

b

�
,
�
�1 =

n1fN0

b

�
,
�
�2 =

n2fN0

b

�
and

�
� = m1fN0

b

�
. From the system

(4.4), we have the following notes:

• The parameters ↵, �1, �2 and � are independent of P0.

• The parameters �1, �2 and � is linearly proportional to N0.

• RF strategy with no immunity is independent of P0.
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4.2.4 Numerical solution and results for model(4.4)

We first study the long term behaviour of system (4.4), when the system is at

steady state. Model (4.4) can exhibit the following two steady states which

are (N,W,P ) = (0, 0, P ⇤) and (N,W,P ) = (↵�1+�2
�2
2

,�↵�1+�2
�1�2

, 0), where
�
↵ = f

b

�
,

(�1 = n1↵N0) and (�2 = n2↵N0), (such that N(t = 0) = N0). The model reaching

the steady state when either there is no more of attacking population or no more

of target population.

Figure 4.3: Computational results for the dynamics of RF strategy in the absence
of immunity described in system (4.4) with initial condition (N,W,P ) = (1, 0, 1).
Using the parameters in Table 4.1 such that we fix the values of (f, b, �) = (1, 1, 1)
where � = m1↵N0, ↵ = f

b and since m1 = 1 and N0 = 1 in all our simulations. We
varies the values of the parameters �1 = n1↵N0 2 [0, 10] and �2 = n2↵N0 2 [0, 10],
where n1 =

⇢
↵ , n2 =

⇢
↵ and ⇢ 2 {0, 0.5, 1, 10} except for the parameters �1 and �2,

where we used a variation of different combinations as shown in panels (a,...,f).
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The purpose of this Section is to investigate the role of the loss parameters �1

and �2. In Figure 4.3, we show computational results for the dynamics of RF

strategy in the absence of immunity described in system (4.4) with initial condition

(N,W,P ) = (1, 0, 1) using the parameters in Table 4.1. In this Figure, we fix the

values of (f, b, �) = (1, 1, 1) where � = m1↵N0, ↵ = f
b and since m1 = 1 and N0 = 1

in all our simulations. We varies the values of the parameters �1 = n1↵N0 2 [0, 10]

and �2 = n2↵N0 2 [0, 10], where n1 =
⇢
↵ , n2 =

⇢
↵ and ⇢ 2 {0, 0.5, 1, 10}. Therefore,

Figure 4.3 panel (a) (�1, �2) = (0, 0.5), (b) (�1, �2) = (0.5, 0), (c) (�1, �2) = (1, 1),

(d) (�1, �2) = (10, 1), (e) (�1, �2) = (1, 10), and panel (f) (�1, �2) = (10, 10).

The result in Figure 4.3 demonstrates the importance of �1 and �2, as �1 and �2

increases N and W decreases, while P remains unaffected. For small �1 and �2

P loses more than N and W . However, for large �1 and �2, the p population is

slowed down significantly and never reaches the relaxation time, as expected by

the losses in W and N . There is no attackers left to kill the target.
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Figure 4.4: Computational results for the dynamics of RF in the absence of im-
munity described in (4.4) with initial condition (N,W,P ) = (1, 0, 1). Using the
parameters in Table 4.1 such that (f, b, �) = (10, 1, 10) where � = m1↵N0, ↵ = f

b
and since m1 = 1 and N0 = 1 in all our simulations. We varies the values of
the parameters �1 = n1↵N0 2 [0, 10] and �2 = n2↵N0 2 [0, 10], where n1 = ⇢

↵ ,
n2 =

⇢
↵ and ⇢ 2 {0, 0.5, 1, 10} except for the parameters �1 and �2, where we used

a variation of different combinations as shown in panels (a,...,f).

In Figure 4.4, we provide computational results for the dynamics of RF strat-

egy in the absence of immunity described in system (4.4) with initial condition

(N,W,P ) = (1, 0, 1) using the parameters in Table 4.1. However, the difference

here are in the values of (f, b, �) = (10, 1, 10) where � = m1↵N0, ↵ = f
b and

since m1 = 1 and N0 = 1 in all our simulations. We varies the values of the

parameters �1 = n1↵N0 2 [0, 10] and �2 = n2↵N0 2 [0, 10], where n1 = ⇢
↵ ,

n2 = ⇢
↵ and ⇢ 2 {0, 0.5, 1, 10}. Thus, Figure 4.4 panel (a) (�1, �2) = (0, 0.5), (b)
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(�1, �2) = (0.5, 0), (c) (�1, �2) = (1, 1), (d) (�1, �2) = (10, 1), (e) (�1, �2) = (1, 10),

and panel (f) (�1, �2) = (10, 10).

The impact of increasing the firing rate (f) on P population is clear. Comparing

Figure 4.4 with Figure 4.3 in term of the time of killing for P : we see that P

vanishes almost at same time, however, in some cases in 4.3 P doesn’t reach the

time of killing at all. It is noticeable that increasing f affects W subpopulation

regardless of �1 and �2 values. However, only by increasing �1 we see huge impact

on N population.
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Figure 4.5: Computational results for the dynamics of RF in the absence of im-
munity described in (4.4) with initial condition (N,W,P ) = (1, 0, 1). Using the
parameters in Table 4.1 such that (f, b, �) = (1, 10, 0.1) where � = m1↵N0, ↵ = f

b
and since m1 = 1 and N0 = 1 in all our simulations. We varies the values of the
parameters �1 = n1↵N0 2 [0, 10] and �2 = n2↵N0 2 [0, 10], where n1 =

⇢
↵ , n2 =

⇢
↵ ,

⇢ = b
f and ⇢ 2 {0, 0.5, 1, 10} except for the parameters �1 and �2, where we used

a variation of different combinations as shown in panels (a,...,f).

In Figure 4.5, we present computational results for the dynamics of RF in the ab-

sence of immunity, as described in (4.4) with initial condition (N,W,P ) = (1, 0, 1)

and the parameters listed in Table 4.1. However, the difference here are the values

of (f, b, �) = (1, 10, 0.1) where � = m1↵N0, ↵ = f
b and since m1 = 1 and N0 = 1

in all our simulations. We varies the values of the parameters �1 = n1↵N0 2 [0, 10]

and �2 = n2↵N0 2 [0, 10], where n1 = ⇢
↵ , n2 = ⇢

↵ and ⇢ = {0, 0.5, 1, 10}.

Consequentially, Figure 4.5 panel (a) (�1, �2) = (0, 0.5), (b) (�1, �2) = (0.5, 0),
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(c) (�1, �2) = (1, 1), (d) (�1, �2) = (10, 1), (e) (�1, �2) = (1, 10), and panel (f)

(�1, �2) = (10, 10).

Increasing the building rate (b) has a strong influence on the P population. Com-

paring Figure 4.5 with Figure 4.3 and 4.4 in term of the time of killing for P : we

see that P doesn’t vanish at all here neither reach the time of killing. Regardless

of �1 and �2 values, increasing b has a negative effect on the N subpopulation.

However, only by increasing �2 we see huge impact on W population.

4.2.5 Summary of RF strategy with immunity

As discussed previously, we only investigate immunity for RF strategy due to

recognition is just not possible while firing randomly. We provided a generalized

model for RF strategy taking into account the impact of immunity on the micro-

bacterial interaction. We considered distinct cases for RF strategy depending on

immunity status: zero immunity and total immunity. The case of total immunity

for RF strategy, which is when the attacking with nano-weapons subpopulation

killing only the target population, has been thoroughly investigated in Section 3.2.

However, in the case of zero immunity (self-destruction) for RF strategy, which is

when the attacking with nano-weapons subpopulation randomly firing, our results

indicates the lose in the total density of attacking population such that N+W ! 0

for t ! 1 for large �1 and �2.

Furthermore, increasing the firing rate (f) of nano-weapons to be greater than the

building rate (b) reduces the time of killing and increases the killing efficiency of

the target population. In this case, however, only by increasing �1 the attacking

without nano-weapons N decreases. Increasing one of firing rate f or building rate
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b would have an immediate impact on one of the attacking subpopulations N or

W .

4.3 CC strategy with recognition and immunity

The contact among bacterial cells is very important especially in CC strategy.

Attacking cell that using CC strategy will attack any adjacent cells even the same

type of attacking cells unless they have the ability to recognise each other. Con-

sidering four cases for recognition (r) and immunity (i), full or total respectively,

or zero as described as follow:

r =

8
<

:
0 Zero recognition ) W cells attack any cell including W and N,

1 Full recognition ) W cells only attack targetted P cells.

i =

8
<

:
0 Zero immunity ) attacking cells can not resist W attack and die,

1 Total immunity ) attacking cells can resist W attack and not die.

Therefore, there are two cases of recognition for attacking population which are:

full recognition (r = 1), when W cells only attack target cells P, and zero recogni-

tion (r = 0), when W cells will not recognise other attacking cells including other

W and N and attack them as well as attacking target cells P. Moreover, there are

two cases of immunity for attacking population which are: total immunity (i = 1),

when attacking cells resist the attack by W cells, and zero immunity (i = 0), when

attacking cells does not resist the attack by W cells, for more details see Figure

4.6. However, in the case of full recognition (r = 1), the two cases of immunity

(i = {0, 1}) are equivalent due to recognition avoid self-destruction that comes

from zero immunity. As a result, we are focusing on three cases, more details will
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be provided later.
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Figure 4.6: Schematic structure of CC with recognition (r) and immunity (i), where
r = {0, 1} and i = {0, 1} such that r = 0 represents no recognition, i = 0 represents no
immunity, r = 1 represents full recognition and i = 1 represents total immunity. The
parameters are b is building rate of nano-weapon, c is contacting rate and m2 is killing
efficiency rate.

We can expressed the schematic structure of the CC with immunity in Figure 4.6

as a system of ordinary differential equations as the following:

dN (t)

dt
= �bN (t) + c(1� r)iW (t)N (t) + 2c(1� r)iW 2 (t) + cW (t)P (t) ,

(4.5a)
dW (t)

dt
= bN (t)� c(1� r)W (t)N (t)� 2c(1� r)W 2 (t)� cW (t)P (t) , (4.5b)

dP (t)

dt
= �m2cW (t)P (t) . (4.5c)

For full recognition r = 1, the attacking cells are only attack the target cells and

the immunity has no effect on this model. This case already studied extensively

in Section 3.3. For zero recognition, however, each attacking cell will attack any
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nearby bacteria, whether it is a target cell or another attacking cell. Therefore,

there are two different cases for zero recognition and this will be covered in this

Section.

4.3.1 CC strategy with zero recognition and total immunity

The strategy of CC with zero recognition and total immunity would occur when

any W cell contacting with another N , W or P cell and firing the nano-weapon

but only killing the target cells while the attacking cells are not affected because

of the immunity. See Figure (4.7).
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Figure 4.7: Schematic structure of CC strategy with no recognition (r = 0) and total
immunity (i = 1). The parameters are b is building rate of nano-weapon, c is contacting
rate and m2 is killing efficiency rate.

We can expressed the schematic structure of the CC strategy in figure (4.7) as a
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system of ordinary differential equations as the following:

dN (t)

dt
= �bN (t) + cW (t)N (t) + 2cW 2 (t) + cW (t)P (t) , (4.6a)

dW (t)

dt
= bN (t)� cW (t)N (t)� 2cW 2 (t)� cW (t)P (t) , (4.6b)

dP (t)

dt
= �m2cW (t)P (t) . (4.6c)

The following assumptions are incorporated in equations (4.6):

• Equation (4.6a) describes the rate of change of N density. We assumed that

N cells density decrease (at the rate b) when the nano-weapon has been built

and thus N cells change to become W cells. However, the N cells density

increase (at the rate c) when W cells did not recognise and attack N cell

with total immunity then fire nano-weapon and turn back to be N cells.

Moreover, we assumed that N density increase (at the rate 2c) when two

cells of W firing each other and lose the nano-weapon which make both of

them become N cells and not killed because they have immunity. Also, the

density of N cells increase (at the rate c) when P cell attacked by W cell

and have no chance to survive.

• Equation (4.6b) describes the rate of change of W density. We assumed that

W cells density increase (at the rate b) when the nano-weapon has been built

and thus N cells change to become W cells. However, the W cells density

decrease (at the rate c) when W cells attack N cell with total immunity then

W fire nano-weapon and loss it to become N cell. Moreover, we assumed

that W density decrease (at the rate 2c) when two cells of W firing each

other and both of them lose the nano-weapon which make them become N

cells and not killed because they have immunity. Also, the density of W cells
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decrease (at the rate c) when P cell attacked by W cell.

• Equation (4.6c) describes the rate of change of P density. We assumed that

P cells density is decreasing (at the rate m2c) when W cells are contacting

and killing P cells.

4.3.1.1 Non-dimensionalisation of model (4.6)

In the following, we present the non-dimensional version of model (4.6) to reduce

the number of parameters and simplify the system. Consider the following scaling

for the variables and parameters that appear in this model:

t̂ = bt, N̂(t̂) =
N(t)

N0
, Ŵ (t̂) =

W (t)

N0
, P̂ (t̂) =

P (t)

P0
,

where N(t = 0) = N0, W (t = 0) = W0 and P (t = 0) = P0. Then we have:

dN̂(t̂)

d(t̂)
= �N̂(t̂) +

cN0

b
Ŵ (t̂)N̂(t̂) +

2cN0

b
Ŵ 2(t̂) +

cP0

b
Ŵ (t̂)P̂ (t̂), (4.7a)

dŴ (t̂)

d(t̂)
= N̂(t̂)� cN0

b
Ŵ (t̂)N̂(t̂)� 2cN0

b
Ŵ 2(t̂)� cP0

b
Ŵ (t̂)P̂ (t̂), (4.7b)

dP̂ (t̂)

d(t̂)
= �m2cN0

b
Ŵ (t̂)P̂ (t̂). (4.7c)

After dropping the hat and set
�
�1 =

cN0
b

�
,
�
�2 =

cP0
b

�
and

�
! = m2cN0

b

�
. We

obtain the following equations for the time-evolution of variables describing the

interaction between two bacterial populations using CC strategy with no immunity
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(i.e., the non-dimensional version of model (4.6)):

dN(t)

d(t)
= �N(t) + �1W (t)N(t) + 2�1W

2(t) + �2W (t)P (t), (4.8a)

dW (t)

d(t)
= N(t)� �1W (t)N(t)� 2�1W

2(t)� �2W (t)P (t), (4.8b)

dP (t)

d(t)
= �!W (t)P (t), (4.8c)

where
�
�1 =

cN0
b

�
,
�
�2 =

cP0
b

�
and

�
! = m2cN0

b

�
. From the system (4.8),we have

the following notes:

• The parameters �1 and ! are linearly proportional to N0.

• The parameter �2 is linearly proportional to P0.

• CC strategy with no recognition and total immunity is dependent on N0

and P0 which are initial conditions for the model.

4.3.1.2 Numerical solution and results for model(4.8)

We first study the long term behaviour of system (4.8), when the system is at

steady state. Model (4.8) can exhibit the following two steady states which are

(N,W,P ) = (0, 0, P ⇤) and (N,W,P ) = (�2�1W ⇤

�1W ⇤�1 ,W
⇤
, 0), where where

�
�1 =

cN0
b

�
.

The model reaching the steady state when either there is no more of attacking

population or no more of target population. For numerical solution, we will fix

the value of the following parameters b = 1 and m2 = 1 for simplicity and vary

the contact rate to have one of two values such that c = 1, 10 and initial condition

(N,W,P ) = (1, 0, 1).
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Figure 4.8: Dynamical behaviour of CC with zero recognition and total immunity.
Dynamics of system (4.8) with

�
�1 =

cN0
b

�
,
�
�2 =

cP0
b

�
and

�
! = m2cN0

b

�
. (a) represents

dynamics of system (4.8) when �1 = 1, �2 = 1 and ! = 1 where c = 1 and (b) represents
dynamics of system when �1 = 10, �2 = 10 and ! = 10 where c = 10. All other
parameters are fixed as follows: b = 1 and m2. The initial condition (N,W,P ) = (1, 0, 1).

In Figure 4.8, we show the dynamics of system (4.8) when (a) the value of contact

rate of attacking cell equal with building rate of nano-weapon such that c = b = 1

and (b) large contacting rate of attacking cell comparing with building rate when

c = 10 and b = 1. In sub-panel (a) see that the curve of target population decay

slowly for normal speed of contacting c
b = 1 when c = 1 and b = 1 with equal

transition in attacking population between building nano-weapon and contacting.

Also, the density of W cells is increasing till almost the half of total attacking

population then reaching a steady state while the density of N decay till almost the

half of total attacking population then reaching a steady state. In sub-panel (b) see
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that the curve of target population decay slightly faster for high speed of contacting
c
b = 10 when c = 10 and b = 1 with high transition in attacking population between

building nano-weapon and contacting while most of attacking population with no

nano-weapon because of high contacting and high firing. Moreover, there is no

loss in total of attacking population such that N +W = 1.

4.3.2 CC strategy with zero recognition and zero immunity

The strategy of CC with zero recognition and zero immunity would occur when

any W cell contacting with another N , W or P cell and firing the nano-weapon.

This firing of nano-weapons will kill the attacked cells either target or attacking

cells. Also, because the attacking cells have zero immunity from self-destroy then

any cell of them can killed when attacked by another W cell. In addition, we

assume that when W cell contact with another W cell then each one will kill the

other. See Figure (4.9).

+

+

+

+ P

WN

NW

W

W

W

m!N P

b

c

c

c

+

+

N

Figure 4.9: Schematic structure of CC strategies with zero recognition (r = 0) and zero
immunity (i = 0). The parameters are b is building rate of nano-weapon, c is contacting
rate and m2 is killing efficiency rate.
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We can expressed the schematic structure of the CC strategy in figure (4.9) as a

system of ordinary differential equations as the following:

dN (t)

dt
= �bN (t) + cW (t)P (t) , (4.9a)

dW (t)

dt
= bN (t)� cW (t)N (t)� 2cW 2 (t)� cW (t)P (t) , (4.9b)

dP (t)

dt
= �m2cW (t)P (t) . (4.9c)

The following assumptions are incorporated in equations (4.9):

• Equation (4.9a) describes the rate of change of N density. We assumed that

N cells density decrease (at the rate b) when the nano-weapon has been built

and thus N cells change to become W cells. However, the N cells density

increase (at the rate c) when W cells attack P cell then fire nano-weapon

and turn back to be N cells.

• Equation (4.9b) describes the rate of change of W density. We assumed that

W cells density increase (at the rate b) when the nano-weapon has been built

and thus N cells change to become W cells. However, the W cells density

decrease (at the rate c) when W cells attack N cell with total immunity then

W fire nano-weapon and loss it to become N cell. Moreover, we assumed

that W density decrease (at the rate 2c) when two cells of W firing each other

and both of them die because they have no immunity. Also, the density of

W cells decrease (at the rate c) when P cell attacked by W cell.

• Equation (4.9c) describes the rate of change of P density. We assumed that

P cells density decrease (at the rate m2c) when W cells are contacting and

killing P cells.
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4.3.2.1 Non-dimensionalisation of model (4.9)

In the following, we present the non-dimensional version of model (4.9) to reduce

the number of parameters and simplify the system. Consider the following scaling

for the variables and parameters that appear in this model:

t̂ = bt, N̂(t̂) =
N(t)

N0
, Ŵ (t̂) =

W (t)

N0
, P̂ (t̂) =

P (t)

P0
,

where N(t = 0) = N0, W (t = 0) = W0 and P (t = 0) = P0. Then we have:

dN̂(t̂)

d(t̂)
= �N̂(t̂) +

cP0

b
Ŵ (t̂)P̂ (t̂), (4.10a)

dŴ (t̂)

d(t̂)
= N̂(t̂)� cN0

b
Ŵ (t̂)N̂(t̂)� 2cN0

b
Ŵ 2(t̂)� cP0

b
Ŵ (t̂)P̂ (t̂), (4.10b)

dP̂ (t̂)

d(t̂)
= �m2cN0

b
Ŵ (t̂)P̂ (t̂). (4.10c)

After dropping the hat and set
�
�1 =

cN0
b

�
,
�
�2 =

cP0
b

�
and

�
! = m2cN0

b

�
. We

obtain the following equations for the time-evolution of variables describing the

interaction between two bacterial populations using CC strategy with no immunity

(i.e., the non-dimensional version of model (4.6)):

dN(t)

d(t)
= �N(t) + �2W (t)P (t), (4.11a)

dW (t)

d(t)
= N(t)� �1W (t)N(t)� 2�1W

2(t)� �2W (t)P (t), (4.11b)

dP (t)

d(t)
= �!W (t)P (t), (4.11c)

where
�
�1 =

cN0
b

�
,
�
�2 =

cP0
b

�
and

�
! = m2cN0

b

�
. From the system (4.11), we have

as same notes as in system (4.8) which are the following notes:
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• The parameters �1 and ! are linearly proportional to N0.

• The parameter �2 is linearly proportional to P0.

• CC strategy with no recognition and no immunity is dependent on N0 and

P0 which are initial conditions for the model.

4.3.2.2 Numerical simulation of model (4.11)

We first study the long term behaviour of system (4.11), when the system is at

steady state. Model (4.11) can exhibit the following only one steady state which

is (N,W,P ) = (0, 0, P ⇤). The model reaching the steady state when there is no

more of attacking population or no more of both attacking and target population.

For numerical solution, we will fix the value of the following parameters b = 1 and

m2 = 1 for simplicity and vary the contact rate to have one of two values such

that c = 1, 10.
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Figure 4.10: Dynamical behaviour of CC with zero recognition and zero immunity.
Dynamics of system (4.11) with

�
�1 =

cN0
b

�
,
�
�2 =

cP0
b

�
and

�
! = m2cN0

b

�
. (a) represents

the dynamics of system (4.11) when �1 = 1, �2 = 1 and ! = 1 where c = 1 and (b) when
�1 = 10, �2 = 10 and ! = 10 where c = 10. All other parameters are fixed as follows:
b = 1 and m2 = 1. The initial condition is (N,W,P ) = (1, 0, 1).

In Figure 4.10, we show the dynamics of system (4.11) when (a) the value of contact

rate of attacking cell equal with building rate of nano-weapon such that c = b = 1

and (b) large contacting rate of attacking cell comparing with building rate when

c = 10 and b = 1. In sub-panel (a) see that the curve of target population decay

for normal speed of contacting c
b = 1 when c = 1 and b = 1 with equal ratio

in attacking population between building nano-weapon and contacting. Also, the

density of W cells is increasing sharply then goes down till almost the zero of
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total attacking population and reaching a steady state while the density of N

decay sharply to almost zero of total attacking population and reaching a steady

state. In sub-panel (b) see that the curve of target population decay slightly faster

than in previous one for high speed of contacting where c
b = 10 when c = 10

and b = 1 with high transition in attacking population between building nano-

weapon and contacting while most of attacking population with no nano-weapon

because of high contacting and high firing. Moreover, there is total loss in attacking

population in both sub-panels such that almost N +W = 0.

4.3.3 Summary of CC strategy with recognition and immu-

nity

We provided a generalized model for CC strategy taking into account the impact of

immunity and recognition on the micro-bacterial interaction. We explored various

cases for CC strategy based on recognition and immunity status: zero immunity

and zero recognition, total immunity and zero recognition, full recognition (as

explained previously the immunity effect on full recognition is neglected). The case

of full recognition for CC strategy has been thoroughly investigated in Section 3.3.

In the case of CC strategy with zero recognition and total immunity, the attacking

population is assumed to be immune to self-destruction and only killing target

population, i.e., no lose in the total density of attacking population such that

N +W = constant as t ! 1. when increasing contacting rate, the time of killing

will be shorter with high transition within the attacking population.

In the case of CC strategy with zero recognition and zero immunity, the attacking
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population is considered to be vulnerable to self-destruction, i.e., the attacking

with nano-weapons subpopulation targets all the cells including itself. As a result,

the total density of attacking population is reduced to the point where N +W !

0 as t ! 1. Although the lose in the attacking population increases as the

contacting rate rises, the time of killing for the target population decreases.

4.4 Comparing RF and CC models with recogni-

tion and immunity

There are four cases for comparing RF and CC strategies depend on the recogni-

tion and immunity. These cases are displayed as the following:

Case(1): Full recognition and total immunity, (i.e. r = 1 and i = 1), which

comparing system (3.3) of RF with system (3.16) of CC.

Case(2): Full recognition and zero immunity, (i.e. r = 1 and i = 0), which

comparing system (4.4) of RF with system (3.16) of CC.

Case(3): Zero recognition and total immunity, (i.e. r = 0 and i = 1), which

comparing system (3.3) of RF with system (4.8) of CC.

Case(4): Zero recognition and zero immunity, (i.e. r = 0 and i = 0), which

comparing system (4.4) of RF with system (4.11) of CC.

We are interested in comparing between RF and CC strategies for each case

regarding three points which are the dynamical behaviour of both systems, the
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time of killing for target population P density at relaxation time and the total

attrition of the attacking population density at time of killing.

4.4.1 Comparing the dynamical behaviour

In this section, we are interested in comparing the dynamical behaviour between

RF and CC strategies for different four cases regarding with recognition and

immunity.

Figure 4.11(a) display the dynamical behaviour of RF system (3.3) and CC sys-

tem (3.16) which represent strategies with full recognition and total immunity.

The density of N is higher than W for RF strategy but in CC there is complete

transition between N and W where N ! 0 we see that W ! 1. The biological

explanation in this case is for RF strategy most of attacking cells have no nano-

weapon because of continuing rapid firing even when the target cells are totally

killed. However, for CC strategy most of attacking cells have nano-weapon be-

cause with time the density of target population is decreasing till there is no more

target cell to kill and all attacking cells then become having nano-weapon and not

use it in the absence of target cells. Figure 4.11(b) display case(2) that represents

strategies with full recognition and zero immunity. In RF strategy, all the density

of N , W and P are approaching to zero but W ! 0 is faster than the other. How-

ever, in CC there is complete transition between N and W where N ! 0 we see

that W ! 1. Figure 4.11(c) display case(3) that represents strategies with zero

recognition and total immunity. In RF strategy, the density of N is higher than

W but in CC strategy N and W approaching the middle. Figure 4.11(d) display

case(4) that represents strategies with zero recognition and zero immunity. In RF
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strategy, all the density of N , W and P are approaching to zero but W ! 0 is

faster than the other. However, in CC the density of N dropped down sharply

more that the density of P .

(a) Full recognition and total immunity.
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(b) Full recognition and zero immunity.
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(c) Zero recognition and total immunity.
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(d) Zero recognition and zero immunity.
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Figure 4.11: Comparing the dynamical behaviour between RF and CC strategies for
different four cases regarding with recognition and immunity. (a) display the the be-
haviour of RF system (3.3) and CC system (3.16) for case(1) (full recognition and total
immunity). (b) display the the behaviour of RF system (4.4) and CC system (3.16)
for case(2) (full recognition and zero immunity). (c) display the the behaviour of RF

system (3.3) and CC system (4.8) for case(3) (zero recognition and total immunity).
(d) display the the behaviour of RF system (4.4) and CC system (4.11) for case(4)
(zero recognition and zero immunity). All the parameters are fixed to be equal to one
such that b = c = m1 = m2 = 1 but f = 10. The initial condition for each case is
(N,W,P ) = (1, 0, 1).
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4.4.2 Comparing the time of killing for target cells density

In this section, we are interested in comparing the time of killing for P density in

each case to show which strategy is more efficient for killing the target population

in each case

Case t
RF
k t

CC
k Note

1 1.191 2.274 Full recognition and total immunity

2 1.982 2.274 Full recognition and zero immunity

3 1.191 3.311 Zero recognition and total immunity

4 1.982 4.813 Zero recognition and zero immunity

Table 4.2: Comparing the time of killing of P cells in RF and CC models for
different cases of recognition and immunity.

From table (4.2), it’s obvious that RF strategy has less time of killing than CC

in all cases. Then, RF is more efficient of killing the target bacteria than CC

strategy.

4.4.3 Comparing the total attrition of the attacking popu-

lation density

In this section, we are interested in comparing the total attrition of the attacking

population density between RF and CC for the different cases.
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(a) Full recognition and total immunity.

Compare popu. density of RF & CC in case 1
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(b) Full recognition and zero immunity.

Compare popu. density of RF & CC in case 2
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(c) Zero recognition and total immunity.

Compare popu. density of RF & CC in case 3
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(d) Zero recognition and zero immunity.

Compare popu. density of RF & CC in case 4
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Figure 4.12: Comparing the total density of attacking population between RF and
CC strategies at time of killing in different cases. (a) display the population density of
attacking bacteria at the time of killing between RF and CC strategies for full recognition
and total immunity. (b) display the population density of attacking bacteria at the time
of killing between RF and CC strategies for full recognition and zero immunity. (c)
display the population density of attacking bacteria at the time of killing between RF

and CC strategies for zero recognition and total immunity. (d) display the population
density of attacking bacteria at the time of killing between RF and CC strategies for
zero recognition and zero immunity. All the parameters are fixed to be equal to one such
that b = c = m1 = m2 = 1 but f = 10

Figure 4.12 shows the total attrition of the attacking population density and com-

pare between RF and CC strategies for the different cases including recognition
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and immunity as following:

Figure 4.12(a), case(1): full recognition and total immunity, shows there is no loss

of the total value of the attacking density in both strategies but N density in RF

is much higher than in CC and we have opposite situation for W such it has very

small value in RF comparing with CC.

Figure 4.12(b), case(2): full recognition and zero immunity, shows there is only

loss of the total value of the attacking density in RF strategy where there is no

loss in CC.

Figure 4.12(c), case(3): zero recognition and total immunity, shows there is no loss

of the total value of the attacking density in both strategies but N density in RF

is much higher than in CC and we have opposite situation for W such it has very

small value in RF comparing with CC.

Figure 4.12(d), case(4): zero recognition and zero immunity, shows there are loss

of the total value of the attacking density in both RF and CC strategies but the

value of loss is bigger in CC than in RF.
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4.5 Conclusions

In this Chapter, we generalised the mathematical models considered in the pre-

vious chapter for RF and CC strategies by including the self-destruction for the

attacking population. As a result, We improved our earlier models for RF and

CC to account for self-destruction through recognition and immunity.

In Section 4.2, we enhanced the mathematical model given in Section 3.2 to con-

sider immunity for RF model. We developed a generalised model for the RF

strategy that considers the influence of immunity on the micro-bacterial interac-

tion. We studied two cases for the RF strategy based on immunity status: zero

immunity and total immunity. However, RF with total immunity, i.e., the at-

tacking population is immune to self-destruction, yields the mathematical model

thoroughly studied in Section 3.2. The case of zero immunity for RF strategy,

on the other hand, results in a novel mathematical model captures the attacking

population’s self-destruction. Our findings suggest a decrease in overall attacking

population density, exhibiting N +W ! 0 as t ! 1 for substantial �1 and �2.

Additionally, increasing the firing rate (f) of nano-weapons to be greater than

the building rate (b) minimises the time of killing and raises the target popula-

tion’s killing efficiency, however, by only increasing �1 the attacking without nano-

weapons N diminish. Increasing the firing rate f (or the building rate b) would

have an instant impact on the attacking subpopulations without nano-weapons N

(or with nano-weapons W ).

In Section 4.3, we enhanced the mathematical model given in Section 3.3 to con-

sider recognition and immunity for CC model. We developed a generalised model
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for the CC strategy that considers the influence of recognition and immunity on

the micro-bacterial interaction. We studied three cases for the CC strategy based

on recognition and immunity status: full recognition, zero recognition with total

immunity and zero recognition with zero immunity. However, CC with full recog-

nition, i.e. the cells in the attacking population recognise each other and avoid

the self-destruction, yields the mathematical model thoroughly studied in Section

3.3. The case of zero recognition for CC strategy, on the other hand, results in

two new mathematical models: CC strategy with zero recognition and total im-

munity and CC strategy with zero recognition and zero immunity, capture lack of

nano-weapons and loss of the attacking population’s self-destruction respectively.

For zero recognition and total immunity, our findings suggest that the attacking

population have immunity to self-destruction but there is lack of having nano-

weapons because of the huge of firing any nearby cells, showing N+W = constant

as t ! 1 for substantial �1 and �2. Additionally, when increasing the contacting

rate (c) of the attacking cells with nano-weapons to be greater than the building

rate (b) that minimises the time of killing with high transition within the attacking

population. However, for zero recognition and zero immunity, our findings suggest

that the attacking population are vulnerable to self-destruction and have a decrease

in overall attacking population density, exhibiting N + W ! 0 as t ! 1 for

substantial �1 and �2. Moreover, the time of killing for the target population

decreases when the loss in the attacking population increases as the contacting

rate rises.

In Section 4.4, we compare all of the mathematical models presented in this and

the previous Chapter with all of the cases for RF and CC strategies. Our com-

parison began by examining the timing of killing in all cases. We discovered that
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the best time of killing is the one produced by the RF with total immunity, as

stated in Table 4.2. Then follows RF with zero immunity, despite taking into

consideration the self-destruction for the attacking population, in contrast to CC

with full recognition which has no loss at all. When we compared the density

of the attacking population at the time of killing, we found that RF with total

immunity has the maximum density for W +N yet again, as indicated in Figure

4.12. Then follows CC with full recognition, which is self-explanatory since they

are the only non-self-destructive cases.

147



Chapter 5

Conclusion and Discussions

In this thesis, we have presented novel comprehensive temporal mathematical mod-

els for bacterial interactions. Our focus was to create, develop and investigate

(analytically and numerically) mathematical models that characterise bacterial at-

tacking strategies using the antibacterial nano-weapons, to generate a clear under-

standing of how antibacterial nano-weapons are produced and how they influence

bacterial population dynamics. This took into account several attacking strategies

with/without the impact of self-destruction for the attacking population.

The main results of this thesis are:

• We investigated the system of nano-weapon production with its parameters

sensitivity and their effects on the system and found the system of nano-

weapon production is not sensitive for changing the value of the parameters

especially the free parameters k2 and k6.
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• We compared random fire (RF) and cell-cell (CC) contact strategies and

found RF to be more efficient in reducing the population of target cells

in the natural case where the nano-weapon firing rate greatly exceeds the

corresponding build rate.

• We compared the effects of recognition and immunity for the attacking pop-

ulation in both random fire (RF) and cell-cell (CC) contact strategies found

RF strategy has less time of killing than CC in all cases where the nano-

weapon firing rate greatly exceeds the corresponding build rate. Also, by

comparing the total attrition of the attacking population density found there

is only difference in two cases which are the case of full recognition with zero

immunity, where there is only loss in RF strategy; and the case of zero recog-

nition with zero immunity, where there are loss in both strategies but the

loss is bigger in CC than in RF.

In Chapter 2, we explored the process of building a bacterial nano-weapon and

used that to create a temporal mathematical model that describes the process.

The production of a bacterial nano-weapon passes through a multi-stage process

in bacterial cell potential sites. Based on the accessible proteins L, B, and H in-

side the site, we identified four different stages of sites for producing nano-weapons

in this model. This was motivated by the experimental study [33], and we used

their data to estimate the parameters in our mathematical model. We studied

numerically the parameters sensitivity and their impact on our model by vastly

differing the free parameters k2 and k6, and observed that the average number of

proteins L, B, and H in the population did not alter when the free parameters k2

and k6 were varied, indicating that the system of nano-weapon production is not

sensitive to the free parameters k2 and k6. Our mathematical model is reduced

as a result of the investigation of the model parameters. Lastly, we attempt to
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simplify the whole model of machinery in order to examine and analyse the rel-

ative size of the overall building and firing of the nano-weapon. We found that

when the overall building rate is higher than the firing rate, the number of cells

with full nano-weapons is considerably higher than the number of cells without

any machinery, implying that the building rate is faster than the firing rate. How-

ever, when the total building rate is lower than the firing rate, the majority of

the attacking population lacks machinery, as opposed to a few cells that do. This

result is consistent with experimental data, which demonstrates that constructing

nano-weapons takes a long time compared to firing them rapidly, and that the

majority of cells in the population lack the nano-weapons compared to those that

have the nano-weapons. This reveals that the reduced system summarises nano-

weapon production and divides it into two parts: building the nano-weapons and

firing them. This chapter provided a simplified overview of the process of building

the nano-weapon that we have used with various strategies throughout this thesis.

McNally, L. et al. [49], investigated the interactions between two bacterial popula-

tions, one of which is capable of producing nano-weapons and waging war against

the other. Laboratory experiments were performed by McNally and his colleagues

and complemented with mathematical analysis. In Chapter 3, we extended the

mathematical work of McNally et al. by investigating different attack strategies.

We began with a simple model based on the preceding chapter, which is a linear

ODEs mathematical model, that represents the interaction between two bacterial

population using random fire RF as the attacking strategy. For this strategy,

we used an analytic and computational approach, and then used relaxation time

technique to generate an approximation for the time of killing (tk) of the targeted

population. Then, the model parameters have been bounded and estimated, in-

cluding the efficiency of weapon, the power of attack and the initial value of the

attacker population with nano-weapons. Also, their impact on the time of killing
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tk were investigated and showed the dominant of the initial value of the attacker

population with nano-weapons over the other parameters. Following that, we in-

vestigated this bacterial interaction utilising cell-cell contact (CC strategy) as the

attacking strategy, yielding a non-linear ODEs mathematical model. We examine

different parameter situations using the time of killing, including the parameters

that indicate the speed of killing rate vs the parameters that reflect the killing

efficiency rate. This showed that when the contact rate is lower than the killing

efficiency rate, the tk is substantially lower.

Furthermore, we examined two scenarios of the CC strategy based on the initial

condition of the attacking cells: the simple case (in which all of the attacking cells

had no nano-weapons prior to the encounter) and the fully primed case (where all

attacking cells are fully loaded and have nano-weapons before the interaction). We

observed that the CC strategy with the fully primed scenario had the best killing

time for target cells. Next, we compared between the two strategies depending

on building rate of nano-weapons, and the initial values of attacking and target

populations. The results of a low building rate showed that CC strategy kills the

target population faster than RF model. When the firing rate increased, the CC

strategy is only better than the RF strategy with low building rate. However,

the RF strategy is significantly better in killing than the CC strategy with high

building rate. Furthermore, when the relative population is tiny, the RF strategy

kills in substantially much less time than the CC strategy. In addition, when

the relative population rises then the difference of killing time between the RF

and CC strategies decreases which means that the RF strategy overall is more

effective than the CC strategy.

Moreover, we introduced a novel mathematical model for the mixed strategy
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RF-CC, which is a combination of the two preceding strategies, random fire and

cell-cell contact. The characteristics that enable the mixed model to be more

effective in killing the target population were investigated. We investigated the

system’s behaviour and how much each strategy involved using the strategies rate

(u). When u = 1 the resulting model is the RF model, and when u = 0 the

resulting model is CC. The results illustrate how the firing rate f and contact

rate c effect the target population P and the time of killing tk, this effect could be

described by an inverse relationship. The strategies rate needed to be in between

zero and one (u 2 (0, 1)) to have a proper mixed model of the two strategies. Our

results indicated that as u and f increase, the time of killing decreases, as shown

in Figure 3.26. The RF model is generally effective to capture the interaction in

terms of the time of killing, as evidenced in the results of this section, and it is

followed by the mixed model when u > 0.5.

In Chapter 4, we expanded the mathematical models for RF and CC strategies

discussed in the previous chapter by integrating self-destruction for the attacking

population. This enhanced our preceding models for RF and CC by consider-

ing self-destruction through recognition and immunity. We began by introducing

a generalised model for the RF strategy that takes into account the impact of

immunity on the micro-bacterial interaction. Based on immunity status, we inves-

tigated two cases for the RF strategy: zero immunity and total immunity, such

that the RF model already investigated in the previous chapter is RF with total

immunity (the attacking population is immune to self-destruction). On the other

hand, in the case of zero immunity for the RF strategy, a novel mathematical

model describes the attacking population’s self-destruction is achieved. Our nu-

merical results point to a reduction in total attrition of the attacking population

density, with N +W ! 0 as t ! 1 for significant rate of self destruction (large
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�1 and �2). Furthermore, increasing the firing rate of nano-weapons to be greater

than the building rate reduces killing time and increases the killing efficiency of

the target population. However, boosting the rate of self destruction (�1) alone

reduces the attacking without nano-weapons N . Also, increasing the firing rate (or

the building rate) would have an immediate effect on the attacking subpopulations

without nano-weapons N (or with nano-weapons W ).

Moreover, we provided a generalised model for the CC model based on the CC

model presented in the previous chapter to account for recognition and immunity

on the micro-bacterial interaction. Based on recognition and immunity status, we

investigated three scenarios for the CC strategy: full recognition, zero recognition

with total immunity, and zero recognition with zero immunity. However, CC with

full recognition, i.e. the attacking population’s cells recognise each other and pre-

vent self-destruction, produces the mathematical model exhaustively examined in

Section 3.3. On the other hand, the case of zero recognition for CC strategy results

in two new mathematical models: CC strategy with zero recognition and total im-

munity, and CC strategy with zero recognition and zero immunity, which illustrate

lack of nano-weapons and loss of the attacking population’s self-destruction respec-

tively. For zero recognition and total immunity case, our results indicate that even

though the attacking population have immunity to self-destruction still a signifi-

cant decrease of nano-weapon population due to high firing rate, N+W = constant

as t ! 1 for substantial �1 and �2. Furthermore, boosting the attacking cells’

contacting rate (c) with nano-weapons to be greater than the building rate (b)

reduces the time of killing with high transition within the attacking population.

In the case zero recognition and zero immunity, our results demonstrate that the

attacking population is vulnerable to self-destruction and that the total attrition of

the attacking population density has decreased significantly, showing N +W ! 0
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as t ! 1 for substantial �1 and �2. Additionally, as the contacting rate improves,

the time of killing for the target population diminishes.

Finally, we provided a comprehensive comparison for All of the mathematical

models presented in this thesis except for the mixed model with all cases in the

light of the time of killing. We observed that the optimal time of killing is the one

generated by the RF with total immunity, as shown in Table 4.2. Then comes

RF with zero immunity, although taking into account the attacking population

is self-destructive, in contrast to CC with full recognition, as it has no loss at

all. Also, the result in Figure 4.12 demonstrates, by comparing the density of the

attacking population at the time of killing, RF with total immunity once again

has the highest density for W + N . CC with full recognition follows, which is

self-explanatory given that it is the only non-self-destructive case left.

Eventually, the rate of fire is an important factor in determining whether the RF or

CC strategy will be more effective in killing the target population. Furthermore,

the experimental data show that the random fire rate is much higher than the

building rate of nano-weapons, which plays a significant role in the effectiveness

of attacking strategies and shows that the RF strategy will be the most effective.

5.1 Future work

In Chapter 3 and 4, the interactions between the attacking and target populations

using different strategies (RF, CC and mixed RF-CC) were based on well-mixed

of the populations. So, the interactions could be studied using the same differ-

ent strategies but based on mixed side by side between the attacking and target
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populations.

Furthermore, in our study, we ignore the effects of proliferation and natural death

in the models for both the attacking and target populations. As a result, mod-

els could be developed to include the proliferation and natural death rates for

the attacking and target populations and investigate their effects on interactions

when the attacking and target populations have the same and different rates of

proliferation and natural death.

The interactions discussed in Chapters 3 and 4 occurred regardless of whether the

bacterial populations consumed a common nutrition. As a result, the previous

models using RF and CC strategies could be developed to involve a common

nutrition, and then could investigate how the attacking and target populations

interact through consuming available nutrition, as well as the effects of nutrition

on the production of nano-weapons and the different attacking strategies could

investigated.

In addition, the models of attacking strategies, RF and CC, could be developed to

investigate how the availability of nutrition affects the killing efficiency of the target

population by going through different cases, both implicitly and explicitly. Implicit

models can be either linear or non-linear. In the non-linear case, hyperbolic and

sigmoidal functions are used. Explicit models, on the other hand, would be created

by expanding and developing the RF and CC models and adding nutrition as a

variable that changes with respect to the time t.
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Chapter 6

Appendix

6.1 Half-lives and relaxation methods

Differential rate laws are used to describe what happens on a cellular level during

an interaction. By assuming that densities are observed at two closely spaced

times t and t + � t. Neglecting bacteria proliferation, we then expect to find the

following relationship:

P (t+�t)| {z }
total density at time t + �t

' P (t)|{z}
density at time t

� K(t)P (t)�t| {z }
decrease in density during time interval �t

, (6.1)

where P (t) represents bacterial density observed at time t and K(t) rate of death

per unit time. This implies that

P (t+�t)� P (t)

�t
= �KP (t). (6.2)
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Now, P ( a large integer, e.g., P = 106 bacterial cells/ml) is approximated by a

continuous dependent variable P (t). Such an approximation is reasonable provided

that: (i) P is sufficiently large that the removal of one or more individuals from

the population has little effect, and (ii) the decreasing or decay of individuals is

uncorrelated (i.e., there are no distinct population changes that occur at timed

intervals). Then in the limit �t ! 0 equation (6.2) can be approximated by the

following ordinary differential equation:

dP

dt
= �KP, (6.3)

which said to be decreasing exponentially and sometimes known as the Malthus

law. We can solve equation (6.3) by multiplying both sides by dt
P as following:

dP

P
= �Kdt. (6.4)

By integrating both sides of equation (6.4), then raise each side of the previous

equation to the exponent, e, we obtain:

Z t

0

dP

P
= �

Z t

0

Kdx, (6.5a)

lnP (t)� lnP (0) = �Kt, (6.5b)

P (t) = �P0e
�Kt

, (6.5c)

where P0 = P (t = 0) the initial population and K assumed to be a constant.
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6.1.1 Half-lives of first order reactions.

The half-life ( t1/2 ) is a timescale on which the initial population is decreased by

half of its original value. Using equation (6.5c) and replace t by t1/2 to obtain

half-live time of population which represented by the following equation:

P
�
t1/2

�
= �P0e

�Kt1/2

P
�
t1/2

�
=

1

2
P0

P
�
t1/2

�

P0
=

1

2
= e

�kt1/2

(6.6)

Taking logarithms of both sides (such that ln ex = x) yields:

ln

✓
1

2

◆
= �kt1/2. (6.7)

Hence, by solving equation (6.7) for the half-life time, we obtain the following

simple relation:

t1/2 =
ln 2

k
. (6.8)

6.1.2 Relaxation methods.

Relaxation methods are commonly used in physical chemistry and for biosciences

[4,13]. Many chemical reactions take only a few seconds or less to complete, making

determining the rate of reaction challenging. The relaxation methods can be used

to determine the rate of the reaction in these instances. The term ”relaxation’‘

refers to the process by which a reaction returns to equilibrium. For instance, in
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chemical reactions, new conditions (higher temperature) can be applied so quickly

that even very responsive systems (moving very rapidly to new equilibrium) can

be followed to a new state of equilibrium [4,13].

If properties of the system can be recorded after such a change, the rates of reaction

that produce a new state of equilibrium can be measured, even if only for a few

microseconds.

The relaxation time can be determined by measuring the time it takes for P0 to

decrease to P0/2.718. In other words, it is the time required for the relaxation

process to bring the system a fraction 1/e of the way to equilibrium. As a result,

relaxation time ⌧ is a time interval like the half-life time t1/2 as shown in the

following equation:

P (⌧) = �P0e
�1
, (6.9)

In our study for mathematical biology, relaxation time is the time it takes for the

concentration of bacterial population P to be decreased to 1/e of its initial value

P0. Now, after discussing the relaxation time, we will provide an overview about

the types of interaction models between Species in the following section.
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