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ABSTRACT
We propose an inverse problem to derive the stress distributions that drive
the tissue flowsduringgastrulation in theepiblast of the chick embryo, from
measurements of the tissue velocity fields at different stages of develop-
ment. We assume that the embryonic tissue can be described as a highly
viscous fluid, characterized by the Stokes equations. Using the theory of the
optimal control, the stress distributions are determined by minimizing an
objective functional,which is constructed such that it canmatch thenumer-
ical velocity of the flow with the experimental velocity data by choosing
the stress as the control variable. The Lagrange multiplier method is uti-
lized to derive the optimality system. The finite element method is used to
approximate thesepartial differential equationsnumerically andweuse the
conjugate gradient algorithm to solve the optimal control problem.
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1. Introduction

One of the earliest stages in embryogenesis is gastrulation, which is a critical stage in the development
of all higher organisms. During gastrulation, three germ layers, i.e. ectoderm, mesoderm and endo-
derm, will form and assume their definitive positions in the embryo [26]. Cell and tissue movements
play an essential role in the development of multicellular organisms, especially during gastrulation,
formation of the nervous system and organogenesis.When not properly controlled, it results in severe
defects and diseases. It is thus very important to understand the movement mechanisms that drive
gastrulation.

The chick embryo is a well established model organism for investigation of amniote gastrulation,
including humans, since it is essentially flat, transparent and develops outside the mother [31,32].
In the chick embryo, gastrulation starts with the formation of the primitive streak, which involves
large-scale cell flows of more than 100,000 cells. During the primitive streak formation, the epiblast
cells are moving as two vortical cellular flows along the midline of the embryo, from the posterior
position to the anterior position and are replaced by cells moving in from more lateral positions
(Figure 1) [2,5]. These vortices rotate in opposite directions-away from the midline in the anterior
and towards the midline in the posterior.When the cell flowsmeet at the posterior of the epiblast, the
cells start to stack on top of each other and the epiblast becomes several cell-layers thick, forming a
structure macroscopically visible as the primitive streak and the future mesendoderm and endoderm
[3,4,23,27,32,33].
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Figure 1. Particle ImageVelocimetry (PIV) of cell flowvelocity fields in epiblast of chicken embryoduringprimitive streak formation
Figure Credit: C.J. Weijer Lab. White arrows show direction of tissue flow. The white scale bar is 300 μm in length and 4μmmin−1

in tissue velocity.

Improved experimentalmethods have been developed that enable us to analyse the large-scale vor-
tical cellular flowpatterns under normal and experimentally perturbed conditionswith high precision
[5,21,29]. However, the stress distributions that drive these tissue flows during chick gastrulation are
difficult to be measured directly. We assume that the large-scale tissue flows during gastrulation in
chick embryos satisfy Stokes equations [3,4,22,23,27,33]. To calculate the stress distributions driving
these tissue flows, we propose to use a combination of mathematical modelling and computational
techniques to infer these stress distributions from experimentally measured velocity fields by solving
an inverse and optimal control problem [13].Wewill choose the stress as the control variable and con-
struct an objective functional that will allow us tomatch the numerical velocities for an optimal stress
distribution with the experimentally measured flow velocity data. The optimal stress distribution will
be determined by minimizing this objective functional.

We will consider the following non-stationary incompressible Stokes equations with Dirichlet
boundary condition: ⎧⎨

⎩
ut − μ

�
u + �

p = f , in � × (0,T],� ·u = 0, in � × [0,T],
u |�= a, u |t=0= b,

(1)

where � ⊂ R2 is a bounded domain with boundary � and [0,T] is a time interval. Here, u(x, t) rep-
resents the velocity of the cellular flows, p(x, t) denotes the pressure, f(x, t) is the stress acting on the
tissue, μ is the dynamic viscosity, a(x, t) and b(x) are given values on the boundary � and the ini-
tial time, respectively.

� ·u = 0 means the fluid is incompressible (divergence-free). In this problem,
the experimental velocity fields and domain are recorded by the particle image velocimetry (PIV).
PIV provides information about the local velocity of small approximately cell-sized tissue regions
and allows calculation of detailed local spatiotemporal movement of these tissue domains over time
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[21]. One frame of the PIV in one chick embryo during the early stages of primitive streak formation
(stage HH2) is shown in Figure 1.

2. Optimal control model

2.1. Objective functional

Our target is to determine proper stress distributions f so that the numerical velocity fields will match
the experiment data, hence we can present the following objective functional

J1(u, f ) = 1
2

∫ T

0

∫
�

|u − ū|2dxdt, (2)

where |u|2 = u · u = ∑2
i=1 u

2
i . ū(x, t) denotes the experiment velocity at location (x, y) and time t

in chick embryo, while u(x, t) represents for the numerical velocity. While problem (2) is ill-posed,
a standard method to improve the smoothness of the flow and make the problem well-posed is to
add a variational term [1,9,20]. In this case, as we need to confine u to Stokes system, we choose the
standard form of the control variable to be f , which is often used in dealing with the ill-posed problem
and avoid multiple solutions [10]. Therefore, the objective functional becomes

J(u, f ) = 1
2

∫ T

0

∫
�

|u − ū|2dxdt + α

2

∫ T

0

∫
�

|f|2dxdt, (3)

where, α is a positive constant measuring the importance between two terms in J(u, f ). Hence the
optimal control problem is to find a suitable control variable f to minimize J(u, f), where variables u
and f are subject to Stokes equations (1). To show the existence and uniqueness result of the optimal
control problem, we cite the following Theorem 2.1 [30].

Theorem 2.1: Let {U, ‖ · ‖U} and {H, ‖ · ‖H} denote real Hilbert spaces, and let some yd ∈ H and
constant α > 0 be given. Moreover, let S : U → H be a continuous linear operator. Then the quadratic
Hilbert space optimization problem

min
u∈U J(u) := 1

2
∥∥Su − yd

∥∥2
H + α

2
‖u‖2U (4)

admits a unique optimal solution.

For the optimal control problem (3, 1), we denote the space-time cylinder Q = � × (0,T) and give
functions f ∈ (L2(Q))2, there is a continuous linear mapping regarding to Stokes equations (1):

S : (L2(Q))2 → (L2(Q))2, f �→ u. (5)

Replacing u in the objective functional (3) by Sf, the optimal control problem (3, 1) reduces to the
following quadratic optimization problem:

min
f∈(L2(Q))2

J(f) := 1
2

‖Sf − ū‖2
(L2(Q))2 + α

2
‖f‖2

(L2(Q))2 (6)

The functional J is convex and continuous and α > 0, hence, the optimal control problem (6) has a
unique optimal solution inferred from Theorem 2.1.
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2.2. Optimality system

To derive the optimal solutions of (3), we should build the optimality system by the optimal control
theory. The optimality system consists of the state equations, the adjoint equations and the optimality
condition. We utilize a general Lagrange multiplier existence result in order to derive an appropriate
optimality system for the control problem.

By introducing the Lagrange multipliers v, q on � × (0,T), we set up the Lagrange functional

L(u, p, f , v, q) = J(u, f ) −
∫ T

0

∫
�

{
v · (ut − μ

�
u +

�
p − f) + q(

�
·u)
}
dxdt, (7)

As first order approximation the optimality system can be derived by taking Gâteaux derivative of
L(u, p, f , v, q)with respect to the variables {u, p}, the Lagrangemultipliers {v, q} and the control vari-
able f , respectively. The Gâteaux derivative of L(u, p, f , v, q) with respect to the variables {u, p, v, q, f}
exist as there is an operator A : U → V , where U, V are Banach spaces, such that

lim
t↓0

1
t
(L(u + th) − L(u)) = 〈A, h〉, ∀h ∈ U. (8)

A is referred to as the Gâteaux derivative of L at u.
State equations. To derive the state equations, we differentiate L(u, p, f , v, q) with respect to the

Lagrange multiplier v to obtain
〈
δL
δv

, v0
〉

= dL(u, p, f , v + εv0, q)
dε

|ε=0 = 0, (9)

i.e. 〈
δL
δv

, v0
〉

= −
∫ T

0

∫
�

v0 · (ut − μ
�

u +
�

p − f)dxdt = 0. (10)

Noticing that v0 is chosen arbitrarily, we formally have

δL
δv

= ut − μ
�

u +
�

p − f = 0. (11)

Similarly to the Lagrange multiplier q, we have

δL
δq

=
�

·u = 0. (12)

We assume that u is equal to ū on the boundary, and take the initial condition to be 0. Therefore,
from (11) and (12), the state equations become⎧⎨

⎩
ut − μ

�
u + �

p = f , in � × (0,T],� ·u = 0, in � × [0,T],
u|� = ū|� , u|t=0 = 0.

(13)

Adjoint equations. To derive the adjoint equations, we differentiate L(u, p, f , v, q) with respect to u to
have 〈

δL
δu

,u0
〉

= dL(u + εu0, p, f , v, q)
dε

|ε=0 = 0, (14)

where u0 is arbitrary and satisfies the conditions u0 |�= 0,u0 |t=0= 0.
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Using the definition of the Lagrange functional (7), we calculate (14) term by term. (i): It is easy
to see that

d
dε

(
1
2

∫ T

0

∫
�

|u + εu0 − ū|2dxdt
)

|ε=0 =
∫ T

0

∫
�

u0 · (u − ū)dxdt. (15)

(ii): By integration by parts, we find
∫ T

0

∫
�

v · u0t dxdt =
∫ T

0

∫
�

[(u0 · v)t − u0 · vt]dxdt

=
∫

�

[(u0 · v)t=T − (u0 · v)t=0]dx +
∫ T

0

∫
�

[−u0 · vt]dxdt. (16)

Since u0 |t=0= 0 and if we let v |t=T= 0, we have∫ T

0

∫
�

v · u0t dxdt = −
∫ T

0

∫
�

u0 · vtdxdt. (17)

(iii): Similarly, we derive
∫ T

0

∫
�

v · (−μ
�

u0)dxdt = −μ

∫ T

0

∫
�

[
�

·((v ·
�

)u0) −
�

v :
�

u0]dxdt

= −μ

∫ T

0

∫
�

((v ·
�

)u0) · ndsdt + μ

∫ T

0

∫
�

�
v :

�
u0dxdt,

where n is the unit vector outward normal to �. Since u0 is equal to 0 on the boundary and if we set
v is equal to 0 on the boundary, we have

∫ T

0

∫
�

v · (−μ
�

u0)dxdt = μ

∫ T

0

∫
�

�
v :

�
u0dxdt

= μ

∫ T

0

∫
�

[
�

·((u0 ·
�

)v) − u0 ·
�

v]dxdt

= μ

∫ T

0

∫
�

((v ·
�

)u0) · ndsdt − μ

∫ T

0

∫
�

u0 ·
�

vdxdt

= −μ

∫ T

0

∫
�

u0 ·
�

vdxdt. (18)

(iv): Finally, we have
∫ T

0

∫
�

q(
�

·u0)dxdt = −
∫ T

0

∫
�

u0 · (
�

q)dxdt. (19)

Collecting Equations (15)–(19) together and noticing that u0 is chosen arbitrarily, we formally obtain

δL
δu

= vt + μ
�

v +
�

q + (u −Nu) = 0. (20)

Similarly, the Gâteaux derivative of L(u, p, f , v, q) with respect to p can be done to obtain

δL
δp

=
�

·v = 0. (21)
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Finally, from (20) and (21), we have the adjoint equations⎧⎨
⎩

−vt − μ
�
v − �

q = u −Nu, in � × [0,T),� ·v = 0, in � × [0,T],
v|� = 0, v|t=T = 0.

(22)

Note that the adjoint Equation (22) have the similar structures as the state Equation (13) with the vari-
ables u and p replaced by the adjoint velocity v and the adjoint pressure q, respectively. Consequently,
we can use the similar numerical algorithm to solve (13) and (22). Unlike the state Equation (13)
provided with an initial condition, the adjoint Equation (22) are provided with a final condition at
t = T. It can be solved conveniently by using the Backward-Euler difference in time.

The optimality condition. The optimality condition for optimal control problem is just the neces-
sary condition of the functional J(u, f) reaches its minimum values, i.e. that the Gâteaux derivative
of L(u, p, f , v, q) with respect to f vanishes at the optimum.

By differentiating L(u, p, f , v, q) with respect to f , we obtain
〈
δL
δf

, f0
〉

= dL(u, p, f + εf0, v, q)
dε

|ε=0 = 0, (23)

where f0 is arbitrary.
Calculating (23), we have

〈
δL
δf

, f0
〉

=
∫ T

0

∫
�

(
αf + v

) · f0dxdt = 0. (24)

Hence, the Gâteaux derivative of L(u, p, f , v, q) with respect to f is

δJ
δf

= v + αf . (25)

The optimality condition for optimal control problem is

v + αf = 0, in � × (0,T). (26)

Now, we can present the full optimal control problem as the following optimality system: to find
u, p, f , v, q satisfy ⎧⎨

⎩
ut − μ

�
u + �

p = f , in � × (0,T],� ·u = 0, in � × [0,T],
u|� = ū|� , u|t=0 = 0,⎧⎨

⎩
−vt − μ

�
v − �

q = u −Nu, in � × [0,T),� ·v = 0, in � × [0,T],
v|� = 0, v|t=T = 0,

and

v + αf = 0, in� × (0,T).

3. Numerical approach

In this section, we consider the discretization and numerical solutions of the state Equation (13) and
the adjoint Equation (22) in detail.
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3.1. Finite element approximation

To discretize the state and adjoint equations, we use the finite element method. We set spaces

U = (H1
0(�))2, W =

{
q ∈ L2(�)|

∫
�

q = 0
}
. (27)

Multiplication of the first equation in (13) with ũ ∈ U and the second equation with p̃ ∈ W, inte-
grating over � and applying Green’s formula, yields the weak form with the inner product (f, g) =∫
�
f · g d�: {

(ut , ũ) + aSt(u, ũ) + bSt(p, ũ) = (f , ũ), ∀ ũ ∈ U,
bSt(p̃,u) = 0, ∀ p̃ ∈ W, (28)

where {
aSt(u, ũ) := μ

∫
�

∇u : ∇ũ,
bSt(p̃,u) := − ∫

�
p̃∇ · u,

are bilinear forms.
Based on the conclusions in [17,30], we deduce that there exists a unique solution (u, p) ∈ V × W

of state Equation (28), where V = (H1(�))2. Moreover, there is an independent constant c> 0 such
that

max
t∈[0,T]

‖u‖(L2(Q))2 + ‖u‖(H2(Q))2 + ∥∥p∥∥H1(Q)
≤ c(‖f‖(L2(Q))2 + ‖ū‖(L2(�))2) (29)

for all f ∈ (L2(Q))2, ū ∈ (L2(�))2.
Similarly, the weak form of the adjoint equations can be determined by{−(vt , ṽ) + aAd(v, ṽ) − bAd(q, ṽ) = (u − ū, ṽ), ∀ ṽ ∈ U,

bAd(q̃, v) = 0, ∀ q̃ ∈ W, (30)

where {
aAd(v, ṽ) := μ

∫
�

∇v : ∇ ṽ,
bAd(q̃, v) := − ∫

�
q̃∇ · v.

Similarly, it has a unique solution (v, q) ∈ U × W for adjoint Equation (30).
Let the time step size �t = T/N, tk = k�t, k = 1, 2, . . . ,N, where N is an positive integer. For

a given function g(x, t), we denote gk = g(x, tk). For k = 1, 2, . . . ,N, we construct the finite ele-
ment spaces Uh × Wh ∈ U × W and Vh × Wh ∈ V × W with the regular mesh Th. Let h denote
the maximum diameter of the elements in Th. We use the Backward-Euler scheme to discretize the
time derivative of the state equations and adjoint equations. Then, the fully discrete approximation
schemes are: ∀ k = 1, 2, . . . ,N⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(
Uk − Uk−1

�t
, ũ

)
+ aSt(Uk, ũ) + bSt(Pk, ũ) = (fk, ũ), ∀ ũ ∈ Uh,

bSt(p̃,Uk) = 0, ∀ p̃ ∈ Wh,
U0 = 0,

(31)

and ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
Vk−1 − Vk

�t
, ṽ

)
+ aAd(Vk−1, ṽ) − bAd(Qk−1, ṽ) = (Uk − ūk, ṽ), ∀ ṽ ∈ Uh,

bAd(q̃,Vk−1) = 0, ∀ q̃ ∈ Wh,
VN = 0.

(32)

where Uk,Pk,Vk,Qk are the corresponding finite element discrete solutions.
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Here, we define the discrete counterpart of the objective functional (3) as:

J(U, f ) =
N∑
k=1

{
1
2
‖Uk − ūk‖20,� + α

2
‖fk‖20,�

}
�t.. (33)

In the scheme (31), the second equation does not include the pressure P. Thus, the total stiff matrix
from the finite element approximation is a non-positive definite matrix, which is difficult to solve
via numerical computations. If we add a positive definite term in the second equation of (31) which
is associated with the pressure P, this difficulty can be overcome. A popular strategy is using the
penalty method, which was introduced by Courant [6] in the context of the calculus of variations. Its
application to the Navier-Stokes equations was initiated in Temam [28] and possible improvements
were investigated in the references [8,12,14,24]. The penalty method is used here by adding ε(P, p̃) in
the second equation of (31), where ε > 0 is the penalty parameter. Then, the scheme (31) becomes:
Find {Uk, Pk} ∈ Vh × Wh satisfying: ∀ k = 1, 2, . . . ,N⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(
Uk − Uk−1

�t
, ũ

)
+ aSt(Uk, ũ) + bSt(Pk, ũ) = (fk, ũ), ∀ ũ ∈ Uh,

bSt(p̃,Uk) − ε(Pk, p̃) = 0, ∀ p̃ ∈ Wh,
U0 = 0.

(34)

By analogy, we have the penalty scheme for (32): Find {Vk−1, Qk−1} ∈ Uh × Wh satisfying : ∀ k =
N,N − 1, . . . , 1⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(
Vk−1 − Vk

�t
, ṽ

)
+ aAd(Vk−1, ṽ) − bAd(Qk−1, ṽ) = (Uk − ūk, ṽ), ∀ ṽ ∈ Uh,

bAd(q̃,Vk−1) − ε(Qk−1, q̃) = 0, ∀ q̃ ∈ Wh,
VN = 0.

(35)

3.2. Optimization algorithm

Due to the larger number of unknowns in the state scheme (34) and the adjoint scheme (35), we
decouple them. In general, we can use the steepest descent method to obtain a minimum value of
the objective functional J(u, f ) [16]. The direction at each step is chosen to be the negative gradient
of the objective functional at each point, i.e. −v − αf [25]. However, the steepest descent method
converges quite slowly when approaching theminimumvalue. The conjugate gradientmethod avoids
this problem in a more efficient way as the objective functional reaches a minimum value on the
conjugate direction [11,15,16,18,19,25]. Another advantage of using this method to solve the optimal
control problem is that the initial guesses of the unknown control stress f can be chosen arbitrarily.
Therefore, wemake use of the conjugate gradientmethod tominimize the objective functional J(u, f )

as the following Algorithm 1:

4. Numerical experiments

In this part, numerical experiments will be presented. Here, we try to match the numerical velocities
calculated using the optimal controlmodel to the experimentallymeasured velocity data ū, at selected
successive stages of chick gastrulation. In our simulation, we use the finite element software package
Freefem++, which solves partial differential equations numerically based on Finite ElementMethod
[7]. We use the quadratic element P2 to approximate the variables U and V, the linear element P1 to
P and Q. The coefficients and parameters are chosen as μ = 0.1, α = 0.001, ε = 10−6, δ = 0.001.
The time interval is T = 0.5h and the time step number is N = 10 so that the time step size is
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Algorithm 1
0: Set time step number N, time step size �t and tolerance δ.
1: Provide initial guesses fk,0 = f(x, tk) at k = 1, 2, . . . ,N and set l = 0.
2: At iteration step l, solve the state scheme (34) with fk,l for Uk,l, determine J(Uk,l, fk,l).
3: Solve the adjoint scheme (35) for Vk−1,l with the residual rk,l = Uk,l − ūk.
4: Use (25) to calculate the gradient of the objective functional: δJk,l

δf = Vk−1,l + αfk,l.
5: Compute the descent direction dk,l = δJk,l

δf + dk,l−1θk,l, where θk,l = ‖ δJk,l
δf ‖2/‖ δJk,l−1

δf ‖2.
6: Calculate fk,l+1 = fk,l − βk,ldk,l, where βk,l = ‖ δJk,l

δf ‖2/‖dk,l‖2.
7: Set l = l + 1, go to step 2 and repeat until
|J(Uk,l+1, fk,l+1) − J(Uk,l, fk,l)|/|J(Uk,l+1, fk,l+1)| < δ.
8: Update the control force fk = fk,l+1 and the computed velocity Uk = Uk,l+1 for all k.

Figure 2. Velocity data and the mesh. (a) Experimental velocity field at stage HH2 of development. Velocity vectors are shown on
a 28 × 20 grid. The red scale bar is 0.5millimeter in length. (b) Finite element mesh based on the velocity data.

�t = 0.05h. We also note that the initial velocity u0 and the initial stress f0 is still zero everywhere in
the Algorithm that follows. Figure 2(a) shows the measured velocity field of a chick embryo at stage
HH2 of gastrulation, when the streak starts to form. Figure 2(b) shows the corresponding mesh with
1120 identical triangles for using the finite element method.

To compute the numerical force distributions, we apply Algorithm ?? to the data for every time
point. Specifically, we use the finite element method to compute the state scheme (34) and the adjoint
scheme (35), and the conjugate gradient method to derive the optimal stress f on the domain.

First, we presents Figures 3 and 4 below to compare the numerical velocity fields uwith the experi-
mental velocity fields ū and the corresponding numerical stress distributions acting on chick embryo
at 4 successive time intervals taken 30min apart. From these figures, we can see that the experimen-
tally measured velocity fields can be consistently matched by the numerical velocity fields, as shown
by the small error between the numerical and experimental velocity (Table 1).

Relative velocity error = ‖UN − ūN‖20,�
‖ūN‖20,�

(36)

Next, we consider the performance of Algorithm 1 with respect to the optimization of the iteration
number. We determined the minimum value of objective functional for per unit area per hour as
Jh,�(U, f):

Jh,�(U, f ) = J(U, f )

S�T
= 1

S�T

N∑
k=1

{
1
2
‖Uk − ūk‖20,� + α

2
‖fk‖20,�

}
�t, (37)
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Figure 3. Comparing results. The red scale bar is 0.5millimeter in length. (c) Experimental velocity at time tI . (d) Experimental
velocity at time tII . (e) Numerical velocity at time tI . (f ) Numerical velocity at time tII . (g) Numerical stress at time tI . (h) Numerical
stress at time tII .

Table 1. The relative velocity error regarding to different time intervals.

Time interval tI tII tIII tIV

Relative velocity error 11.25% 9.30% 11.69% 11.89%

where S� is the area value of the domain. Figure 5 depicts the minimum value of the objective func-
tional Jh,�(U, f) along the optimization process at the four successive time intervals (tI , tII , tIII , tIV).
For these four time points, the numerical experiments showed that Algorithm 1 takes less than
50 optimization iterations to converge to the required accuracy. The minimum value of Jh,�(U, f)
decreases sharply at the beginning of optimization iterations, followed by an increasingly smooth
decrease during further iterations until it reaches a minimum.
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Figure 4. Comparing results. The red scale bar is 0.5millimeter in length. (i) Experimental velocity at time tIII . (j) Experimental veloc-
ity at time tIV (k) Numerical velocity at time tIII (l) Numerical velocity at time tIV . (m) Numerical stress at time tIII (n) Numerical stress
at time tIV .

Table 2. Relationship between α and optimization iteration number.

Optimization iteration number

Time intervals α1 = 0.1 α2 = 0.01 α3 = 0.001 α4 = 0.0001 α5 = 0.00001
tI 17 41 47 48 48
tII 18 42 48 49 49
tIII 17 39 45 45 46
tIV 17 43 50 51 51

Finally, we discuss the influence of different choices α on the convergence of Algorithm 1. Table 2
shows the results of the optimization of the iteration number with different α used at the four
successive time intervals.

Table 2 shows that the iteration number increases with the decreasing of α. Although α decreases
by orders of magnitude from the initial choice of α = 0.1, the optimization iteration numbers remain
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Figure 5. Minimum value of Jh,�(U, f) during the optimization process. (o) at tI (p) at tII (q) at tIII (r) at tIV .

almost unchanged. This means that a smaller choice of α does not accelerate the convergence of
Algorithm 1 greatly. Figure 6 shows the minimum value min Jh,�(U, f) for the optimization process
at different α values. In each cases these values decrease sharply at the beginning of optimization
iterations, followed by a much slower decrease to the end of iterations.

5. Conclusions

In this paper, we have presented an inverse problem and a numerical method for a Stokes flow control
model for a real biological problem, that is deriving stress distributions from tissue velocity fieldsmea-
sured during the early stages of chick embryo gastrulation. The inverse problem has been described
through an optimal control model to determine the unknown stress distributions f that drive the
tissue flows.We utilized the Lagrangemultipliermethod to derive the optimality systemwith the state
equations, the adjoint equations and the optimality conditions. A finite element method was used to
discretize these equations. The conjugate gradient method was formulated and applied as the opti-
mization algorithm for the solution of the optimal control problem. We performed some numerical
experiments and compared the computed results with the experiment data. These experiments indi-
cated that the experimental data of the velocity fields can be closely matched by the computed data. It
is interesting to note that although the experimental velocity data are not completely divergence-free,
the proposed procedure is sufficiently robust to generate the velocity fields that are very close to those
observed experimentally. The proposed method allows for the first time to generate plausible stress
distributions that control tissue flow during chick gastrulation. Due to the very high viscosity of the
tissue, making it a severely overdamped system, it is to be expected that the active stress distribu-
tions generated in the tissue closely match the observed velocity profiles, which appears indeed to be
the case. The here proposed inverse Stokes problem and the solution using control theorey should
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Figure 6. Minimum value of Jh,�(U, f) during the optimization process for different values of α. (s) at tI (t) at tII (u) at tIII (v) at tIV .

have wide applicability to estimate tissue stresses driving important morphogenetic events during
embryonic development such as gastrulation.
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