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An upper bound solution for deformation field analysis in differential 
velocity sideways extrusion using a unified stream function 
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A B S T R A C T   

An analytical model providing a detailed description of the material flow and deformation behaviour of extruded 
curved profiles produced by the novel differential velocity sideways extrusion (DVSE) process, has been devel-
oped on the basis of a unified stream function and the upper bound theorem. Plasticine experiments and finite 
element (FE) modelling were carried out to validate the proposed analytical model. The derived streamline 
equation contains a shape parameter n describing the degree of curvature of a flow line and the coordinate 
parameters x0 and y0 defining entering and leaving positions respectively of the flow line, from the plastic 
deformation zone (PDZ). The analytical model was able to closely model the material flow eccentricity ratioξ (the 
relative amounts of work-piece material entering the deformation zone from two opposing directions), and flow 
lines obtained from experiments under different velocity ratios and extrusion ratios. The predicted value of ξ was 
found to be independent of n value and hardening of the material. The n value was found to increase from the 
corner near the die orifice to the corner around the dead material zone (DMZ). In addition, the n value increased 
with the increase of extrusion ratio and ratio of velocities of the two opposing extrusion rams, which enabled the 
representation of a decreased area of DMZ and more localised PDZ containing 1–99% accumulated effective 
strain. The predicted field distributions of the localised effective strain rate in the PDZ and inhomogeneous 
effective strain in the extrudates were consistent with FE modelling results.   

1. Introduction 

The energy consumption of vehicles and hence the CO2 emissions of 
those powered by internal combustion engines (ICEs) are to a large 
degree dependent on their weight. With the ongoing transition to e- 
mobility in achieving net-zero emissions by 2050, lightweight design in 
vehicles is also playing an increasingly important role in mitigating the 
potential supply shortage of non-emitting electricity [1]. Lightweight 
vehicle structure design is facilitated by using extruded light alloy pro-
files [2,3]. Curved elements comprising extruded profiles have been 
used as basic constructional elements in aesthetically desirable and/or 
aerodynamically efficient vehicle structures [4,5]. Taking account of the 
increasing demand for vehicles lightweighting, improved aerodynamics 
and aesthetics, the development of efficient manufacturing methods for 
lightweight curved profiles is opportune [5–8]. 

Extrusion is a process commonly utilised for high volume production 
of straight lengths of metal with a range of uniform shapes of cross- 
section. To produce curved profiles, the straight extrusions are 

reshaped by additional processes such as press bending, stretch bending, 
three-roll bending, rotary draw bending and cutting and welding. Many 
studies have been undertaken on the effects of curving method on the 
quality of the formed part including, accuracy, cross-sectional distortion 
and mechanical properties [4,9–14]. Some extrusion-bending integrated 
techniques aimed at reducing forming procedures and bending defects 
have been proposed, using external bending/guiding apparatus to 
deflect the extrudate during the conventional forward extrusion process. 
Muller [15,16] used serially placed bending discs close to the die orifice 
to form a curved channel and achieved bending of the emerging straight 
extrudate. Selvaggio et al. [17] proposed a curved profile extrusion 
(CPE) process, where a guiding tool, exerting bending force/moment, 
was installed near the extrusion die orifice to bend the extruded profile. 
As bending occurred when the material was still mainly in the visco-
plastic state, only small bending forces were required which led to 
reduced springback and cross-sectional distortion [18]. Alternatively, 
bending during extrusion can be achieved by extrusion tool design 
introducing asymmetry in the material flow. Kowalik et al. [19] used an 
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eccentrically mounted mandrel and die orifice to form curved lead pipes 
in single-hole forward extrusion. Chen et al. [20] extruded curved pro-
files using a multi-hole die and investigated the influence of orifice ec-
centricity ratio on profile curvature. Nikawa et al. [21–23] used a die 
with axis that could be set at an angle to that of the extrusion chamber 
and studied the effects of die angle and dimension of the die orifice on 
curvature of extruded plasticine profiles. Wang et al. [24] proposed 
staggered extrusion for producing curved profiles, by using an extrusion 
punch with a step-like front end. Kaya and Blackmurn [25] used choke 
pins inserted around the die orifice to regulate material flow and extrude 
curved profiles. Min et al. [26] designed a self-bending extrusion die 
having a complex-shaped asymmetric die cavity before the die orifice 
and carried out simulations for the curved profile extrusion process. The 
practicality of the processes described above has not been demonstrated 
and as an industrial practical alternative the authors of this paper have 
proposed the differential velocity sideways extrusion (DVSE) process 
[27]. In this process two opposing punches at each end of the extrusion 
chamber, with independently controlled movement are used to extrude 
a billet sideways through a die situated part way along the chamber. The 
relative speeds of the two punches determine degree of extrudate cur-
vature. In addition to producing accurately curved profiles with no 
cross-sectional distortion and enabling curvature to be changed at will, 

the intense region of strain induced around the die orifice endows 
extrudates made by DVSE with fine grains and good mechanical prop-
erties [28]. 

The upper bound theorem has been widely utilised to study material 
deformation behaviour in metal forming processes including extrusion, 
forging, and roll forming etc. [29–35]. To establish a deformation mode 
for the material undergoing plastic deformation, for upper bound 
analysis usually a kinematically admissible velocity field is required. 
Several models have been developed for analysing the deformation 
mode in forward extrusion, backward extrusion, equal-channel angular 
extrusion (ECAE), and radial forging processes etc. The velocity field is 
mostly assumed to be linear or contain velocity discontinuities [36–40]. 
Upper bound analysis utilising simple shear model normally assumes a 
number of velocity discontinuity planes with infinitesimal thicknesses, 
the material flow varies abruptly as it goes through these planes [41]. 
For instance, the simple shear model assumes the deformation zone of 
non-rounded ECAE dies is on the intersection plane of the two channels 
with an unknown (theoretically infinite) strain rate. However, experi-
mental observations [42,43] and FE modelling [44,45] demonstrated 
that the deformation zone could be relatively large (rounded flow lines) 
and the strain rate is limited. To seek more realistic solutions and avoid 
the discontinuity of the deformation process, a more precise method to 

Fig. 1. Principle of the differential velocity sideways extrusion (DVSE) process, the schematic diagram of the developed analytical model, and the corresponding 
geometrical description and shape parameter n for the stream function. 
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describe the deformation mode is to develop the stream function from 
which the deformation field can be derived by mechanics approaches 
[46–49]. The method of obtaining velocity fields without discontinuities 
for the traditional forward extrusion with various cross-section shapes 
has been developed by deriving the streamline equations from stream 
functions [50,51]. Two approaches utilising the continuous velocity 
field, i.e. the Beyerlein’s model [52] and the Tóth’s model [46,53], have 
been proposed to model the rounded flow lines of the ECAE process. The 
deformation zone in both models is not restricted to the narrow zone on 
the intersection plane of the two channels as is assumed in the simple 
shear model. Although it would be much difficult and complicated to 
postulate analytical formulas for the continuous velocity fields of a 
deformation process, it provides more precise and realistic under-
standing of the process mechanics and the theoretical foundation for the 
modelling of texture evolution [54]. 

The authors have predicted the extrusion force and mean/average 
effective strain of the extrudate in DVSE utilising the upper bound the-
orem and the rigid block (simple shear) model, in which the deformation 
zone was divided into several rigid blocks bounded by shear planes 
(velocity discontinuity planes) [55]. Although discontinuities of velocity 
are allowable in the upper bound theorem, they may not occur in reality 
where theoretically infinitesimal thickness (single plane) of the shear 
zone does not exist [31], resulting in the difference from the actual 
process mechanics. A fan-shaped (elliptical) flow line model has also 
been developed to avoid the velocity discontinuity [56], only the 
mean/average effective strain of the extrudate was predicted, the flow 
lines and strain inhomogeneity of the extrudate were unable to be rep-
resented as the shape of each flow line was in essence modelled as 
identical and unchangeable. For a deeper and more realistic under-
standing of the mechanics of the DVSE forming technique, especially for 
the material flow behaviour in the deformation zone and strain in-
homogeneity of the extruded profile, an analytical model using a more 
precise and generalised continuous flow line model based on the shape 
of the material flow lines still needs to be established. 

In the present work, an analytical model is developed on the basis of 
a unified flow field model and the upper bound theorem for predicting 
the deformation behaviour of extruded curved profiles through the 
novel DVSE process. The velocity, effective strain rate and strain fields 
have been derived from a unified stream function taking account of the 
inhomogeneous deformation characteristics (shape parameter and local 
coordinate), thus the strain inhomogeneity of the extruded profiles can 
be investigated. The effects of the shape parameter n which controls the 
flow line shape on the predicted eccentricity ratio, effective strain and 
strain rate of the extrudates were analysed. Experiments using plasticine 
as the work-piece and parallel FE modelling have been conducted to 
evaluate the validity of the developed model. 

2. Analytical model 

Fig 1a schematically shows the principle of DVSE, in which a work- 
piece is extruded laterally by two opposing punches with velocities 
v1andv2, respectively [55]. The present model is established for material 
extruded from a rectangular container through a die orifice having the 
same thickness (normal to the paper). The material is assumed to be 
rigid-plastic and undergoes plane-strain extrusion [57]. Fig 1b is a 
schematic of the model. The container and work-piece have the same 
widthD1, the die orifice and extruded profile have the same width D2. 
The extrudate can be reasonably regarded as consisting of material 
coming from two directions, divided by a line BG [55], whose position is 
represented by the eccentricity ratio ξ = AB/ACand affected by v2/v1 for 
a given extrusion ratioλ = D1/D2. Regions I and II are the plastic 
deformation zone (PDZ), and region III is the dead material zone (DMZ). 
A representative flow line M’MN illustrates that the material flowing 
through region I will continuously and gradually vary its velocity from 
rightward v→1 to upward v→3. The DVSE die land length is sufficiently 

short, ensuring that the differential velocities would not be compro-
mised [27]. 

A unified analytic stream function ϕ is utilised to describe the flow 
lines in the DVSE process, as shown in Fig 1c, which is developed on the 
basis of the power function first introduced in [46,53]: 

ϕ =

(
x

D1

)n

+

(
y

ξD2

)n

=

(
x0

D1

)n

(1)  

where 0 ≤ x ≤D1, 0 ≤ y ≤ ξD2. The flow lines in region I are studied here, 
D1is the entrance channel width and ξD2 is the exit channel width. The 
flow lines in region II can be described similarly by replacingξ with 1-ξ. 
x0is the initial x-coordinate of a flow line entering the PDZ, the leaving 
position of the flow line is defined by y = y0 = ξD2x0/D1 = ξx0/λ. n 
denotes the shape parameter influencing the curvature of the flow line 
within the PDZ: forn = 2, the flow line is elliptical and the curvature 
along the flow line changes more notably for largern values. Forn → ∞, i. 
e. the upper limit, the flow line becomes two orthogonal lines connected 
at the intersection plane EB, similar to the simple shear model. 

A kinematically admissible velocity field satisfying the continuity 
equation (incompressibility condition ∇⋅ v→ = 0) can be determined 
from the stream function ϕ as: 

vx = ρ ∂ϕ
∂y

=
ρn

ξD2

(
y

ξD2

)n− 1

(2)  

vy = − ρ ∂ϕ
∂x

=
− ρn
D1

(
x

D1

)n− 1

(3)  

where ρ is a scaling factor determined by the entering velocity of the 
flow line.The entering position x0 for each of the flow line is at the plane 
defined byy = 0, and the entering velocity is v1, i.e., x = x0, vy = v1, then 
we have: 

ρ = −
D1v1

n

(
x0

D1

)1− n

(4) 

Substituting Eq. (4) into Eqs. (2) and (3), the velocity field can be 
obtained as: 

vx = −
D1

ξD2

(
y

ξD2

)n− 1( x0

D1

)1− n

v1 (5)  

vy =

(
x

D1

)n− 1( x0

D1

)1− n

v1 (6) 

Thus for a given flow line with an entering position x = x0, the ve-
locity at any point P(x,y) along the flow line can be obtained. The related 
velocity hodograph on the central flow line is shown in Fig 1d, where 
tanθ = y/x. 

The strain rate field is expressed as: 

ε̇xx =
∂vx

∂x
= Lxx =

(n − 1)v1

ξD2

(
y

ξD2

)n− 1( x0

D1

)1− 2n( x
D1

)n− 1

(7)  

ε̇yy =
∂vy

∂y
= Lyy = −

(n − 1)v1

ξD2

(
y

ξD2

)n− 1( x0

D1

)1− 2n( x
D1

)n− 1

= − ε̇xx (8)  

ε̇xy = ε̇yx =
1
2

(
∂vx

∂y
+

∂vy

∂x

)

=
1
2
(
Lxy + Lyx

)

=
(n − 1)v1

2

(
x0

D1

)1− 2n
[

1
D1

(
y

ξD2

)n( x
D1

)n− 2

−
D1

(ξD2)
2

(
y

ξD2

)n− 2( x
D1

)n
]

(9)  

where Lxx, Lyy, Lxy, Lyx are the velocity gradient components. The 
effective strain rate in the sense of von Mises can be given by:   
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To facilitate illustration of the continuously varying strain rate field 
along a specific flow line, the above formulas Eqs. (7)–((10)) can also be 
rewritten as: 

Lxx =
∂vx

∂x
=

(n − 1)v1

x0

(
ξD2

D1

)n− 2(y
x

)n− 1
[(

ξD2

D1

)n

+
(y

x

)n
]2

n− 2

= ε̇xx (11)  

Lyy =
∂vy

∂y
= −

(n − 1)v1

x0

(
ξD2

D1

)n− 2(y
x

)n− 1
[(

ξD2

D1

)n

+
(y

x

)n
]2

n− 2

= ε̇yy = − ε̇xx

(12)  

Lxy =
∂vx

∂y
= −

(n − 1)v1

x0

(
ξD2

D1

)n− 2(y
x

)n− 2
[(

ξD2

D1

)n

+
(y

x

)n
]2

n− 2

= − ε̇xx
x
y

(13)  

Lyx =
∂vy

∂x
=

(n − 1)v1

x0

(
ξD2

D1

)n− 2(y
x

)n
[(

ξD2

D1

)n

+
(y

x

)n
]2

n− 2

= ε̇xx
y
x

(14)  

ε̇xy = ε̇yx =
1
2

(
∂vx

∂y
+

∂vy

∂x

)

=
1
2
(
Lxy + Lyx

)
=

1
2
ε̇xx

(
y
x
−

x
y

)

(15)  

ε̇(x, y) =
̅̅̅̅̅̅̅̅̅̅̅
2
3
ε̇ijε̇ij

√

=
1̅
̅̅
3

√ ε̇xx

(
y
x
+

x
y

)

(16) 

The internal power dissipation during the extrusion process is: 

Ẇi = 2
∫

V

k
̅̅̅̅̅̅̅̅̅̅̅
1
2
ε̇ijε̇ij

√

dV +

∫

Sv

kΔvdSv +

∫

Sf

mkΔvdSf (17)  

where k is the average shear yield stress of the work-piece, ε̇ij is the 
strain rate tensor, V is the volume of the PDZ, k is the current shear yield 
stress, Sv is the area of velocity discontinuity surfaces,Δv is the velocity 
discontinuity, mis the friction factor, Sf is the area of frictional surfaces. 
To calculate Ẇi, it is necessary to know the strain rate, flow stress and 
velocity along the streamline and throughout the deformation zone 
[58]. 

The internal power dissipation in the PDZ due to plastic deformation 
is: 

Ẇdef = 2
∫

V

k
̅̅̅̅̅̅̅̅̅̅̅
1
2

ε̇ij ε̇ij

√

dV =
̅̅̅
3

√
∫

VPDZ

kε̇wdSPDZ (18)  

where ε̇ is the effective strain rate given in Eq. (10), w is the thickness of 
the PDZ in the z direction (normal to the paper, Fig 1c), dSPDZ is the 
differential area element in the PDZ. 

To facilitate the integration of effective strain rate in the PDZ, the 

following variable substitutions are made, the details of which are given 
in Appendix A: 
(

x
D1

)n

= Ψ2cos2α = rncos2α (19)  

(
y

ξD2

)n

= Ψ2sin2α = rnsin2α (20)  

(
x0

D1

)n

= Ψ2 = rn (21)  

where 0 ≤ α ≤ π
2, 0 ≤ r = x0

D1
≤ 1, then one obtains: 

x = D1rcos2
nα (22)  

y = ξD2rsin
2
nα (23)  

vx = −
D1

ξD2
sin2− 2

nαv1 (24)  

vy = cos2− 2
nαv1 (25) 

Thus the effective strain rate can be given by: 

ε̇(r, α) = (n − 1)v1
̅̅̅
3

√
r

(sinαcosα)2− 4
n

[
1

D1
sin

4
nα+

D1

(ξD2)
2cos4

nα
]

(26) 

The relationship between the differential area element drdα and dxdy 
is: 

dxdy = |J(r, α)|drdα (27)  

where J(r, α) is the Jacobian matrix and the Jacobian determinant can be 
expressed as: 

|J(r,α)| =
⃒
⃒
⃒
⃒
∂(x, y)
∂(r,α)

⃒
⃒
⃒
⃒ =

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

∂x
∂r

∂x
∂α

∂y
∂r

∂y
∂α

⃒
⃒
⃒
⃒
⃒
⃒
⃒
⃒

(28) 

Substituting Eqs. (22) and (23) into Eq. (28) yields 

|J(r,α)| = 2D1ξD2r
n

(sinαcosα)
2
n− 1 (29) 

The differential area element in the PDZ is 

dSPDZ = dxdy = |J(r,α)|drdα =
2D1ξD2r

n
(sinαcosα)

2
n− 1drdα (30) 

Thus:  

ε̇(x, y) =
̅̅̅̅̅̅̅̅̅̅̅
2
3

ε̇ij ε̇ij

√

=
(n − 1)v1

̅̅̅
3

√

(
x0

D1

)1− 2n
[

1
D1

(
y

ξD2

)n( x
D1

)n− 2

+
D1

(ξD2)
2

(
y

ξD2

)n− 2( x
D1

)n
]

=
(n − 1)v1

̅̅̅
3

√

(
x0

D1

)1− 2n( y
ξD2

)n− 2( x
D1

)n− 2
[

1
D1

(
y

ξD2

)2

+
D1

(ξD2)
2

(
x

D1

)2
] (10)   
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The second integral of Eq. (17) represents the power dissipation on 
the velocity discontinuity surfaces Sv. For the current flow line model, 
the material velocity varies continuously in the PDZ, and there is no 
velocity discontinuity when entering and leaving the PDZ. Thus the 
velocity discontinuity only exists on the boundary between the PDZ and 
DMZ, the corresponding dissipative power can be given by: 

ẆSv =

∫

Sv

kΔv dSv =

∫

Sv

kΔv w⋅dl (32)  

where dl is the differential length element on the boundary between the 
PDZ and DMZ. As shown in Eq. (21), when r = 1, we have x0 = D1. Thus 
dl can be calculated by applying r = 1 in Eqs. (22) and (23): 

dl =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
dx2 + dy2

√
=

2
n

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

D1
2cos4

n− 2αsin2α + (ξD2)
2sin

4
n− 2αcos2α

√

dα (33) 

Taking into account Eqs. (24) and (25), the amount of velocity 
discontinuity can be obtained as: 

Δv = vPDZ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

vx
2 + vy

2
√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
D1

2

(ξD2)
2sin4− 4

nα + cos4− 4
nα

√

v1 (34) 

Thus: 

ẆSv =
2kwv1

n

∫
π
2

0

(
D1

2

ξD2
cos2

n− 1αsin3− 2
nα+ ξD2sin

2
n− 1αcos3− 2

nα
)

dα

= kw
(

ξD2 +
D1

2

ξD2

)

v1
1
n

B
(

1
n
, 2 −

1
n

)

(35)  

where B
( 1

n,2 − 1
n
)

is the Beta Function whose value can be obtained 
numerically for a given n. 

The last integral in Eq. (17) represents the internal power dissipation 
resulted from friction (ẆSf ). It can be decomposed into three parts ẆSf1 ,

ẆSf2 and ẆSf3 .ẆSf1 is the dissipative power on frictional surfaces of the 
entrance channel walls before entering the PDZ: 

ẆSf 1 =

∫

Sf 1

mk0 Δv1dSf 1 = 2mk0(D1 +w)l1v1 (36)  

where k0 denotes the initial shear yield stress of the work-piece, Δv1 = v1 
is the amount of velocity discontinuity, l1 is the current length of the 
work-piece with velocity v1in the container, Sf1 = 2(D1 + w)l1 is the 
related total area of frictional surfaces. 

ẆSf2 is the dissipative power on frictional surfaces between the ma-

terial in the PDZ and walls of the container: 

ẆSf 2 =

∫

SPDZ

mkΔv2dSPDZ (37)  

where dSPDZ is the differential area element in the PDZ. dSPDZ has been 
given before in Eq. (30) for calculating the plastic deformation power 
Ẇdef , and Δv2 = vPDZ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
vx2 + vy2

√
is the same as the one given in Eq. 

(34), thus: 

ẆSf 2 = mkD1(ξD2 +D1)v1
1
2n

B
(

1
n
, 1
)

(38) 

ẆSf3 is the dissipative power on frictional surfaces of the die exit 
channel walls: 

ẆSf 3 =

∫

Sf 2

mkf Δv3dSf 3 = λmkf (2ξD2 +w)
lv1

ξ
(39)  

where kf denotes the shear yield strength of the work-piece after un-
dergoing plastic deformation, Δv3 = v3 = λv1/ξ is the amount of velocity 
discontinuity,l is the exit channel length, Sf3 = (2ξD2 + w)lis the related 
total area of frictional surfaces. 

By replacing ξ, v1, l1 with1− ξ, v2,l2, respectively for the above Ẇdef ,

ẆSv, ẆSf1 , ẆSf2 and ẆSf3 , the internal power dissipation for the other 
side (region II, etc.) can be derived similarly. The total internal power 
dissipation Ẇi can be computed by adding all the dissipative powers: 

Ẇi = Ẇdef + ẆSv + ẆSf (40) 

For a given extrusion velocity ratiov2/v1 and DVSE tool configura-
tion, parameters D1,D2, λ, w, lare known, k, k0, kf are material co-
efficients determined by experiments, the total power dissipation in Eq. 
(40) can be expressed as a function of the variableξ. Based on the upper 
bound theorem, the actual solution for ξ would lead to the minimisation 
of the total dissipative power, thus ξ can be obtained by finding the 
derivative of Ẇi with respect to ξ and setting it as zero: 

∂Ẇi

∂ξ
= 0 (41) 

The external supplied power is 

Ẇe = F1v1 + F2v2 (42)  

where F1 and F2 are the extrusion forces of the two opposing punches 
with velocities v1andv2, respectively. According to the upper bound 
theorem, the upper-bound solution for the extrusion force is obtained 
when 

Ẇi,min = Ẇeu = F1uv1 + F2uv2 (43)  

where Ẇeu, F1u and F2u are the upper bound solutions for Ẇe, F1 and F2, 
respectively. Minimising F1u and F2u with respect to parameter ξ de-
termines the upper bound values of F1 andF2 [55]. 

Table 1 
Shear yield stresses of the plasticine used for predicting extrusion force.    

n = 2 n = 2 n = 5.5 n = 5.5  
k0 (MPa) k (MPa) kf(MPa) k (MPa) kf(MPa) 

λ = 1.28 0.024 0.0310 0.0619 0.0314 0.0628 
λ = 1.71 0.024 0.0320 0.0641 0.0325 0.0650  

Ẇdef =
̅̅̅
3

√
kw
∫

π
2

0

∫1

0

ε̇(r, α)|J(r,α)|drdα =
2kw(n − 1)v1

n

∫

π
2

0

(

ξD2sin1+2
nαcos1− 2

nα +
D1

2

ξD2
sin1− 2

nαcos1+2
nα
)

dα

= kw
(

ξD2 +
D2

1

ξD2

)

v1
π(n − 1)

n2sin
π
n

(31)   
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3. Experimental and numerical modelling methods 

Extrusion tests were carried out using work-pieces made of plasti-
cine, a material which has been commonly utilised in extrusion and 

other forming processes to observe flow patterns [22,59–63]. For this 
material, the relationship for strain and strain rate hardening behaviour 
σ = 0.181ε0.15ε̇0.14 MPa was adopted in this study, which was from 
fitting the true stress-strain (σ-ε) curves obtained by uniaxial 

Fig. 2. Designed and manufactured extrusion tooling for two different extrusion ratios (λ = 1.71 and 1.28), and plasticine work-pieces with coarse grids ~ 4 mm × 4 
mm and fine grids ~ 4 mm × 2 mm for material flow visualisation. Note that only a half of each split die set and work-piece is shown. 

Fig. 3. Experimental flow patterns of plasticine under different velocity ratios and extrusion ratios.  
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compression tests at room temperature [64]. The shear yield stresses of 
the plasticine at different conditions are presented in Table 1. Two die 
sets were designed for enabling two different extrusion ratios; λ = 1.71 
and 1.28. For both die sets, the container was 150 mm long and had a 
square cross-section with 25.6 mm sides (width D1 and thickness w), the 
die orifice was rectangular and had the same thickness as that of the 
container (w = 25.6 mm). The width of the die orifice was D2 = 15 mm 
for λ = 1.71, and D2 = 20 mm for λ = 1.28, respectively. The die land had 
a length of 2 mm. Fig 2a shows the manufactured two die sets made of 
AA7075 alloy. Each die set was split in the symmetric plane of the die 

orifice and container, facilitating extraction of the extrudates by sepa-
rating the halves. The two extrusion punches had the same square 
cross-sections with 25.4 mm sides. Work-pieces were prepared as ~ 130 
mm long and had square cross-sections so as to be a sliding fit in the 
containers. They were split lengthwise on a symmetric plane parallel to 
one side and grids (coarse grids ~ 4 mm × 4 mm, fine grids ~ 4 mm × 2 
mm) were scribed on one exposed surface, as shown in Fig 2b. The split 
two halves were replaced and the complete work-piece was loaded into 
the container, lubricated with a mixture of Vaseline and soap powder, of 
the assembled die set. The resulting friction factor was estimated to be m 

Fig. 4. Simulation results showing the extruded shape and its flow characteristics around the die orifice under different velocity ratios and extrusion ratios. The scale 
bars are manually adjusted to highlight the velocity gradient and the minimum velocity in the die is much smaller than the lower limit value shown in the scale bars. 
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= 0.3 [27]. Extrusion tests were conducted at room temperature using a 
purposely designed double-action mechanism mounted on an Instron 
hydraulic press. The upper punch had the same velocity as that of the 
press, which was constant at v1 = 1mm/s. The lower punch velocity v2 
was controlled by adjusting the configuration of the double-action 
mechanism, enabling the velocity ratio to be changed as v2/v1 = 0, 
1/3, 1/2, 2/3, and 1. Detailed configuration of the double-action 
mechanism and its kinematics were illustrated in a previous work 
[27]. Uniaxial compression stress-strain curves of plasticine [27] were 
imported into the finite element code Deform-3D to define the material 
model, where a friction factor of 0.3 was utilised as in the experiments. 
The extrusion tooling was modelled as a rigid body and had a simplified 
thickness of 1 mm. The container channel, work-piece and die orifice 
had the same dimensions as those in experiments. The work-piece was 
meshed using tetrahedral elements, which had a size ratio of 2 and 
minimum element size of 0.5 mm. A mesh window covering the PDZ and 
die orifice was set to refine material elements flowing into these areas to 
0.3 mm in size. Remeshing in modelling was defined using the global 
remeshing method, which triggered when a relative interference depth 
reached 0.3, i.e. the length ratio of penetrated element edge to its 
original edge is 30%. Finite element modelling was performed at room 
temperature employing the same process parameters as those used in the 
DVSE experiments, which enabled the simulated and experimental re-
sults to be compared. 

4. Results and discussion 

4.1. Eccentricity ratio 

Fig 3 shows the experimentally obtained flow patterns resulting from 
different extrusion conditions (velocity ratio v2/v1 and extrusion ratio λ), 
from which the values of the curvature can be measured following the 
same procedure as used in previous work [27]. To estimate the eccen-
tricity ratioξ, a line was manually drawn dividing the materials extruded 
by the two opposing punches, as shown in Fig 3, and ξ can be computed 
asξ = e/D2. 

Fig 4 shows the simulated extruded shape and flow field of the 
extrudate around the die orifice. The FE model is verified in Fig 5a by a 
quantitative comparison of its predicted extrudate curvature with that 
obtained in experiments, as can be seen in the figure a reasonably good 
agreement exists, although FE modelling results in a slightly lower 
curvature. The extrudate is curved as a result of a generated velocity 
gradient ((v1e-v2e)/D2, Fig 1b) across the die orifice, which is estimated 
to be 0.042 s− 1, 0.023 s− 1 for an extrusion ratio of 1.71 at v2/v1 = 0 and 
0.5, respectively. For a smaller extrusion ratio of 1.28, velocity gradient 
is estimated to be 0.030 s− 1, 0.016 s− 1 at v2/v1 = 0 and 0.5, respectively. 

The velocity gradient at v2/v1 = 1 is not exactly zero but is negligible, 
possibly due to numerical errors. Velocity gradient across the die orifice 
tends to decrease with increase of v2/v1and decrease of λ, so does 
extrudate curvature. The eccentricity ratio variable ξ obtained from 
theoretical model and extrusion experiments is shown in Fig 5b. It can be 
seen that the developed analytical model can predict the eccentricity 
ratio reasonably well. Greaterv2/v1and lower λ lead to lowerξ, this is 
similar to the variation trend of the velocity gradient across the die 
orifice and extrudate curvature, although the specific trend curves are 
different. It can also be seen that the n value has almost no effect on the 
predicted eccentricity ratioξ. The details can be seen in Appendix B. 

4.2. Inhomogeneity of n 

Fig 6 shows the extracted flow lines of three representative cases in 
the plastic deformation zone: (a) v2/v1 = 1, λ = 1.71, (b) v2/v1 = 1, λ =
1.28, (c) v2/v1 = 0.5, λ = 1.28, which were chosen to investigate the 
effects of velocity ratio and extrusion ratio on flow lines. Here only the 
half part (ξD2) of the plastic deformation zone closer to the punch with 
velocity v1 was studied. For each case, the entering positions of the seven 
flow lines were x = x0 = 3.94, 7.88, 11.82, 15.76, 19.70, 21.67, 23.64 
mm, respectively. Each of the flow lines was best-fitted with the unified 
flow line model to obtain the shape parameter n, the fitted curves are 
also shown in Fig 6. As can be seen from Fig 6, the proposed flow line 
model is able to represent the flow lines in experiments closely, the n 
value varies with the entering position x0 of the flow line for a given 
velocity ratio and extrusion ratio. 

The relationship between n and x0 for the three representative cases 
is shown in Fig 7. It can be seen that n value increases from the corner 
near the die orifice (line 1) to the corner around the DMZ (line 7). 
Namely n increases with x0 and the flow lines become sharper at the 
corner around the DMZ. For each of the three cases, the flow lines near 
the orifice corner of the PDZ (lines 1, 2) have an n value very close to 2, 
which are the shape of elliptical flow lines. Velocity ratio and extrusion 
ratio have an effect on n as well. The overall value of the shape 
parameter n increases with increasing velocity ratio and extrusion ratio, 
for a given flow line with the same entering position x0 greater velocity 
ratio and extrusion ratio result in a greater n value. As the flow lines are 
sharper for a greater velocity ratio and extrusion ratio, the DMZ becomes 
smaller accordingly. Namely, the current generalised model captures the 
feature that the DMZ height decreases with increase in velocity ratio and 
extrusion ratio, through the value of one single parameter n. It should be 
noted that in previous work with a fan-shaped (elliptical) flow line 
model, the DMZ height was modelled as ξ2D2/λ using two parametersξ 
and λ, as ξ decreases with the increase of velocity ratio, DMZ height 
decreases as a result. However, the effect of extrusion ratio is not as 

Fig. 5. Modelled and experimental results for extrudate curvature κ and eccentricity ratioξ under different velocity ratios and extrusion ratios.  
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readily seen as the velocity ratio because ξ is also related to λ [56]. For 
the simple shear model [55], the DMZ height was not able to be captured 
analytically. 

4.3. Effective strain rate 

The effective strain rate distribution predicted by the flow line model 
is given in Fig 8a–c for different velocity ratios and extrusion ratios, 

Fig. 6. Flow line model (curved lines) fitted to experimental data (hollow symbols) for three representative extrusion cases. The thin black lines (dashed) with arrows 
indicate the percentages (1%− 99%) of the final deformation for each flow line. 
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where θ between the normal to billet movement vector and a straight 
line drawn from the orifice corner within the PDZ, is illustrated in Fig 1c. 
Fig 8d shows the relationship between maximum effective strain rate 
and entering position x0 of each line for the three cases. As shown in Fig 
8, the effective strain rate in the PDZ decreases from the corner near the 
die orifice (line 1) to the corner around the DMZ (line 7), greater velocity 
ratio and extrusion ratio lead to increased strain rates in general. For 
each flow line, the effective strain rate distribution has the same trend, i. 
e. monotonically increasing to a maximum value before decreasing, and 
the region around the ideal intersection plane (indicated with the 
dashed vertical line θ = arctan(ξD2 /D1)) of the two channels (width of 
D1andξD2, respectively) has the maximum value. The specific location of 
the maximum effective strain rate of each flow line for different velocity 
ratios and extrusion ratios has also been identified in Fig 8a–c, where a 
deviation from the ideal intersection plane is found. However, as ve-
locity ratio and extrusion ratio increase this deviation of each flow line is 
generally reduced. Also, for a given velocity ratio and extrusion ratio, 
this deviation decreases from the corner near the die orifice (line 1) to 
the corner around the DMZ (line 7), namely it decreases as the n value 
increases. Fig 9 shows the effective strain rate contours simulated by the 
FE model. As can be seen in Fig 9, the maximum effective strain rates are 
in the region around the two intersection planes (‘<’ shape), which are 
~ 0.2–0.4 s− 1 for the case of v2/v1 = 1, λ = 1.71; ~ 0.15–0.3 s− 1 for the 
case of v2/v1 = 1, λ = 1.28; and ~ 0.1–0.2 s− 1 for the case of v2/v1 = 0.5, 
λ = 1.28. These results are compatible with those predicted by the flow 
line model (Fig 8), while in the simple shear model the effective rate is 
assumed to be infinite on the intersection plane [55]. It is noted that the 
theta value in Fig 9 where the maximum effective strain rate occurs is 
greater than that predicted by the flow line model (Fig 8). As discussed 
before, using the proposed flow line model, the predicted maximum 
effective strain rate occurs at an angle smaller than the ideal intersection 
angle (θ = arctan(ξD2/D1), dashed vertical line in Fig 8) where the DMZ 
is not considered. This deviation decreases as the velocity ratio and 
extrusion ratio increase (i.e. as n value increases), when n tends to 
infinite it is exactly on the ideal intersection plane. In FE modelling, as 
shown in Fig 9, due to the existence of DMZ, the intersection plane shifts 
as a result of a smaller effectiveD1, i.e. the theta value where the 

maximum effective strain rate occurs is greater than the ideal intersec-
tion angle (arctan(ξD2/D1)). 

To further explore the material flow characteristics described by the 
developed flow line model, the effective strain rate of the flow line 
model is expressed in the x’-y’-z’ coordinate system shown in Fig 1c 
using the transformation matrix. Plane EB (normal direction y’) is par-
allel to the intersection plane of the two channels (D1andξD2). The ve-
locity gradient is derived in the original x-y-z coordinate system as: 

L =

⎡

⎣
Lxx Lxy 0
Lyx Lyy 0
0 0 0

⎤

⎦ (44)  

where Lxx, Lyy, Lxy, Lyx are given in Eqs. (11)–(14). The transformation 
matrix for a rotation angle of θ around axis z in the anticlockwise di-
rection is: 

T =

⎡

⎣
cosθ sinθ 0
− sinθ cosθ 0

0 0 1

⎤

⎦ (45)  

where θ = arctan(y /x). For the x’-y’-z’ coordinate system, we have θ =

arctan(ξD2 /D1) = arctan(ξ /λ), the velocity gradient can be obtained 
using the transformation formulaL′ = TLTT, which leads to: 

L
′

x′′ = cos2θLxx + cosθsinθLxy + cosθsinθLyx + sin2θLyy = 0 (46)  

L′

x′ y′ = − cosθsinθLxx + cos2θLxy − sin2θLyx + cosθsinθLyy =
− Lxx

sinθcosθ
(47)  

L′

y′′ = − cosθsinθLxx + cos2θLyx − sin2θLxy + cosθsinθLyy = 0 (48)  

L′

y′ y′ = sin2θLxx − cosθsinθLyx − cosθsinθLxy + cos2θLyy = 0 (49)  

L
′

=

⎡

⎣
0 L′

x′ y′ 0
0 0 0
0 0 0

⎤

⎦ (50)  

where the only non-zero component of L′ is L′

x′ y′ =
− Lxx

sinθcosθ, thus the shear 

Fig. 7. Variation of the shape parameter n of a flow line with its entering position x0 for the three cases shown in Fig 6.  
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Fig. 8. The predicted distribution of effective strain rate under different velocity ratios and extrusion ratios, and variation of the maximum effective strain rate of a 
flow line with its entering position x0. The vertex of each flow line indicates the maximum value and location (θ) of effective strain rate, the dashed vertical line 
indicates the location of the ideal intersection plane (θ = arctan(ξD2 /D1)) of the two channels (D1andξD2). 

Fig. 9. Simulated effective strain rate contours (s− 1) for three representative cases.  
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strain rate and effective strain rate in the x’-y’-z’ coordinate system are: 

ε̇′

x′ y′ = ε̇′

y′′ =
1
2
(
L′

x′ y′ +L′

y′′
)
=

− Lxx

2sinθcosθ
= −

ε̇xx

2

(
y
x
+

x
y

)

= −
ε̇xx

2

(
ξ
λ
+

λ
ξ

)

(51)  

ε̇
′

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3
ε̇′

ij ε̇
′

ij

√

=
2
⃒
⃒ε̇′

x′ y′
⃒
⃒

̅̅̅
3

√ =
1̅
̅̅
3

√ ε̇xx

(
y
x
+

x
y

)

=
1̅
̅̅
3

√ ε̇xx

(
ξ
λ
+

λ
ξ

)

= ε̇ (52) 

Eq. (52) is the same as Eq. (16). Therefore, the nature of the flow field 
described by the developed flow line model accords with the deforma-
tion mode of simple shear, i.e. ideal simple shear on local planes/ 

directions parallel to the intersection plane (plane EB with normal di-
rection y’, Fig 1) of the two channels, but the shear strain rate on the 
intersection plane is not infinite as is predicted by the traditional simple 
shear model. It is obvious that the flow line model is more practical as 
the range of the PDZ is not restricted to planes with infinitesimal 
thickness as it is in the traditional simple shear model [55]. 

4.4. Effective strain 

The accumulated effective strain for a flow line entering at x0 was 
estimated by the product of the average effective strain rate of the flow 

Fig. 10. The starting (column bottom) and ending (column top) locations (θ) representing 1% and 99% of the total effective strain along a whole flow line. The first 
column of each line indicates the case of v2/v1 = 1, λ = 1.71, the second column indicates v2/v1 = 1, λ = 1.28, the third column indicates v2/v1 = 0.5, λ = 1.28. 

Fig. 11. Simulated effective strain contours for three representative cases.  
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line and the deformation time. The effective strain rateexpressed in Eq. 
(16) (ε̇(x,y)) or in Eq. (26) (ε̇(r,α)) is a function of location coordinates. 
To calculate the effective strain, here the average value of the effective 
strain rate along a flow line entering at x0, ε̇m(x0), is used which is: 

ε̇m(x0) =

∫ ∫
ε̇(x, y)dxdy
∫ ∫

dxdy
=

∫

π
2

0

∫

x0

D1
+ Δr

x0

D1

ε̇(r,α)J(r,α)drdα

∫

π
2

0

∫

x0

D1
+ Δr

x0

D1

J(r, α)J(r,α)drdα

=

(
1
x0

+
D1

2

(ξD2)
2x0

)

v1

̅̅̅
3

√
π(n − 1)

nsin
π
n

B
(

1
n
,
1
n

)

(53) 

Where B
(

1
n,

1
n

)
is the Beta Function whose value can be obtained 

numerically for a given n. 
According to the volume constancy, the stroke of the punch required 

for replacing the material in the PDZ with that in the entrance channel is 
given by: 

l′1 =
∫ ∫

dxdy
D1

=
1

D1

∫
π
2

0

∫1

0

J(r,α)drdα =
ξD2

2n
B
(

1
n
,
1
n

)

(54) 

The detailed derivation for Eqs. (53) and (54) is given in Appendix C. 
The deformation time can be obtained considering the time needed for 
producing the stroke l′1: 

t =
l′1
v1

=
ξD2

2nv1
B
(

1
n
,
1
n

)

(55) 

The accumulated effective strain along a flow line entering at x0is 
calculated as: 

εm(x0) = ε̇m(x0)t =
ξD2
x0

+ D1
2

ξD2x0

2
̅̅̅
3

√
π(n − 1)
n2sin π

n
(56) 

The above formula for accumulated effective strain indicates that it is 
dependent on parameters x0 and n, which reflects the inhomogeneity of 
the effective strain distribution in the extrudates. The n value of the flow 
line entering at x0 affects the level of accumulated effective strain. As 
can be seen from Eq. (56), effective strain increases with the increase of 
n. For n → ∞ and x0 = D1/2, Eq. (56) results in 
εm = [D1 /(ξD2)+ξD2 /D1]/

̅̅̅
3

√
, which is the same as given by the simple 

shear model used before to estimate average effective strain of the 
extrudate cross-section [55,56]. In addition, the locations representing 
1% and 99% of εm(x0) for each flow line entering at x0, i.e. the region 
bounded by strains accounting 1%− 99% of the total effective strain 
along a whole flow line can be identified. The obtained specific theta 
values for each flow line under different velocity ratios and extrusion 
ratios are given in Fig 10. They are also shown in Figs 6 and 8a–c for 
better illustration and comparison, where two dashed lines representing 
1% and 99% of εm(x0), are superposed to illustrate the range of the re-
gion defined above. It can be seen that this region is smaller and more 
localised for the larger extrusion ratio and velocity ratio where the 
curvature or shape parameter n of the flow line is large. 

Fig 11 shows the effective strain contours for three representative 
cases: (a) v2/v1 = 1, λ = 1.71, (b) v2/v1 = 1, λ = 1.28, (c) v2/v1 = 0.5, λ =
1.28. The effective strain in regions above and below the neutral plane 
(∼ 0.5ξD2) of the extrudate segment (ξD2) is slightly larger than that on 
the neutral plane. As curvature decreases, this inhomogeneity decreases 
[27]. Fig 12 shows the extracted effective strain of the extrudate 
segment (ξD2) at the die orifice, the results predicted by the theoretical 
model are also plotted for comparison, wherey0 = ξD2x0/D1 = ξx0/λ is 
the leaving position with respect to the entering position x0. The solid 
symbols indicate the effective strain obtained using the experimentally 
fitted n values. It can be seen that strain inhomogeneity of the extruded 
profile can be predicted by the proposed model in general, the locations 
near the surface are slightly overestimated, while those near the dividing 
line which defines ξD2are slightly underestimated. The predicted 

Fig. 12. Comparison of the effective strain of the extrudate obtained by the analytical model (solid symbols) and FE modelling (hollow symbols). The thinner error 
bar indicates the upper limit using n → ∞and lower limit using n = 2, the thicker error bar indicates using n = 5.5. 
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variation of the effective strain by the flow line model is that it 
monotonously decreases with y0, while FE modelling results show that it 
decreases first as y0 is small and increases slightly as y0 approaches the 
dividing line. This deviation is probably caused by the mutual interac-
tion of the two assumed divided segments since in practice these two 
segments are continuous and mutually interact around the dividing line. 
To explore the sensitivity of n value on effective strain, the effect of 
different n values is shown in Fig 12, in which the thinner error bar 
indicates the upper limit using n → ∞and lower limit using n = 2, the 
thicker error bar indicates an intermediate situation using n = 5.5. The 
difference between using n = 2 and the fitted n value is negligible (less 
than 0.1) so the lower limit could hardly be seen in the figure. It can be 
seen that increase of n value increases the predicted effective strain, but 
the effect is not significant especially for larger y0 values, a unified n 
value up to ~5.5 could generally provide a reasonable approximation of 
the effective strain distribution. 

4.5. Extrusion force 

To predict the extrusion force using Eqs. (42) and (43), the shear 
yield stresses of the plasticine in the entrance channel (k0), PDZ (k), and 
exit channel (kf) need to be determined, which are related with the strain 
and strain rate hardening behaviour of the plasticine. Fig 13 shows the 
extrusion force versus displacement obtained by the analytical model 
and FE modelling for two different cases: (a) v2/v1 = 1, λ = 1.71, (b) v2/ 
v1 = 1, λ = 1.28. The shear yield stresses of the plasticine used for 
predicting the extrusion force are shown in Table 1, the details of which 
are given in Appendix D. It can be seen that the upper bound solution 
provides a reasonable upper limit of the extrusion force, which increases 
as the increase of n value. The theoretically predicted extrusion force 
starts at the stroke (ξD2l/D1) where the material has just filled the die 
exit channel, and it was assumed that from this stroke afterwards the 
material in the exit channel has gone through the PDZ, i.e. having the 
final shear yield strength of kf. This could be the reason why the pre-
dicted initial extrusion force is much higher than the FE modelling 
result. The predicted extrusion force gradually decreases due to the 
decrease of frictional area in the entrance channel. 

5. Conclusions 

An analytical model is established on the basis of a unified flow field 
model and the upper bound theorem for the study of the deformation 
characteristics in the novel differential velocity sideways extrusion 
process. The predicted material flow eccentricity ratio, effective strain 
rate distribution and inhomogeneous effective strain in the extrudates 
under different velocity ratios and extrusion ratios are validated by 

comparing with the results obtained from experiments and FE model-
ling, the following conclusions can be drawn: 

(1) The material flow eccentricity ratio dividing the plastic defor-
mation zone (PDZ) under different velocity ratios and extrusion 
ratios can be predicted by the analytical model closely, which is 
also found to be irrespective of the value of the flow line shape 
parameter n and hardening of the material.  

(2) The flow lines can be well represented by the analytical model, n 
value increases from the corner near the die orifice to the corner 
around the dead material zone (DMZ). Greater velocity ratio and 
extrusion ratio result in a greater n value, which could also 
represent the smaller area of DMZ and more localised PDZ con-
taining 1%− 99% accumulated effective strain.  

(3) The analytical model can represent the field distribution of the 
effective strain rate within the PDZ, it is shown that maximum 
effective strain rates are in the region around the intersection 
planes. The deformation mode of the presented flow line model 
has the same nature as the simple shear deformation mode, but 
the PDZ is not restricted to planes having infinitesimal thickness.  

(4) The analytical model can generally predict the inhomogeneous 
strain distribution in the extrudates. An increase in n value results 
in an increase in the predicted effective strain, but the effect is not 
significant especially for regions not near the extrudate surface. A 
unified large n value up to ~5.5 could in general give a reason-
able approximation of the effective strain distribution. 
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Appendix A. A general form of variable substitution to facilitate integration 

The flow line equation Eq. (1)) is similar to a channel angular extrusion with non-equal widths, assume X =
(

x
D1

)n/2
, Y =

(
y

ξD2

)n/2
, Ψ =

(
x0
D1

)n/2
, X2 

+ Y2 = Ψ2, thus X = Ψcosα, Y = Ψsinα, 0 ≤ α ≤ π/2, then one obtains Eqs. (19)–((21). The transformation for the incremental area is dXdY = |J(Ψ, α)| 
dΨdα = ΨdΨdα, i.e. the Polar-Cartesian coordinates transformation. 

More generally, for a general form of variable substitution or coordinates transformation, the relationship between the differential area element 
dxdy and drdα is given in Eq. (30). When n = 2, Eq. (30) is simplified to dxdy = D1ξD2rdrdα, which is the same as the above Polar-Cartesian coordinates 
transformation (for n = 2, we haveΨ = r, x = D1X,y = ξD2Y,thus dxdy = D1dX(ξD2)dY = D1ξD2rdrdα). Noted that 0 ≤ α ≤ π/2, due to the one-to-one 
map at each point between (X, Y) and (x, y), by integrating α from 0 to π/2, the related flow lines in the entire PDZ are considered. 

Appendix B. Determination of the eccentricity ratioξ 

∂Ẇi

∂ξ
= 0 yields  

f (η, n)ξ4 − 2f (η, n)ξ3 + [f (η, n) − η+ 1]ξ2 − 2ξ + 1 = 0 (B1)  

whereη = v2/v1, f(η, n) is a function of η, nand can be expressed as: 

f (η, n) =
− k
[

w π(n− 1)
n2sin π

n
+ w 1

n B
(

1
n, 2 − 1

n

)
+ mD1

1
2n B
(

1
n, 1
)]

D2
2(1 − η)

k
[

w π(n− 1)
n2sin π

n
+ w 1

n B
(

1
n, 2 − 1

n

)]
D1

2 + mkf lwD1

(B2) 

The eccentricity ratioξ can be obtained by numerically solving the above equations, which yields four roots ξj = a + bi(j = 1, 2, 3, 4, a and b are real 
numbers, i is an imaginary unit that satisfies the quadratic equation i2 = − 1). ξj is irrespective of parameters k0,l1, l2. The effects of n value and kf /k 
onξj are found negligible, to facilitate illustration, the obtained four roots are plotted in Fig B1, where the velocity ratio is taken as v2/v1 = 0.5and the 

Fig. B1. Effects of n value and kf/k onξ. Note thatξj is expressed as the complex form to include all four roots in the same figure. The meaningful ξ is the positive real 
root within 0.5–1 (b = 0, ξj = a). The effect of n on all four roots is too negligible to be seen in the plot, while the effect of kf/k is negligible for the positive root (ξ) and 
slight for the other three roots. 
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extrusion ratio is set asλ = 1.28. It should be noted that the value of kf/k due to work hardening normally falls within 1–10, and ξ in the present study 
should be the positive root (real number) satisfying0.5 < ξ < 1. As can be seen in Fig B1, n has almost no effect on ξ even if it increases to an extremely 
large value 2E+06, kf/k slightly affects the other three roots while its effect on the positive root (real number 0.57) is negligible, which is the ξ needed 
in this study. The effect of n on f is negligible, the effect of kf/k on f gradually decreases as the increase of the value of n and becomes stable when n is 
large. 

Appendix C. Derivation of the average effective strain rate and punch stroke 

The average value of the effective strain rate along a flow line entering at x0 is calculated as: 

ε̇m(x0) =

∫ ∫
ε̇(x, y)dxdy
∫ ∫

dxdy
=

∫
π
2

0

∫
x0
D1

+Δr

x0
D1

ε̇(r, α)J(r,α)drdα

∫
π
2

0

∫
x0
D1

+Δr

x0
D1

J(r, α)drdα

(C1)  

where the two integrals are given by: 

∫

π
2

0

∫

x0

D1
+ Δr

x0

D1

ε̇(r,α)J(r,α)drdα =

∫

π
2

0

2(n − 1)Δrv1
̅̅̅
3

√
n

(

ξD2sin1+2
nαcos1− 2

nα +
D1

2

ξD2
sin1− 2

nαcos1+2
nα
)

dα

=

(

ξD2 +
D1

2

ξD2

)

Δrv1

̅̅̅
3

√
π(n − 1)

n2sin
π
n

(C2)  

∫
π
2

0

∫
x0
D1

+Δr

x0
D1

J(r,α)drdα =

∫
π
2

0

2ξD2x0Δr
n

(sinαcosα)
2
n− 1dα =

ξD2x0Δr
n

B
(

1
n
,
1
n

)

(C3) 

Therefore we have: 

ε̇m(x0) =

(
1
x0
+ D1

2

(ξD2)
2x0

)
v1

̅̅̅
3

√
π(n − 1)

nsin π
n B
(

1
n,

1
n

) (C4) 

The total volume of material in the PDZ is: 

∫ ∫

wdxdy =

∫
π
2

0

∫1

0

wJ(r, α)drdα =

∫
π
2

0

D1ξD2w
n

(sinαcosα)
2
n− 1dα =

D1ξD2w
2n

B
(

1
n
,
1
n

)

(C5) 

The stroke of the punch required for substituting the material in the PDZ with that in the entrance channel is: 

l′1 =
∫ ∫

wdxdy
D1w

=
ξD2

2n
B
(

1
n
,
1
n

)

(C6)  

Appendix D. Details of the parameters used in Table 1 

The strain rate in the entrance channel is estimated as ε̇0 ≈ v1/l1 = 0.0174s− 1 Based on the stress-strain curves [27], an initial yield stress of 0.041 
MPa is obtained, giving an initial shear yield stress of k0 = 0.024 MPa. For λ = 1.28, due to the relatively small extrusion ratio, we assume the effective 
strain rate in the exit channel is ε̇f ≈ ε̇0, this is reasonable as demonstrated in the effective strain rate contours in Fig 9. The effective strain εf can be 
obtained using Eq. (56), assumingx0 = D1/2, ie. the central streamline. Thus, for n = 2, εf = 1.338, a final shear yield strength of kf = 0.0619MPa =
2.579k0 is obtained using the fitted stress-strain relation σ = 0.181ε0.15ε̇0.14 MPa [64], and the average shear yield stress in the PDZ is assumed as k =
0.5kf = 1.290k0 = 0.0310 MPa. For n = 5.5, a slightly greater εf = 1.473 can be predicted, and the related final shear yield strength and average 
shear yield stress will be slightly greater: kf = 0.0628 MPa, k = 0.0314 MPa. Similarly, for λ = 1.71, the values of kf and k can be obtained for n = 2 and 
5.5 respectively. 
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