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Two-dimensional crystalline membranes have recently been realized experimentally in such sys-
tems as graphene and molybdenum disulfide, sparking a resurgence in interest in their statisti-
cal properties. Thermal fluctuations can significantly affect the effective mechanical properties of
properly thermalized membranes, renormalizing both bending rigidity and elastic moduli so that
in particular they become stiffer to bending than their bare bending rigidity would suggest. We
use molecular dynamics simulations to examine how the mechanical behavior of thermalized two-
dimensional clamped ribbons (cantilevers) depends on their precise topology and geometry. We
find that a simple slit smooths roughness as measured by the variance of height fluctuations. This
counterintuitive effect may be due to the counter-posed coupling of the lips of the slit to twist in
the intact regions of the ribbon.

I. INTRODUCTION

Two-dimensional materials have recently garnered in-
terest not only for their remarkable electronic proper-
ties [1], but also for their mechanical behavior. A wide
variety of atomically thin materials are now known, in-
cluding graphene, molybdenum disulfide [2], boron ni-
tride [3] and black phosphorus [4]. All these materials
have very unusual electronic and mechanical properties
[5]. Graphene, for example, is very strong yet flexible and
resilient [6, 7], making it possible to cut and fold sheets
into complex three-dimensional structures [8]. It should
be possible to design meta-materials with targeted prop-
erties for potential applications ranging from electronic
devices to biological sensors. To develop the design prin-
ciples required one must have a thorough understanding
of the mechanical properties of such materials and how
they are affected by the detailed geometry and topology
of a sliced and punctured sheet.

The mechanical properties of atomically thin materials
are heavily influenced by thermal fluctuations, primarily
because they much prefer to bend than to stretch. This
was first examined in the context of thermalized elas-
tic or crystalline membranes by Nelson and Peliti and
others in the late 1980s [9, 10]. Using low tempera-
ture perturbation theory Nelson and Peliti found that
the nonlinear coupling of thermally excited out-of-plane
deformations to in-plane phonons for membranes with an
in-plane shear modulus generates an effective long-range
2-point interaction between points with Gaussian curva-
ture. The key result is an effective bending rigidity that is
scale-dependent, growing almost linearly in the size over
which the membrane is bent [9, 11–13]. More specifi-
cally the bending rigidity κ scales as ∼ Lη, where L is
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a measure of the spatial extent of the shape fluctuations
[9, 14]. More elaborate self-consistent field theory cal-
culations that take account of the simultaneous scale de-
pendence of the elastic moduli give η ≈ 0.821 [15]. Other
analytical approaches lead to refined values of η [16–20]
and allow comparisons with simulation results [21, 22].
Possible evidence of such thermal renormalization of the
bending rigidity has only recently been observed experi-
mentally in graphene [8].

Here we examine the consequences of making a sim-
ple straight cut down the middle of a thin thermalized
semi-flexible ribbon. Slits allow for new configurations
that couple bending and stretching deformations [8, 23].
The effective spring constant of a sheet with an array of
slits is controlled by the number, size, and spacing of the
slits [8]. We find counter-intuitive behavior even in this
very simple setup. The root-mean-square height fluctu-
ations are suppressed, effectively stiffening the ribbon to
macroscopic bend with the more stiffening as the slit is
lengthened.

This paper is organized as follows. In Sec. II we in-
troduce a coarse grained, triangular lattice-based model
for a two-dimensional elastic membrane. In Sec. III we
present results of molecular dynamics simulations of rib-
bons with various slit lengths. Finally, in Sec. IV we dis-
cuss the phenomenology of the effects we observed and
give the outlook of the open questions remaining.

II. MODEL

We consider a generic two-dimensional crystalline
membrane, with both a stretching energy and a bend-
ing energy, undergoing thermal fluctuations. In order
to carry out explicit molecular dynamics simulations, we
discretize the membrane by triangulating it into equi-
lateral triangles of side length a ≡ 1.0. Note that this
is a dual lattice of the hexagonal lattice of graphene
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sheets, i.e., placing a carbon atom at the center of each
triangle acts as a reliable approximate atomic model
for the elastic modes of graphene [24], as long as one
chooses the bending rigidity and Young’s modulus cor-
rectly. In the simulations reported here, we work pri-
marily with rectangular ribbons of length L ≈ 100a and
width W ≈ 10a, yielding 1188 vertices of the triangu-
lation (Fig. 1a). These vertices are treated as particles
of mass m in a molecular dynamics simulation. We hold
fixed the first two rows of vertices, clamping the ribbon at
one end; this prevents overall motion of the ribbon dur-
ing the simulation and imposes a boundary conditions
on the normals to the ribbon surface, and thus reflects
common experimental techniques [8].

The stretching energy term [25], representing the effect
of the (two-dimensional) Young modulus Y of the mem-
brane, is given by introducing harmonic bonds between
adjacent vertices:

Estretch =
∑

〈i,j〉

1

2
k(rij − a)2 (1)

with the sum taken over all pairs of adjacent vertices i
and j; rij is the distance between the vertices and k =
3600kBT/a2. The geometry of the triangulation relates
this spring constant k to the continuous Young modulus
Y by Y = 2√

3
k [25]. Note that this value of the spring

constant makes the system effectively unstretchable.
The bending energy [25], representing the effect of the

bending rigidity κ of the membrane, is given by introduc-
ing an energy cost to changing the dihedral angle between
adjacent faces of the triangulation:

Ebend =
∑

〈α,β〉

κ̃(1− n̂α · n̂β) =
∑

〈α,β〉

κ̃(1 + cos(θαβ)), (2)

with the sum taken over all pairs of adjacent faces α and
β; n̂α and n̂β are the normals to the faces; θαβ the di-
hedral angle between the faces; and κ̃ = 5kBT in most
simulations. To explore the effects of varying bending
rigidity, we have also performed several simulations for κ̃
in the range 5− 80kBT . The coupling κ̃ is related to the

continuous bending rigidity κ by κ =
√
3
2 κ̃ [25, 26]. In a

molecular dynamics simulation we need to compute the
force on each particle. The expression for the bending
force is lengthy but can be straightforwardly obtained by
computing the gradient of Eq. (2) with respect to the ver-
tex position. Both stretching and bending energy given
in the above form are often referred to as “harmonic” and
“dihedral” potential and are standard in most molecular
dynamics packages. We note, however, that some soft-
ware packages introduce a prefactor 1/2 in the dihedral
energy in Eq. (2).

These parameters give a Föppl von Kármán number
approximately in the range,

vK ≡ YLW

κ
≈ 105 − 2× 106. (3)

The Föppl von Kármán number measures the relative
energy scales of stretching and of bending a sheet of size
L; for reference, these simulation values are similar to
that of a standard 8.5” × 11” sheet of paper. Thermal
fluctuations become significant beyond the length-scale
[9, 14]

`th ≈
√

16π3κ2

3Y kBT
≈ 0.4− 5a. (4)

This is the scale at which the nonlinear stretching en-
ergy matches the bending energy; that is, the length-scale
at which thermal corrections to the bending rigidity are
comparable to the bare bending rigidity.

To introduce a slit, we simply delete the edges and
faces of the triangulation which cross the slit (see
Fig. 1b). This changes both energy terms; pairs of ver-
tices joined by the deleted edges are removed from the
stretching-energy sum, while dihedral angles involving
deleted faces are removed from the bending-energy sum.
We consider slits which run along the length of the rib-
bon, centered both in width and in length, such that both
the clamped and free ends are uncut. We also consider
a slit which extends to cut the free end, effectively giv-
ing two ribbons, each of half the total width, which are
tethered together at the clamped end.

We simulate an initially flat ribbon, with a small
random vertical displacement added to each unclamped
vertex; this initial noise avoids the simulation getting
trapped in the stationary state of the perfectly flat rib-
bon. Simulations are carried out in an NVT ensem-
ble using the HOOMD-Blue molecular dynamics toolkit
[27, 28], on a single GPU per simulation. The unit of

time in these simulations is τ ≡
√

ma2

kBT
; the simulation

time step used is δt = 0.0025τ , and simulations are run
for 2.5-5×106 τ ; we carry out between 2 and 40 indepen-
dent simulations for each ribbon configuration to improve
our statistics.

A. Equilibration and Relaxation

A crucial consideration in molecular dynamics simula-
tions of thermal systems is to determine the equilibration
and relaxation times. We distinguish two very different
timescales in this system.

The ‘equilibration time’ is the time it takes for the
initial state with its added short-wavelength noise to de-
cay to a typical state, so that the temperature and energy
contributions reach their equilibrium values. For this sys-
tem, this is on the order of 250-500τ (Fig. 2a). We thus
consider the first 500τ as our equilibration period, and
do not include the data from this period in our further
analysis.

The ‘relaxation time’ is the time in which thermally-
excited modes decay, allowing for statistically indepen-
dent sampling. This relaxation time is much longer
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FIG. 1. Triangulation of a two-dimensional membrane for molecular dynamics simulations. a) Portion of the triangulation of a
simple rectangular ribbon of width W = 10a. b) Modification of the triangulation in the presence of a slit. Dark gray vertices
are held fixed during simulations, as described in the text.

than the initial equilibration time, and may depend on
the quantity being sampled. We consider primarily the
height of the free end of the ribbon, for which the relax-
ation time is ≈ 1.1× 104τ . The ribbon is approximately
described by the Euler-Bernoulli theory for a bending
beam [29], for which the equations of motion admit peri-
odic solutions; the lowest-energy such mode is thermally
excited, as is apparent in the oscillations of the time trace
of the height of the free end (Fig. 2b), and in a broad
peak in the Fourier-transform of this time trace (data not
shown). This mode decays quite slowly, as evident from
the time correlation function shown in Fig. 2c. Thus in
order to obtain statistically independent samples of the
end height, our sampling time must be similar to the re-
laxation time. We determined the optimal frequency of
recording snapshots by calculating one estimate of the
statistical error of the root mean-square height of the
free end, hendrms, (defined below) by measuring hendrms for
each of many (up to 40) independent simulation runs,
and taking the standard deviation of those independent
measurements. For each sampling time, we then calcu-
lated an estimate of the error on hendrms from the samples
within one simulation and chose the sampling time for
which these error estimates matched. Typically, the op-
timal sampling period was found to be ≈ 6× 103τ .

III. RESULTS

A. Thermally Fluctuating Ribbons

In most simulations we have chosen a bending rigidity
κ̃ = 5kBT . Thermal excitations cause the ribbons to fluc-
tuate dramatically from their lowest energy, flat configu-
ration – several snapshots of these fluctuations are shown
in Fig. 4, and videos are available in the Supplemental
Material [30]. We estimate the persistence length `p of
the ribbon by tracking the midline in the longitudinal
direction of a ribbon with no slits and fitting its tangent-
tangent correlation function to an exponential function:
〈t(s) · t(0)〉 ∝ e−s/`p , where s is the distance measured
along the contour of the midline (Fig. 3). For this value

of bending rigidity most measured values of `p were found
to be comparable but slightly higher than the analytical
estimate of `p = 2Wκ/kBT =

√
3Wκ̃/kBT . This means

that in most cases the ribbon is in the semi-flexible regime
`p & L, except for a very narrow (W = 5a) ribbon, for
which `p ≈ L/2. For these parameters then, ribbons
are soft enough to fluctuate significantly, sometimes even
bending back on themselves, such as in Fig. 4c, but stiff
enough that these configurations are very rare; more fre-
quently we see configurations such as in Fig. 4a,b. It
is important to point out that we do not observe self-
intersection of the ribbons, although this is not explicitly
prevented by the simulation model, which indicated that
our simulations are far from the polymer-like limit.

We confirm that the average height of the free end,
hend, of the ribbon is consistent with zero, its ex-
pected equilibrium value. We then quantify the scale
of the fluctuations by calculating the root-mean-square
(r.m.s.) height hendrms ≡

√
〈h2end〉, where 〈. . . 〉 denotes

both the average over the width of the ribbon and
over time, i.e., over statistically independent samples
obtained from the molecular dynamics trajectory. The
r.m.s. height is expected to scale as hendrms ∼ 1/

√
κeff ,

where κeff is an effective bending rigidity. These soft
ribbons with no slits have an r.m.s. height of hendrms =
42.8a± 0.2a.

B. Suppression of Fluctuations by Slits

A slit in the ribbon allows for new configurations, in
which a gap opens between the two lips of the slit: snap-
shots of such configurations are shown in Fig. 5 for several
slit lengths. Note that these gaps can become quite large.
We see occasional examples of the two sides of the ribbon
intersecting (e.g. in Fig. 5e), but such intersections are
infrequent.

Strikingly, the presence of a slit significantly suppresses
the overall amplitude of fluctuations of the ribbon. We
quantify the effect by the change in the r.m.s. height of
the free end of a ribbon; Fig. 6 shows the variation of hrms
with the length of the slit. It is clear that the presence of
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FIG. 2. Equilibration and relaxation times. a) Evolution
of the temperature and potential energy contributions in
the first several ×105 simulation timesteps, showing the de-
cay of transient states present in the initial random con-
figuration. b) Evolution of the height of the free end of
the ribbon in the first 1/20 of a simulation, showing ev-
idence of a thermally excited, long-lived oscillatory mode.
c) Time correlation function of the height of the free end,
Ch(t) = 1

tmax−t

∑
t′
(
hend(t′ + t)− h̄end

) (
hend(t′)− h̄end

)
(h̄end = 1

tmax

∑
t hend(t) ≈ 0 and we normalized the Ch(t)

to 1 at t = 0), showing this long-lived mode and its de-
cay; the red curve gives a fit of the data to the form
exp (−t/T2) cos (2πt/T1) with period T1 = 5.5 × 103τ , and
decay constant T2 = 1.1× 104τ . All panels show results for a
ribbon with no slit; results for ribbons with slits are similar,
with some increase in the relaxation times.

the slit reduces the scale of the fluctuations, essentially
stiffening the ribbon to thermal fluctuations. The effect
is stronger for longer slits, with a maximum decrease of
about 11% to hendrms = 38.1a ± 0.7a for a slit extending
90% of the length of the ribbon; this corresponds to an
increase of about 20% in the effective bending rigidity
κeff . Our results are suggestive that the effect is contin-
uous, with the suppression present even for the shortest
slits, with lslit = 10a = W ; certainly the suppression is
significant at the 4.0σ level for l = 30a. The effect dis-
appears when the slit is extended through the free end,
effectively resulting in two independent ribbons each of
half the total width; indeed, in this case the behavior is
consistent with that of a single ribbon of width W = 5a,
as shown by the rightmost two points in Fig. 5. These
thinner ribbons have slightly larger fluctuations than the
ribbon of with W = 10a, corresponding to a softer effec-
tive bending rigidity as predicted by the renormalization

0 20 40 60 80 100
s

0.80

0.85

0.90

0.95

1.00

ht
(r

+
s)

·t
(r

)i

fit to e�s/lp

FIG. 3. Fit of the tangent-tangent correlation function, 〈t(s) ·
t(0)〉 to an exponential function e−s/`p for a ribbon of size
L = 100a, W = 10a and κ̃ = 20kBT . Fitted `p ≈ 440a, while
the simple analytic estimate for these parameters estimates it
at ≈ 350a.

FIG. 4. Snapshots of a simulated ribbon undergoing thermal
fluctuations. The dark gray vertices are held fixed, ‘clamping’
the leftmost end of the ribbon. a) A configuration near flat;
b) a moderate excursion; c) a large excursion in which the
ribbon curves back on itself.

theory of [9].
In order to establish whether the effective stiffening

of the ribbon by slits is affected by the bare bending
stiffness, we extended our simulations deeper into the
cantilever regime, `p > L. This was achieved by sim-
ulating three larger values of the bare bending rigidity,
κ̃ = 10, 20 and 80kBT , while keeping all other parame-
ters fixed. The corresponding values of `p > L are 2, 4
and 16 respectively. We restricted this extended study to
the L = 100a, W = 10a case, with four different values
of the slit length lslit = 30a, 50a, 70a, 90a. In Fig. 7 we
show hendrms as a function of the slit length. The overall
trend in suppression of the r.m.s. height fluctuations of
the free end continues to hold in this entire regime which
reaches a persistence length an order of magnitude larger
than the system size. We note that the regime `p � L
is not the relevant one for our purposes, since the ribbon
will effectively behave like a thickened polymer in this
regime. Furthermore, simulations in the regime are rid-
den with many technical problems related to the ribbon
being very soft and self-intersections being very common.

One possible mechanism for suppressing height fluctu-
ations is that a lip mode that is above the z = 0 plane
of the ribbon causes the half of the ribbon on the same
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FIG. 5. Snapshots of simulated ribbons with slits undergoing thermal fluctuations. The slits are centered in both dimensions,
and extend 30% (a,d); 60% (b,e); and 90% (c,f) of the total length of the ribbon. In (a-c), the two sides of the ribbon remain
close to one another, while in (d-f), a large gap is apparent as the two sides of the ribbon fluctuate in opposing directions.

38
40
42
44
46

0 20 40 60 80 90

to
 e

nd
W

=5

lslit

FIG. 6. Root-mean-square height, hend
rms of the free end of

a simulated fluctuating ribbon as a function of slit length,
lslit. Except for the rightmost two points, all ribbons have
the same total length and width, and all slits are centered
in both dimensions. The point labeled ‘to end’ represents
a ribbon with a slit that is centered in width but extends
through the free end of the ribbon; the point labeled ‘W = 5’
represents a single ribbon of the same total length but half
the width, W = 5a. Note that the r.m.s. height decreases as
the slit length increases.

side to bend below the z = 0 (Fig. 8). Thus the height
fluctuations will be lowered on average by this tendency
to oppose. When one lip bends up and the other down
(roughly 50% of the time) this induces a down-up twist
beyond the slit with a node at the midpoint. Twist in
semiflexible ribbons has been studied in [31]. This can-
celing via bend-twist coupling increases as the slit length
grows. We do not currently have an analytic derivation
of this result – it is entirely conjectural based on consid-
ering the various modes of a thermally fluctuating ribbon
[32].
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lslit
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`p/L ⇡ 2

`p/L ⇡ 4

`p/L ⇡ 16

FIG. 7. Root-mean-square height, hend
rms ≡

√
〈h2

end〉 of free
end of a ribbon of length L = 100a and width W = 10a
and slit lengths lslit = 30a, 50a, 70a, 90a for three different
bending rigidities expressed in terms of the persistence length.
Values of the persistence length `p were estimated using the
T = 0 analytical result: `p = 2Wκ/kBT .

IV. DISCUSSION

Our results demonstrate the importance of subtle
changes in the geometry of a thermally fluctuating thin
ribbon. The configuration space and the relative weights
of allowed configurations are both sensitive to the pres-
ence of slits. The mechanical consequences of adding
slits and holes and arrays of these modular elements will
need to be fully understood before we can efficiently de-
sign meta-materials by the assembly of modules. Here
we have shown that a simple slit in a thermally fluctu-
ating ribbon leads to a marked stiffening of the effec-
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FIG. 8. A lip mode where two sides of the ribbon bend in
opposite directions. Such configurations are often seen in the
simulation: a) side view and b) front view. c) A similar con-
figuration can be created with a a narrow sheet of paper cut
in the middle and two leaflets spread in opposite directions.

tive bending rigidity in the longitudinal direction. This
non-intuitive effect is thermally driven and is yet another
example of order from disorder. The effect for a single
slit is moderate, with a change in the effective rigidity
on the order of 10-20%, but suitably designed more com-
plex topologies are likely to yield larger effects, as in the
kirigami springs reported in [8].

Many open questions remain, both about this sim-
ple system, and about the larger picture of controlling
mechanical properties of 2D membranes using topology.
Further work on this system might determine the func-
tional form of the bending rigidity as a function of slit
length, and in particular, whether the stiffening effect is
truly continuous, that is, present for an arbitrarily short
slit, or whether it exhibits a threshold behavior, such
that there is a non-zero minimum length below which a

slit has no effect. We have only considered the mate-
rial properties in the direction longitudinal to the axis
of the slit; experiments demonstrate that deformations
in the transverse direction can convert stretching energy
to bending energy, dramatically softening the effective
elastic modulus [8]. This directional dependence on the
effects of topology is still to be completely understood.
The experiments of [8] begin to explore the possibilities
available using more complex arrangements of multiple
slits and holes of different shapes; understanding more
fully the interactions among different geometric elements
will be essential to controlling the properties of 2D mem-
branes.

The study of two-dimensional crystalline materials
such as graphene as building blocks for nanoscale meta-
materials is just beginning. Simulations such as ours pro-
vide an essential complement to theory and experiment,
providing insight into the ways in which we can control
the properties of such materials using topology and ge-
ometry.
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