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Abstract

In this paper, we focus on modeling and simulation of two-phase flow problems with moving
contact lines and variable density. A thermodynamically consistent phase-field model with
general Navier boundary condition is developed based on the concept of quasi-incompressibility
and the energy variational method. A mass conserving CV finite element scheme is proposed
to solve the PDE system. Energy stability is achieved at the fully discrete level. Various
numerical results confirm that the proposed scheme for both P! element and P? element are
energy stable.

Keywords: Energy stability; Moving contact lines; Large density ratio; Phase-field
method; quasi-incompressible; C? finite element;

1. Introduction

The modeling and simulation of moving contact lines (MCLs), where the interface of two
or more immersible fluids intersects with a solid wall |1, 2|, have attracted much attention
in recent years. Applications of MCLs in industries and medical fields (for example, printing
[3], spray cooling of surfaces [4], blood clot [5], microfluidics [6], surfactant |7, 8|) have
motivated scientific interests and mathematical challenges on associated issues such as the
stress singularity and contact angle hysteresis. In order to model the dynamics around the
contact lines, various types of models and approximations have been developed, such as direct
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molecular dynamics simulations |9, 10, 11], phase-filed models [12, 13, 14, 15, 16, 17, 18, 19|,
microscopic—macroscopic hybrid model [20, 21|, front tracking model [22, 23, 24, 8] and
Lattice Boltzmann model [25, 26]. For reviews of the current status of the MCLs problem,
we refer to the articles [27] and [28].

Among those models, phase-field method (or diffusive interface method) |29, 30, 31| is one
of the most popular and powerful methodologies. It has two main advantages. Firstly, it is
easy to track the interface and numerically implement [32, 33, 34| even if there are topological
changes [35]. Secondly, it can be derived by energy-based variational approach 36, 37, 38]. As
a result, the obtained system is compatible with the law of energy dissipation, which makes
it possible to design efficient and energetically stable numerical schemes |39, 40, 41, 42].

One of the main challenges in phase-field method is to model the immersible two-phase
flow with different densities. When the density ratio between the two phases is small, it could
be handled by the Boussinesq approximation [43]. However, it could not be extended to the
case with a large density ratio due to its underlying assumption [38]. One key problem arises
from the inconsistency between the mass conservation and the incompressibility especially
near the diffusive interface region. It was first pointed out by Lowengrub [44] and later by
Shen et al. 38, 45]. Two main approaches are proposed to overcome this difficulty: one is
based on volume averaged velocity; the other is based on the mass averaged velocity. For the
volume averaged velocity model, the incompressiblity is assumed everywhere including the
interfacial region |46, 47, 48, 41, 49]. An thermodynamically consistent and frame invariant
model was developed by Abels et al. [50], where the mass conservation equation is modified
with a mass correction term. On the other hand, for the mass averaged velocity method, the
mass conservation is assured instead of incompressibility. This naturally yields the quasi-
incompressible Navier-Stoker-Cahn-Hilliard (q-NSCH) model [44, 51|, which in fact leads to
a slightly compressible mixture only inside the interfacial region.

In the present paper, we first rederive and generalize the thermodynamcially consistent
q-NSCH model in [44] from a variational point of view by combining with the Energy Vari-
ational Approach (EnVarA) [37, 52, 53| and Onsager’s Variation Principle [8, 23, 24, 50].
It starts from two functionals for the total energy and dissipation, together with the kine-
matic equations based on physical laws of conservation. The specific forms of the fluxes and
stresses in the kinematic equations could be obtained by taking the time derivative of the
total energetic functional and comparing with the predefined dissipation functional. More
details could be found in [54]. In addition to bulk energy and dissipation, the energy and
dissipation on the boundary are introduced to model the dynamics of contact lines. Our en-
ergy variational approach consistently yields both the correct bulk equations (the -NSCH
system) and a modified general Navier-Stokes Boundary condition (GNBC) for the case of
mass averaged velocity. The density effect on the contact line is explicitly modeled compared
with the traditional GNBC [14, 15, 55, 56, 57, 58] in the case of volume averaged velocity,
where the effect is modeled implicitly by the bulk and boundary interactions.

The second goal of our paper is to design an efficient energy stable scheme for the obtained
q-NSCH system with large density ratio. There are not many such schemes developed for the
MCLs. For the incompressible NSCH system, the development of such schemes may be found



in [16, 55, 56, 59, 60, 61, 42, 58| including higher order schemes [62, 63, 64] and only a few
of them [56, 58, 61| are for variable density MCL models using the volume-averaged velocity
(satisfying the incompressible condition in the whole domain). We shall develop an energy
stable scheme for our thermodynamically consistent variable density q-NSCH system using
the mass-averaged velocity. Based on the author’s previous works [13, 51, 65], we design
a mass conservative C finite element method for the ¢-NSCH system with a consistent
discrete energy law. Thanks to a Ap term in the quasi-incompressible condition, which is
similar to the pressure stabilization of pseudo-compressibility methods [66, 67, 68|, -NSCH
system does not need to satisfy the Babuska-Brezzi inf-sup condition [68, 69, 70, 71]. This
may be considered as another benefit of our quasi-incompressible NSCH system.

The rest of paper is organized as follows. In Section 2, we present the thermodynamically
consistent derivation of the -NSCH system and its non-dimensionlization. The C° finite
element algorithm for the -NSCH system and the energy stable analysis are shown in Section
3. Section 4 presents the numerical results, including the convergence case study, and the
examples of moving droplets and rising bubbles.

2. Mathematical Model

2.1. Mass-averaged velocity and laws of conservation

We consider a complex mixture consisting of two phase fluids with different densities.
The interface of two fluids intersects with the wall 0, at the contact line I',, (see Fig. 1
(a)). Around the interface, we choose a control volume V' (), where there are two phases
labeled by i = 1,2 with volume V; and mass M; (see Fig. 1 (b)). If the local average density
of each phase is denoted by p; = M;/V and pure phase density is denoted by p;, = M;/V;,
then density of mixture is

MM, M,

= — = p1 + po. 1
p v V—i—v p1 + P2 (1)

Let ¢; = 24 be the mass fraction of each phase. Then we have [72]

1 ViV W c1 G c 1—c¢

- = —=—+4+ —=—+ —=—+ ) 2
p M M M p p  p1 P2 @)

where ¢ = ¢; is adopted in the last equality.

Remark 2.1. Note that according to the definition (2), the mizture density p is almost
constant everywhere except in the interfacial region.

If we assume those two fluids move with velocities u; (i = 1,2), then the mass conservation

of each phase inside the control volume is
Ipi
ot




Fluid 1 M=M +M,;

Figure 1: Schematic of moving contact line problems (a) and interface (b).

Introducing the mass averaged velocity as

pu = p1uy + Pauy, (4)

and combining with Eq.(1) yields the conservation of mass for the mixture

dp
PP LV (up) =0. 5
P4V (up) )
Next, with an arbitrary volume V' (t) € Q, laws of conservation state
d .
— pedr = —/ Je-mdS, (6)
dt Jy @ oV (t)
d
— pudr = / (o, + o) - ndS. (7)
dt Jy s oV (1)

Here, the first equation is the conservation of phase-field function (phase 1) and j. is the flux
of phase-field function. The second equation is the conservation of momentum where o, is
the viscous stress and o, is the extra stress induced by two-phase interface due to nonzero
Ve.

Thanks to the Reynolds transport theory |51, 54|, Egs.(5)-(7) yield the following kine-
matic equations in the domain €2

pg_?:_v'.jca
Dot pV-u=2+V-(up) =0, (8)

where % = % +u -V is the material derivative.

By definition of p = p(c(x,t)) in Eq. (2), above equations yield the quasi-incompressibility
condition [44, 51]

1 Dp 1 dp .
Viu=——=—=—(V-3.). 9
S TR 7 (V-3e) (9)
In the present case, we denote
1d —
p?de  pips



then the quasi-incompressibility condition is written as
V-u=-aV.j. (11)

Remark 2.2. Equations (10)-(11) show that the quasi-incompressibilty condition depends on
the density difference of two fluids. When the two phases have the same density, i.e. py = pa,
it will consistently degenerate to the incompressibility condition. It makes a difference when
two fluids have large density ratio and near the interfacial region [44, 51, 72].

On the boundary of domain 0f2, the following boundary conditions are used

_ s I s _
u-n=0, vw-n=u =f,

DFC JF7 (12)
gc n =20,
where u® = u, — u,, with u, = u — (u-n)n is the fluid slip velocity with respect to the
wall, DDFtC = g—f + u - Vrc is the surface material derivative, the Allen-Cahn type boundary

condition is used for ¢ and Vr =V —n(n - V) is surface gradient on the boundary 0. The
quantities f,. and Jp are to be determined. During the derivation, we assume the solid wall
is fixed, i.e. u® = u,.

2.2. Model derivation

Now we start to derive the exact forms of j., o, o. in Eq. (8), f,, and Jr in Eq. (12)
by using energy variational method.

The total energy consists of the kinetic energy, the phase mixing energy and the energy
on solid wall boundary 0,

EtOt = EkZTL + Emzx + Ew
2 2
— / LG / Acp(c) (G(c) + 7—IV(:P) dx+ | - fu(c)dS,  (13)
o 2 Q 2 Oy

together with

(2¢ — 1)m
i T ) (14

where )\, is the mixing energy density, v is the capillary width of the interface, 6, is static
contact angle and o is surface tension. The mixing energy FE,,;, represents the competition
between a homogeneous bulk mixing energy density term G(c) (‘hydrophobic’ part) that
enforces total separation of the two phases into pure components, and a gradient distortional
term |VC| (‘hydrophilic’ part) that represents the nonlocal interactions between two phases
and penahzes spatial heterogeneity.

The dissipation functional is composed of the dissipation due to fluid friction and irre-
versible mixing of two phases in bulk and the dissipation on the boundary

1
A:/Zn(c)|Dn\2dx+/ M|V -l dx+/ il 2dx+/ (—J§+ﬁr|us‘2) ds,(15)
Q 0w MP

5

G(c) = =c*(1—c)?,  fulc) = —%cos(@s) sin(



where \(c) and n(c) are the two Lamé coefficients, D, = (Vu+ (Vu)”)/2 is the strain rate,
M is mobility coefficient in bulk, M is mobility coefficient on the wall, fr(c) is wall friction
coefficient. In the present paper, (c) and fr are approximated by
1 ¢c (1-¢ I N (1—2¢)
n(c) m 0 Brlc) 5r1 Br,
where 7; and fr; with 7 = 1,2 are coefficients of each phase.
During the derivation, the following lemma is frequently used.

Lemma 2.1. For a continuous function f(x,t), if the density p satisfies the conservation
law (5) in the domain Q and u-n =0 on the boundary OSY, then we have

Df

d
oo™

E o p(X, t)f(X, If)dX =

By taking the time derivative of the total energetic functional, we have

dEtt d d d
= —FEiin+ —Fpiv + —F, =1 + 1, + I5. 16
i o kin + pr + 7 1+ Lo+ 13 ( )

For the first term in (16), using the last two equations in Eq.(8) yields

d 2
Il = — p|u’ dX
dt Jo 2

= —/(0'77:Vu+a'C:Vu)dx+/an-dex—/pV-udx
Q Q Q

+ /8 (o) m) - wds (a7)

where we have introduced a Lagrangian multiplier p with respect to the quasi-compressibility
condition (9) and have used the boundary conditions u-n = 0 and j.-n = 0. For the second
term in (16), using the first equation in Eq.(8) and last two boundary conditions in Eq. (12)
yields

d v’ 2
I, = T
9 pr p/\ (G( )+ 5 V¢l )dx
D
= / Vi - jedx — / A2 (pVe® Ve) : Vudx+/ pAC'yQ@nc—FCdS, (18)
Q Q EIo Dt

where 1 = A, (% - %WQV : (ch)). The detailed derivations of Eqs.(17) -(18) are given in
Appendix Appendix A. The last term I3 in (16) yields

d df Oc
I3 =— 1
5 dt 00 fw dS /Q dC 8t ( 9)



Combining Eqs.(17) -(19), we obtain the derivative of the energy functional

d Etot
dt

= —/ o, Vudx — / (crC + A2 pVe ® Vc) : Vudx
Q Q

—i—/V,u-jcdx—k/V(ap)-jcdx—/pV-udx
Q Q

dfw oc e,

+ a+0'C~n~quS—|—/ 20, —dS
J£9w<< )+ 0. n) [ o [ s

- _/ o, Vudx — / (Uc + A pVe® Vc) : Vudx
Q Q
+/Vﬂ‘jch—/pV~udx
Q Q
—l—/ ((0'77 + O'C) n— ﬁvpc> -u,dS +/ L( )%dS
0w 90, Dt

= —/ o, Vudx — / (O'C + A2 pVe ® Vc) : Vudx
Q Q

—l—/V/]-jcdx—/pV-udx
Q Q

+/ ((0'77 +0.)-n— ﬁvpc> -u,dS +/ L(c)JrdS, (20)
0%, d 0%
where we have defined
dG  \?
fp = ptap=A—— 7V-(ch)+ap, (21)
dc p
_ 2 fw
L(c) = pAy“Onc+ — T (22)

Using energy dissipation law dE™" /dt = —A [52, 73] and comparing (20) with the predefined
dissipation functional in Eq.(15) yield

jc = _Mvﬂa

o, =2nD, + AV -ul —pl =n(Vu+ (Vu)") + \V - ul —pl,
o.=-AVp(Ve® V), (23)
Jp == —MFL(C),

uj = Belr - (—(oy)+0.) n+ ‘g—jvpc).

By the definition of o, and o, the slip boundary condition (last equation in (23)) could be
further written in the GNBC format

W, = 677 (~0, - n + L(O)Vro). (24)
To summarize, we have the following model for the two-phase flow with variable density
for three unknowns ¢, u, p, in domain €2,

Dc

o =V (MVi), (25a)

Py



G A\A°

a= A e ; V- (pVe) + ap, (25b)
g—i%—pv-u:O, (25¢)
p% =V (2nD,) +V(AV-u) — Vp— V- (AAy*pVe® Ve), (25d)
with boundary conditions on 0f2
e = —MrL(e),
wme, (29

uf’z = ﬁ;‘l(_<n "Op - Ti) + L(C>anc)7i =1, 2.
where L(c) and o, are defined in (22) and (23).

Remark 2.3. Note that in the above boundary conditions (26), the density effect on the
contact line dynamics is explicitly modeled both in the boundary dynamics of phase-field and
in velocity slip boundary condition through L(c) term.

It is worth noting that the above system satisfies the following energy dissipation law.

Theorem 2.2. If ¢,u,p are smooth solutions of above system (25)-(26), then the following
energy law 1s satisfied:

dert  d plul? o8 2
= = E{/QTOZ”/QW Gley g Vel | J(0)49

= —/27]|Dn|2dx—/)\|V-u|2dx—/M|V/l|2dX
Q Q Q
—/ (Mr|L(c))* + Brlu®|?) dS. (27)
0w

Proof: The main idea of the proof is obtained by multiplying the phase-field equation
dc

(25a) by f1, multiplying the chemical potential equation (25b) by %, multiplying the mass
conservation equation (25¢) by p, multiplying the Navier-Stokes equation (25d) by u, and
summing them up.
Taking the inner product of the phase-field equation (25a) with & results in the following
equation
Dc

[ ppidx = [ MIVifx (28)

where we used the boundary condition 0,1 = 0 in (26).
Multiplying the chemical potential (25b) by p2¢ yields

_ Dc DG 9 Dc pdp Dc / 9 Dc
g - T ax— [ P gy - ZC4s.(2
/Quth /QAcp D dx—l—/g)«y VeV (Dt> dx /dec Dtdx - Ay p@nthdS( 9)

8



Summing up the above two equations, we have

DG Dc
Aep——d Ay? — | d
/Q P i x—l—/Q 7VcV(Dt> X

d D
= - / M|V il2dx + / PP 7 4 / M2 pd, e ds. (30)
Q o pac 0 Dt

Multiplying the Navier-stokes equation (25d) by u followed by integration by parts, the
rate of change of kinetic energy is calculated as

d uf?
Rl P e N
dt/Qp g X

—/277\D,,|2dx—/A|V~u[2dx—|—/pV~udx+/)\72p(Vc®Vc):Vudx
Q Q Q Q

dfw
— Br|u®|? + / LVFC -u,dS
Oy, Q0 de

= —/277|Dn|2dx—//\|V-u|2dx+/pv-udx+/)\72p(Vc®Vc):Vudx
Q Q Q 0

d df.
— o — wdS—/ ““ MypL(c)dS 31
. Br|u’| dt Joe, J o, de MrL(c)dS, (31)
where we have used the definition %Ftc = % +u, - Vre, u, = v’ and boundary conditions in

(26).
From the derivation of I in Appendix A, we get
d

2
gl 2
— Ae — d
o Qp (G(c)—i- 2|Vc|> X

D D
= /p/\C—GdX + / pAY Ve -V ) ax — / pAY(Ve® Ve) : Vudx.  (32)

Combining the equations (30)-(32) leads to the final energy dissipation law. [J

Remark 2.4. In the above derivation, we have neglected the external body force, for example
the gravity. If the effect of gravity needs to be taken into consideration, an extra gravitational
potential should be added to the total energy

2 2
g [ A8 [ (Glo+ Tivek)ax+ [ gufaas+ [ poax. @3
Q 2 Q 2 0w Q

where g is the gravitational constant and z is the vertical position. Using the fact that [72]

d
— [ pgzdv = / pgu-e.dx, e, =(0,0,1)7, (34)
the conservation of momentum equation (25d) is changed to
D
,031; =V (29D,) + VAV -u) — Vp — V- (\r?pVe @ Ve) — pge. (35)

9



2.3. Non-dimensionalization and Reformulation

In the following parts of the article, we assume that A\ = —%” for simplicity. Now we
introduce the dimensionless variables

AT A~ u ~_ P Tt Z _h ~ P

x_L*a u_U*7 p_p*> t_t_*a IL(/_M*7 p_p*>

~ _ M _ Mr -1 _ Br _ 9

D=, M= Mp=2r '=% e= (36)

Here L*, U*, p*, n* and M* are the characteristic scales of length, velocity, density, viscosity,
and mobility coefficient, which are defined as

t*:_ *:Ac7 P*:**7 *: , * , *:_‘ 37
oo M € prpt, M e M7 P Br I (37)

For convenience, the hat symbol will be removed in the dimensionless quantities, and the
dimensionless system of (25,26) is given by

Dc -
_1dG €
o= ;V - (pVe) + ap, (38b)
2
V-u=aV-(MVp), (38d)

with boundary conditions

D
D_Ftc — —MrL(o), (39a)
Onfi =0, (39b)
u-n=0, (39¢)
—1_ s Re
IJu;, = -0y, T + FLGTZ.C, (39d)
where
d 1 2c—1
L(c) = €pOyc + awﬁ, fuw(c) = —=cos(by) sin(< ‘ >7T) (40)
dc 2 2
and with dimensionless parameters
* *L* *\2
Re:pU , B:(U), Qy = *g (41)
n* 0 PFAY
If we define
1 €
p=p+p(ZG(c) + 5|VeP), (42a)

10



then the system (38) could be rewritten as

D
pﬁc =V - (MV) +aV - (MVp), (43a)
e 1 € 9
B ;v (pVe) = ap(=G(e) + 5[ Vel), (43b)
Du Re R
RepD—t = V- (n(Vu+ (Vu)?)) — V( AVt . va + Fepch (43¢)
V-u=aV-(MVj)+a*V - (MVp), (43d)
If we define the Sobolev spaces as follows
Wh3(Q) = (WH(Q))?, (44)
W, () = {u = (g, u,)" € W, = b,on 00}, (45)
W, = W3 (Q) x WH(Q) x WE(Q) x WH/2(Q), (46)

and then above system satisfies the following energy dissipation law.

Theorem 2.3. If (¢, u,u,p) € W, are smooth solutions of above system (43) with boundary
conditions (39), then the following energy law is satisfied:

dert plul? 2 vy
@ Pl €1Vl dx + 2o d
di dt{/ ot s o (o v ) _— S}
_ / S 00y + Oy Pax — —/ Z Osu; — Dy, Pdx — /M“|V[L|2dx
1<J Q

_/mw (%MF]L(C)F Tl |2) ds. (47)

The proof is similar as Theorem 2.2. Here we omit the details.

Remark 2.5. When the walls move, i.e. u,, # 0, the above energy dissipation law has an
extra term induced by external enerqy input

dgtot 9 1
— / Z|8u3+8u1] dx — — /nZ]@iui—(‘?juj\de——/M"|Vﬂ\2dx
3Re Jq " “— B Jq
1<j i<j
1 2 1 2 / 1
B ZMr|L dsS — * -, dS. 48
/am (ﬁ rlLl + lsRe LR ) o0, lsRe (48)

3. Numerical Scheme and Analysis

3.1. Time-discrete primitive method
In this section, we present the numerical method of system (43) with boundary conditions
(39) in the primitive variable formulation. Let At > 0 denote the time step, and assume

11



(™, @™, u™, p") are the solutions at the time ¢ = nAt. We then find the solutions at time
t=(n+ )At are (c"t1 gt untt prtl) that satisfy

n+l _ .n
P @ V) = V(M) oV - MOV, (49)
pn+l/2
pnﬂn+1 — g(cn+17cn) A v (pn+1/2vcn+1/2)
€
Gn+1/2
—aptatt (S S, (100)
€
nun+1 —u” N .n n+1 1 pn—l-l B pn n..n 1 —n+1
1 1
— Bpn+1ﬂn+1vcn+l + ﬁv . (nn(vun-H 4 (vun—i-l)T)) _ 3R v( ny . un-&-l)7 (49C)
AV un—i—l —aV- (anﬂn+1) + a2v . (anﬁn-ﬁ-l)’ (49d)
with boundary conditions
= 1 1/2 1/2
g T Ve = ML), (50a)
O™t =0, (50b)
n () n f ( n+1) fw( )
L"2(¢) = ep"1 20,2 + TS — : (50c)
u"tt.n =0, (50d)
R

ls—luf_;n—‘rl = —n- (V" + (VuHT)) -+ FeLnH/zaTianm’ (50e)

where [i is defined in (42b) and we have used the notations
(2 = JOM+ (P, = plen), (51)
gl ) = (e (T = 1) + (¢ = 1) (T et = 1), (52)

We can find that equation (49a) (49d) describe the same system as [42]. The extension
we did based on [42] is that we add slip boundary condition (50a), (50¢) and (50e) [14 15] to
look at the interaction between fluid and the wall. Some numerical results would be shown
in section 4.

For above discretization, it satisfies the following properties.

Lemma 3.1. ([51]) If "™ is the solution of above system (49)-(50), then we have

G(c") = G(c") = g(c™, ") (" = "), (53a)
p(c™h) = p(c") = —ap™ P (" — ). (53b)

12



And the system (49)-(50) yields mass conservation for each component of binary fluid

/p”“dx:/p"dx, (54a)
Q Q

/p"+lc”+1dx:/p”c"dx. (54b)
Q Q

Theorem 3.2. If ("M p™ ut pth) € W,y are solutions of above system (49) with
boundary conditions (50), then the following energy law is satisfied:

gn+1,tot . (c/'n,tot

At i i 2AL . .
= R/ Z|8u 4 9l Pdx — o Z@uﬁl — Qjul 1 Pdx
1<j 1<)
At/ 1 1
= M V~n+1 2dX - At/ (_M Ln+1/2 + s,n+1 2) ds (55
= [ i [ (Gl ) s )
1
—At —u®"t . u,dS 56
|t s, (56)
where
(c/'n—i—l,tot _ pn—l—l n+1 2d l n+1 lG n+1 € \VLe n+12 dx + =% n+1 ds
= | " Tdx + p () + 5l | +2 Ju(c™)
o 2 5 Ja € 2 ﬁ P

15 the discretized total energy.

Proof: Taking inner product of the first equation (49a) with At "1 results in the following
equation

n+1 n n+1dx+ / n+1 n+1 vcn—i-l n—i—ldx
8 / p

— __/anﬂnJrl . V[L"de, (57)
5 Ja

where we used the boundary condition (50b) and the definition of f in (42b).
Multiplying the second equation (49b) with Cn+1_cn yields [51]

B / n+1 Cn n—l—ldX

1 1
= 3 / ( (") + %|Vcn+1|2> dx — 3 /Qp" <ZG(C”) + §|Vc”|2) dx

6anrl/2a Cn+1/2( n+1 Cn>dS, (58)
6 O

where we use the results in above Lemma and the boundary condition (50a).
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Multiplying the Navier-Stokes equation (49¢) with Atu™!, we have

%/( PP ) dx — ;/(p [u”|*)dx

— / Z|8 w4+ Qul Pdx — ZAt/ Z|8 uftt — QultPdx

1<j

At At
+? PV udx + 5 / Pt M a dx
At At
= ls ‘ s, n+1| ds + — Ln+1/2vrcn+1/2 i uZJrldS,
Re Jaq, B Joq,
At
—— I 'u®"t u,dS 59
Re s 1 s (59)

where we used the slip boundary condition (50e) and the tensor calculation in Appendix
Appendix C.

For the last term in above equation, combining the definition of L"*/2 in (50c) and
equation (50a) yields

g Ln+1/2vrcn+1/2 X u:‘.HdS
6 Jaq.
— g / o f ( n+1) fw( ) n+1/2 . un+1dS
B \Joa, =~ e T
+/ 6pn-&-l/2ancn-&-l/2vrcn-l-l/Q . uﬁ“dS)
O
1 At fu(@h) = fu(c™)
= ——= [ aw(ful@) = fu(@)dS = = [ o MpL™2ds
B 90 ( ( ) ( )) 5 0% Cn+1 — " r
At
—i-? e tY20, YA L2 gt S, (60)
da

Then equation (59) could be rewritten as
1 nt 1) ntl (2 1 1 nt1
3 e 5 [P 3 [ an(fu(e ) - fuleas
2At
= / Z |0iu T + Ojul ! Pdx — / Z |Oiuf ™t — O;ul T [Pdx

1<j 1<j

At At
i / ﬁn—i-lv . un+1dx 4 ? / pn—i-lﬁn—i-lvcn—i-l . un+1dx
Q

At At Jul™) = fule")
= - s,n+1 2d w M L”+1/2d5’
Re 0%, S | | S = ﬁ Qw cntl _ on r
A A
_|_Ft €pn—i-l/2ancn—i—l/QVrcn—‘rl/Q n+1dS Rt ls—lus,n—i—l . uwds (61)
€
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Multiplying the last equation (49d) with %ﬁ”“ yields

At
0=— / 5 PV - utax — /M"V””L“ Vp"tdx. (62)
Q

Summing up equations (57), (58), (61) and (62) results

gn+1 tot gn ,tot

/ Z |0 + Ojul 1 Pdx — 2At / Z |Opul ™ — 0l Pdx

1<j 1<J
At At
__/Mn‘vﬁn+1’2dx_/ | sn-&-l’ ds — / _us7n+l ‘uwds
B Ja a0, lsIte oq,, lsRe
At n+1 "
Oé f ( ) f ( ) FLn+1/2dS
5 50 Cn+1 cn
+% 6pn—l—l/Qancn—{—l/Q(Cn+1 )dS+ &/ 6pn-l-l/Qancn—l-l/QVFCTL—I—I/Q . u;r_L—i—ldS
w Oa

o9
At . " N 2At n n
- _ﬁ/ﬂn Z|8Z-uj+1+8jui“]2dx / Z|(’9u L — 0l Pdx
i<j

A A A
__t / Mn|V[Ln+1|2dX . / l | sn+1| ds — / _tus,n—i—l . uwds
5 Ja o o

Qw l Re Qw lsRe
n+1
Aﬂt Cu f ( ++3 fw( ) Ln+1/2dS At/ Epn+1/26ncn+1/2MFLn+1/2dS
8% c" c" O
n+1 n+1 2At n+1 n+1
= Z\@u + Qpul 1 Pdx — Z\@u — Qjultdx
i<j 1<j
t - At At
_?\/Q]\4n|vllln+l|2dx_\/aQ ZR | sn+1|2d8 6 " MF|Ln+1/2|2dS
At +1
_ s+l g4, 63
/(mw lsReu u,dS (63)

where we used the definition of 7 (42b) and slip boundary condition (50e). [J
Newton’s method [51, 65] is utilized to solve the above nonlinear system (49)-(50).

Remark 3.1. This discrete scheme is first order accuracy. Higher order schemes can be
derived as in [65, 63] or by approzimating energies through IEQ/SAV formulations [74, 75,
58]

Remark 3.2. The scheme is highly nonlinear and fully implicitly coupled since we would like
to ensure that the discrete energy law as same as the continuous version, i.e. the equality. A
proof of the unique solvability of the discrete scheme could be as hard as that for the original
PDFEs. Most of existing studies on the solvability of Cahn-Hilliard system [76, 77, 78],
are done by using the linearization (convex splitting) treatments which highly reduce the
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nonlinearity. In this paper, Newton’s method [65, 51] is utilized to solve the nonlinear discrete
system, and the solvability of a Newton iteration or Newton linearization is possible if At is
sufficiently small.

3.2. Fully-discrete C° finite element scheme

The fully-discrete C° finite element scheme for this time-discrete primitive scheme (49)-
(50) is presented in the section. For simplicity, we only consider a two-dimensional case
here. It is straightforward to extend the results to three-dimensional case. The domain €2 is
a bounded domain with Lipschitz-continuous boundary 0€). Specifically, we denote 0€2,, as
the solid wall where the slip boundary condition is used. Let W} = H" x H" x U} x P" be
the finite dimensional space of W), based on a given finite element discretization of Q2. If we
assume that p™ € L*>°(Q) and positive [65], then the weak form of semi-discrete system (49)
with boundary conditions (50) is the following: finding (™, gt u ™ prt!) € Wik, such
that

Cn+1 —c
/ (pthltlz+pn+l< n+1 V) n+1> ¢th

/ M™ (Vi + aVpr) - Viydx, (64a)

n+1/2
/pZ/’LZ+1thX:/ Phe g(czﬂ CZ)thX—i-/E/JZH/QVcZH/Q-Vxhdx
Q Q

Gn+1/2 c . .
[fw@ﬁ+l<—%;—~%§ﬂv%ﬁy*”2 mﬂx—lég eon 0P xndS, (64b)

nun—H —u; n(.n n 1 pn+1 — pn n..n
/ {PhhTth + oy (g - V)™ + o 9 <hTth +V- (phuh))} - Vhdx
1
— / Vpn+1 Vth/ ﬁ n+1 Jrlvanrl Vth
Q

2
( TVutt — (Vapth ) - Vvpdx + —— ”v-u;;“v-vhdx

Re 3Re
1 s,n+1 1 n+1/2 n+1/2
— ds —L - vpdS 64
/d‘Qw Rel *Vp —+ oo 6 h Vrch Vp, s ( C)
/th uptt = —a/ M™ (Vi +aVpr™) - Vadx, (64d)
Q

for any (¢, Xn, Vi, qn) € W

Lemma 3.3. The fully discretized system (64) satisfies mass conservation for each compo-

nent of binary fluid
[ oix= [ phax (652)
Q Q
/ prleptldx = / prcpdx. (65b)
Q Q
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Proof: Setting ¢, = ¢, = p}"' in Eqs.(64a) and (64d), we have
n n+1cz+1 _CZ n+1 ntl 7\ entl ) g
PhPh AL (i) (uy, JCH X
/ M V,LLn+1 =+ avpn—l—l) . va—HdX’
- / vanrl +1dX — / M™ v’un+1 + avpn+1) . VpZJrldX.
Adding the above two equations and using Eqs. (10) and (53b) yields

Phtt — ph
/ <h—h +V. (p”“uzﬂ)) dx = 0. (66)
o\ A

Using the boundary condition u’,;‘“ -n = 0, we have the conservation of total mass

e = yax=o, (67)

Choosing ¥y, = q, = p; )™ in Eqs.(64a) and (64d), similarly we have

pn+1 . P
/ ( h h n+1_|_v ( n+1u2+1)) CZ+1dX: 0. (68)
0 At

Choosing ¢, = 1 in Eq.(64a) yields

n+1
(o g i) i = (69)
Q

Adding the above two equations and using the velocity boundary condition u}*"-n = 0, we
have

L e = sapax =0 0

Theorem 3.4. If (¢}t gt upt pitt) are solutions of the above system (64), then the
following energy law is satisfied:

gn—l—l Jtot gn Jtot

2At
/ s Z |0; u”Jrl +0; u”+1|2dx / Z |0; u"Jrl 8ju2;1|2dx

1<j 1<j
At/ . 1 1/2 2 1
—= | M™|virt! de—At/ (—M L2 ‘ + w2 ) ds
5 0 | luh | 20, 5 r h ( h) lsR |
1
—At S w,dS 70
/BQ l Reuh “u ( )
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where

+1’un+1‘2
et :/ S dx / i (— (et + |Vc”+1|2> dx+ 22 | fulerthyds
g 5 9%,
15 the discretized total energy.
It can be proved by choosing
At At At
Yy = FﬂTl, X = 5 hov, = Atapt g = 5 — (71)

in Eq. (64) and following the proof of Theorem 3.2.

4. Simulation Results

In this section, we present some numerical simulations using the aforementioned al-
gorithm. Three cases are considered: Couette flow, moving droplets in shear flow and
rising bubbles to illustrate the convergence rate, the effect of contact angle and the quasi-
incompressibility of two-phase flow with large density ratio, respectively. All of the numerical
simulations in this part are based on the proposed finite element scheme and implemented
with the FreeFem++ [79].

4.1. Convergence Study: Couette Flow

We start with convergence test using Couette flow with different density and viscosity
[56, 58] as in Fig. 2. The domain size is [0,0.6] x [0,0.1] The top and bottom walls move
oppositely with u,, = (1,0)”. We do the convergence study for two-phase fluids with both
low and high density ratios.

For the case of low density ratio, the parameters are listed as follows:

Re =200,=10,M =25x107% € = 0.01, 0 = 4.17 x 1073, p; = 0.8, po = 1,
m=mn=1,0, =120°, My =5 x 10°,
lgg =l =0.01,At =1x 1073,

We first present the convergence study for P1 element with A = 1/80,1/120,1/180,1/270
and P2 element with h = 1/40,1/60,1/90,1/135. The results with A = 1/400 and 1/200 are
used as the reference solutions for P1 and P2 elements, respectively.

For the case of high density ratio, the parameters are listed as follows:

Re=120,8=167x10"2 M =3x10"7,p; = 0.01, p, = 1,
m=001,1m=1€e=15x10"2 v, =833 x 1078,0, = 120°, Mr = 5 x 10°,

lg =1.33,10=0.1, At = 0.25 x 1073,
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Figure 2: Initial condition of phase 1 concentration ¢ for the two phase Couette flow. Positions a and b are
two contact points on the bottom walls.

Space step h P1 Element
Err(u,) | Rate | Err(u,) | Rate | Err(c) | Rate
1/80 1.7e-3 9.3e-4 9304
1/120 8.0e-4 | 1.88 | 1.0e-4 | 2.08 | 1.2e-4 | 1.69
1/180 3.6e-4 | 1.95 | 4.1e-5 | 2.20 | 5.8e-5 | 1.76
1/270 1.6e-4 | 1.99 | 1.5e-5 | 249 | 3.0e-5 | 1.64
Space step h P2 Element
Err(u,) | Rate | Err(u,) | Rate | Err(c) | Rate
1/40 1.1e-3 2.2e-4 2.7e-4
1/60 4.5e-4 | 2.26 | 7.0e-5 | 2.82 | 1.0e-4 | 2.36
1/90 1.7e-4 | 249 | 2.1e-5 | 292 | 3.8e-5 | 2.43
1/135 o.le-5 | 2.92 | 6.6e-6 | 2.89 | 1.3e-5 | 2.65

Table 1: L? norm of the error and convergence rate for velocity u = (uz,uy), phase function ¢, at time
t = 0.2 with density ratio p; : po = 0.8 : 1 viscosity rationy :my =1: 1.

The convergence rate for both P1 element and P2 element are shown in Table 2. Tt illustrates
the 2nd-order for P1 element and 3rd-order for P2 element convergence rate in the sense of
L? norm.

The profile of interface and velocity fields around steady state are shown in Fig. 3.

The fluid velocities on the wall are shown in Fig.4. It shows that for both low and high
density ratio case, P1 element could yield consistent contact velocity with P2 element.

In Fig.5, we check the L? norm of V - u with different e. The results confirm that as €
decreases, the solution converges to the sharp interface incompressible fluids.

In Fig. 6, we check the total mass convergence of each phase in Lemma 3.3 for both low
and high density ratios. It confirms that P1 and P2 elements could preserve the mass very
well in both cases.

Then we set the wall velocity u,, = (0,0)7 to check the evolution of the total free energy
when there is no input energy from outside. It is shown in Fig.7 that the free energy decreases
over time for both methods and two density ratios, indicating that our schemes are energy

19



Space step h P1 Element
Err(u,) | Rate | Err(u,) | Rate | Err(c) | Rate
1/80 1.9¢-3 174 6.40-4
1/120 9.8e-4 | 1.68 | 7.2e-5 | 2.08 | 3.5e-4 | 1.51
1/180 4.7e-4 | 1.82 | 2.9e-5 | 248 | 1.7e-4 | 1.79
1/270 1.9e-4 | 227 | 1.0e-5 | 2.56 | 7.2e-5 | 2.14
Space step h P2 Element
Err(u,) | Rate | Err(u,) | Rate | Err(c) | Rate
1/40 1.4e-3 1.3e-4 3.9e-4
1/60 6.5e-4 | 1.98 | 4.1e-5 | 2.91 | 1.9e-4 | 1.80
1/90 2.7e-4 | 220 | 1.2e-5 | 295 | 7.7e-5 | 2.23
1/135 o.le-b | 2.77 | 3.9e-6 | 2.83 | 2.8e-5 | 2.46

Table 2: L? norm of the error and convergence rate for velocity u = (uz,uy), phase function ¢, at time

T = 0.1 with density ratio p; : po = 0.01 : 1 viscosity ratio n; : 7o = 0.01 : 1.
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Figure 3: The interface and velocity profile at T"= 0.2 high density ratio p; = 0.01, py = 1.

stable.

4.2. Contact Angle Effect: moving droplet

In this example, we show the dynamics of an oil droplet in water with shear flow. The
density ratio is p; : po = 0.8 : 1 and viscosity ratio is n; : 7o = 1 : 1. The other parameters
are as follows

Re=5,8="714x10"3 M =28 x 107*, € = 0.005, ar, = 0.129,

Mpr =5 x10% 1, = 6.667 x 107°.

The domain size is [0,4] x [0,0.5] with adaptive mesh and At =4 x 107*. The initial profile
is set to be a half circle

T2 42— 0.2
0020.5—0.5tanh< (z =1 +y )

V2¢

In Figs. 8 and 10, the profiles of droplets under shear flow at different time are presented.
For the acute contact angle cae (Fig. 8 ), the droplet is elongated by the shear flow force and
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velocity on the bottom wall
velocity on the bottom wall

-0.7

X

Figure 4: Velocity on wall around equilibrium state.Left: low density ratio p; = 0.8, p2 = 1; Right: large
density ratio p; = 0.01, py = 1.
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Figure 5: L? norm of V - u with different e.

hydrophilic force on the wall. The distance between two contact points increases over time
(see Fig. 11 black curve) as a spreading droplet. While for the obtuse case (see Fig. 10),
the hydrophobic force induced the shrink of contact lines on the wall. The distance between
two contact points keeps decreasing (see Fig.11 black curve). With the help of shear force,
the droplet eventually detaches from the wall around ¢ = 0.1 and get stabilized at the center
of the flow. When the contact angle is 90° (Fig. 9), the competition between wall attraction

21



0.06 T T T 0.3
0.055 f
' 0.25 f
0.05 |
0.045 | o PLfp | | 02t o PLfp
S ooal P2ilaP S 015! P2l
g = P1:/,pC g™ P1:/,pC
0.035 f — — P2 pc — — P2[pc
0.1t
0.03 |
0.05 r
0.025 ¢
002 N ' N 0 e ) ey ) —— ) e ) ) e | e e
0 0.1 0.2 0.3 0.4 0 0.1 0.2 0.3 0.4
time time

Figure 6: Mass conservation for each component. Left: low density ratio; Right: high density ratio.

force and bulk shear force first elongates the droplet and finally breaks the bubble around
time ¢ = 0.15.

4.8. Large Density Ratio: Rising Bubble

As a last example, we carry out numerical simulation of an air bubble raising in water.
The density ratio is set to be p; : po = 0.001 : 1 and viscosity ratio is n; : e = 0.01 : 1.
The domain size is (z,y) € [0,0.15] x [0,0.15] with mesh size h = 1/540 and timestep
At = 2 x 107*. Parameters are listed as follows

Re =300, 8 = 0.09, M = 6.67 x 1077, ¢ = 0.01, a,, = 100,

Mr =5 x 1081, = 0.04.
The initial profile is set to be a half circle with radius 0.05 and center at (0.075,0):

v/ (z —0.075)2 4+ y2 — 0.05
V2e

The snapshots of interfaces with velocity fields and V - u profiles for bubbles with acute
contact angle 6, = 60° and obtuse contact angle 6, = 120° are presented in Figs. 12 and
13, respectively. When the angle is acute, the attractive (hydrophilic) force from the wall
competes with the buoyancy force and break the bubble. While for the obtuse case, the wall
repulsive (hydrophobic) fore enhances the bubble rising under buoyancy force. The V - u
profiles confirm that the quasi-impressible property of two-phase fluid with different density
only happens around the interface due to the slightly mixing [51].

co = 0.5 — 0.5tanh (
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Figure 7: Total energy as a function of time. Left: lower density ratio; Right: high density ratio.

In Fig. 14, we show the dynamics of rising velocity V. = % of bubble with different
Q

static contact angles. The vertical dash lines are the time when bubbles break (65 = 60°,90°)
or fully detach (A, = 120°) from wall. It shows that the hydrophobic bubble (black line
0s = 120° ) has a larger acceleration to form a sealing bubble. At ¢t = 0.0384, the bubble
fully detaches from the wall. For the hydrophilic bubbles, in the beginning, the velocity
increases slowly due to the competition between the hydrophilic force, the surface tension
and the buoyancy force. The bubble is stretched into a tear shape which induces a larger
velocity around the narrow neck region (see Fig. 12). The maximum velocity is achieved
around the break time because the instantaneous response of the surface tension to the large
surface deformation.

5. Conclusion

In this paper, we first derived the q-NSCH system for MCLs with variable density by
using energy variational method consistently. GNBC for mass-averaged velocity is obtained
during the variation due to the boundary dissipation.

Then based on previous work [51], we designed an energy stable C? finite element scheme
to solve the obtained q-NSCH system with slip boundary condition. We also proved that the
fully discrete scheme is mass conservative for each phase. Thanks to the quasi-incompressible
condition with Ap term, the finite element space for Navier-Stokes equations do not need
to satisfy the Babuska-Brezzi inf-sup condition, as in the case of the pressure stabilization
method for the standard Navier-Stokes equations.

Three examples are investigated numerically. The Couette flow test illustrates the 2nd-
order for P1 element and 3rd-order for P2 element convergence rate in the sense of L? norm
and the energy decay of the scheme. The contact angle effect on the droplet is illustrated by
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t=0.18

Figure 8: Moving droplet in shear flow with acute static contact angle 65 = 60°.

moving droplet in shear flow. Finally, a rising bubble is simulated to confirm the ability of
our scheme to handle large density ratio and the quasi-incompresiblity only happens around
the interface.
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Figure 9: Moving droplet in shear flow with acute static contact angle 65 = 90°.
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Appendix A. Energy Variation Details

For the first term I; in (16), using the last two equations in Eq.(8) yields

d plul2
L = - d
! dt g X

1dp .
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where we have introduced a Lagrangian multiplier p with respect to the constraint (11) and
have used the boundary condition u-n =0 and j.-n = 0.

For the second term I, in (16), using the first equation in Eq.(8) and last two boundary
conditions in Eq. (12) yields
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where = A, <— — 1V (ch)).
Appendix B. Proof of Lemma 2.1
Proof:
d
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Q 8t
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Appendix C. Tensor Calculation

(Vu+ (V)T : Vu — §<v u)?
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